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Preface

This dissertation explores several problems in the realm of low-rank matrix estimation. A primary focus is
on understanding the statistical and computational limitations. From a practical perspective, understanding
such limitations not only provides practitioners with guidance on algorithm selection, but also in some cases
spurs the development of cutting-edge methodologies which improve on the state of the art. Within this
theme, this dissertation explores and partially answers the following two questions: (1) Given a large-scale
low-rank matrix corrupted by random noise, how much information can we accurately infer from the limited
observations? (2) How do restrictions on computational resources affect information retrieval?

A secondary focus of this dissertation is on developing algorithms that sample from the posterior in the
context of low-rank matrix estimation. A standard machinery to fulfill this task is based on Markov Chain
Monte Carlo (MCMC) algorithms. However, rigorous guarantees are often difficult to obtain for MCMC
algorithms of common use. This dissertation contributes to this line of work from an alternative perspective:
We propose an alternative class of efficient algorithms based on diffusion processes that come with rigorous
guarantee.

This dissertation is organized as follows: We describe the problem in Chapter 1. Chapter 2 studies
low-rank matrix estimation from an information-theoretic perspective, and Chapter 3-4 analyzes the effects
of limited computational resource. In Chapter 5, we design a sampling algorithm that works well with the

low-rank model. Standalone versions of each chapter can be found in [154, 50, 155, 156].
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Chapter 1

Introduction

The problem of reconstructing a low-rank signal matrix observed through a noisy channel has received enor-
mous attention from extensive body of literature within machine learning, signal processing and information
theory. Various statistical and machine learning tasks can be reduced to this canonical problem, including
but not limited to, sparse PCA [109, 113, 31, 66, 65], community detection [1, 64], submatrix localization
[119, 98], and Gaussian mixture clustering [144, 173, 159, 44].

Among the numerous models developed for this purpose, the spiked model introduced by Johnstone
[107] plays a fundamental role, especially for interpreting and understanding high-dimensional asymptotics.
This model is also referred to as deformed ensembles in the literature of random matrix theory. Theoretical
analysis of the spiked models has yielded a number of important statistical insights [14, 15, 108, 5, 109, 136,
66, 65, 28, 29, 111, 137].

This dissertation mainly focuses on the asymmetric version of the spiked model. In this model, we

observe a matrix A € R"*? which is given by the sum of a low-rank signal and random noise
A=5,A0" + Z, (1.1)

where A € R™*" and © € R**" are the factors that we would like to estimate, s,, > 0 is the signal-to-noise
ratio, and Z € R™*¢ consists of random noise. We will consider the high-dimensional asymptotics with a
low-rank structure, whereby d,n — oo and r remains fixed.

In what follows, we will denote by a1, ..., a, the rows of A. Before stating any of our result, we describe

a few applications of model (1.1) to motivate the study.

Example 1.0.1 (Sparse PCA). In a simple model for sparse PCA [109], we observe vectors
ai,...,Ap ~iid N(07 2))

where ¥ = 200" + I; with ® € R? a sparse vector that we would like to estimate.
This is the special case of model (1.1), if we let r =1 and A ~ N(0, I,,).

Example 1.0.2 (Mixture of Gaussians with known covariance). In a mixture of Gaussian model, we observe
vectors @iy, ..., 0y ~id PN(O1,31) + (1 — p) N(O2, X5). If the covariances coincide and are known: X; =

3, = 3, and the population mean @ := p@®; + (1 — p)®, can be estimated accurately, then we can define



CHAPTER 1. INTRODUCTION 2

a; = 2_1/2(&1» — ©). Hence the model is equivalent to observing ay,...,a, ~iq pN((1 — p)©, 1) + (1 —
p)N(=p®, I,), with © := £7Y2(@; — @,).
This is another special case of model (1.1), with r = 1 and (A;)i<n ~iid PO(1—p) + (1 —p)d_,. Estimating

A amounts to estimating the cluster labels.

1.1 An information-theoretic perspective

As demonstrated in these examples, it is often the case that the latent factors A, ® have additional structure.
In the first example ® € R? is a sparse vector, while in the second one A is a vector with i.i.d. entries
distributed according to a two-point mixture. This observation motivates us to assume a stylized model
whereby the rows A, © are mutually independent (and independent of Z) with (A;)i<n %iuA and (0;);<q £
to- Here, upy and pe are fixed probability distributions on R". For this part, we will also make the
assumption that Z;; ud N(0,1). We will assume an idealized setting where up, pe and the signal-to-noise
ratio s, are known to the estimator. This setting was considered several times in recent past, see e.g.
[142, 125, 152, 18]. Recent work addresses the assumption that s,,ua, te are known. Namely, [201] uses
empirical Bayes techniques to show that s,, ua, te in many standard settings can be estimated consistently
based on data.

Several natural questions that arise in this Bayesian setting are as follows: What is the minimum
sn that enables recovery of the low-rank factors, and what is the corresponding Bayes optimal estimation
error? Closely related to our work are the results of [142, 125], who determined the precise asymptotics
of mutual information and (certain) estimation error metrics when n,d — oo, in the proportional regime
n/d — ¢ € (0,00). Our goal in this dissertation is to move beyond the proportional asymptotics and consider
the cases d/n — oo and d/n — 0. We show that depending on the scaling of the signal-to-noise ratio s,,

there are two interesting regimes that control the behavior of the estimation problem.

1/2we show that A can be estimated consistently (possibly

1. Strong signal regime: When s, < n~
up to a rotation), while the minimum normalized estimation error of ® remains bounded away from

0. We characterize the limiting error for estimating ©.

2. Weak signal regime: When s, < (nd)~'/% our results imply that non-trivial estimation of @
is impossible. As for the estimation of A, we show that the current model (1.1) is equivalent to a
symmetric spiked model of size nxn. The minimum estimation error of the latter has been characterized

in [125], which allows us to derive expression for the minimum estimation error of A under model (1.1).

Our results are insightful for at least two reasons: (1) Our study establishes optimal performance achieved
by any algorithm in this context, which acts as an ideal benchmark in real-world applications; (2) The
equivalence between our model (1.1) and an n x n symmetric model suggests that there is no substantial loss
of accuracy in estimating A based on a smaller matrix, which yields a significant reduction of computational

complexity if n < d. We illustrate our general theory by carrying out a numerical study on genomics data.
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1.2 A computational perspective

High-dimensional statistical estimation problems are often addressed by constructing a suitable data-dependent
cost function £(19), which encodes the statistician’s knowledge of the problem. This cost is then minimized
using an algorithm which scales well to large dimension. The most popular algorithms for high-dimensional
statistical applications are first order methods, i.e., algorithms that query the cost £(9) by computing its
gradient (or a subgradient) at a sequence of points ©!....0" Examples include (projected) gradient descent,
mirror descent, and accelerated gradient descent.

This raises a fundamental question: What is the minimal statistical error achieved by first order methods?
In particular, we would like to understand in which cases these methods are significantly sub-optimal (in
terms of estimation) with respect to statistically optimal but potentially intractable estimators, and what is
the optimal tradeoff between number of iterations and estimation error.

These questions are relatively well understood only from the point of view of convex optimization, namely
if estimation is performed by minimizing a convex cost function £(1), see e.g. [45, 34]. The seminal work of
Nemirovsy and Yudin [161] characterizes the minimum gap to global optimality £(®") — minyg £(19), where
©' is the algorithm’s output ©" after ¢ iterations (i.e., after ¢ gradient evaluations). For instance, if £(®) is
a smooth convex function, there exists a first order algorithm which achieves £(®") < ming £(9) + O(t~2).
At the same time, no algorithm can be guaranteed to achieve a better convergence rate over all functions in
this class.

In contrast, if the cost £(1}) is nonconvex, there cannot be general guarantees of global optimality.
Substantial effort has been devoted to showing that —under suitable assumptions about the data distribution—
certain nonconvex costs £(®) can be minimized efficiently, e.g. by gradient descent [116, 132, 57]. This line
of work resulted in upper bounds on the estimation error of first order methods. Unlike in the convex case,
worst case lower bounds are typically overly pessimistic since non-convex optimization is NP-hard. Our
work aims at developing precise average-case lower bounds for a restricted class of algorithms, which are
applicable both to convex and nonconvex problems.

We are particularly interested in problems that exhibit an information-computation gap: we know
that the optimal statistical estimator has high accuracy, but existing upper bounds on first order methods
are substantially sub-optimal (see examples below). Is this a limitation of our analysis, of the specific
algorithm under consideration, or of first order algorithms in general? The main result of this part is a
tight asymptotic characterization of the minimum estimation error achieved by first order algorithms for two

families of problems. This characterization can be used, in particular, to delineate information-computation

gaps.

1.3 A sampling perspective

Sampling algorithms serve as one of the major building blocks of modern Bayesian inference. However, for
many high-dimensional models of interest, analytical derivation of the posterior distributions is computa-
tionally intractable, thus creating challenges in designing efficient sampling methods. The third part of the
dissertation is concerned with sampling from the posterior distribution of a low-rank signal that is corrupted

by noise. For this part, we consider the symmetric spiked model. More precisely, for a given signal-to-noise
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parameter S > 0, we observe an n X n symmetric matrix X generated as follows:

B

X=2600"+wW. (1.2)
n

In the above display, we assume W ~ GOE(n), i.e., W is an n X n symmetric matrix with independently
distributed entries above the diagonal: {W;; : i € [n]} ud N(,2/n), {W;; :1<i<j<n} i N(0,1/n). The
n-dimensional vector @ follows a product prior: 6; %iwe, which is further independent of the additive noise
W. As always, we will assume (3 is fixed and is known to the estimator. We comment that if 8 > 1, then
this parameter can be consistently estimated via inspecting the top eigenvalue of X [14].

Given observation X, our goal is to establish efficient algorithms that sample from the posterior distri-

bution px. Namely, we aim to design a method that accepts as input X, and outputs 0% ~ uil(g, such that

E[dist(ux,uilf)] = 0,,(1) for some distance measure dist(, ).

If we take mg to be the Rademacher distribution, then model (1.2) reduces to the problem of Zo-
synchronization [176]. In this case, sampling from the posterior distribution of model (1.2) becomes a special
case of sampling from the Ising model [103], which is a distribution over the hypercube {£1}" that takes

the form
Ising 1 1
Hh (o) = — €XP 5(0, Jo)y+ (h,o) | .

In the above expression, Z > 0 is an unknown normalizing constant. In our case, h =0 and J = - X.

One of the dominant approaches to approximately sample from such distributions is the Gibbs sampling
algorithm, also known as the Glauber dynamics. This is a Markov chain that updates one index at each
round according to its conditional probability distribution. Upper bounds on the mixing time of Glauber
dynamics under the Ising model are, to our knowledge, only established in the high-temperature regime
[T]lop < 1 (2, 22, 82, 6], which corresponds to 8 < 1/4 in our model. Unfortunately, this is a regime in
which it is information-theoretically impossible to recover 8 under the Zs-synchronization model [125]. On
the other hand, [27] proves that at sufficiently low temperature, the mixing time of Glauber dynamics is
exponentially large.

Another popular approach for conducting approximate Bayesian analysis is via variational inference [139,
36]. In general, variational inference attempts to compute the marginals of a high-dimensional distribution
by optimizing a suitable “free energy” function. The most commonly used objective function under this
category is the so-called “naive mean field” free energy. However, such approximation is incorrect for Zo-
synchronization and returns an inconsistent estimation. This inaccuracy can be remedied by applying a
simple TAP correction [186] to the free energy functional. In the case of Zs-synchronization and many
other problems, minimizing the TAP free energy leads to a consistent estimation in the low-temperature
regime [84, 49]. Despite its success, variational inference only provides estimates to the marginal posterior
distributions, thus falling short of generating a sampling mechanism. [118] build a sampling algorithm for
Ising model that fuses ideas from both MCMC (Markov Chain Monte Carlo) and variational inference,
and their approach is able to move beyond the high-temperature regime ||J|lop < 1. However, they still
require that the majority of the eigenvalues of J fall inside an interval of length one. More recently, [4]
design a sampling method that is based on an algorithmic implementation of stochastic localization [80].

They focus on the Sherrington-Kirkpatrick model (this is Ising model with a random interaction matrix) at
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high-temperature with no external field. More precisely, they provide theoretical guarantee for ||J||op < 2,
and conjecture that their algorithm works in a broader setting ||.J||op < 4. Their results also apply to
Zgo-synchronization at high temperature.

In this part of the dissertation, we complement to prior works by designing a sampling algorithm that
efficiently samples from the posterior distribution of the general low-rank matrix estimation problem (1.2)
in the low-temperature regime (meaning that g is larger than some positive constant). We comment that
this is also the regime in which non-trivial recovery is expected. Similar to [4], our approach is motivated

by the stochastic localization process



Chapter 2

Low-rank matrix estimation with

diverging aspect ratios

2.1 Summary of main results

In this chapter we state results from an information-theoretic perspective. Namely, we assume the observed
matrix further follows a Bayesian model, and aim to give an exact characterization of the Bayesian minimum
mean squared error under a diverging aspect ratio. For this part, we focus on the case d/n — oco: analogous
statements for d/n — 0 follow by interchanging n and d, as well as A and ©. Our results reveal the following

two regimes:

Strong signal regime. This is obtained for s, < n~/2, and is relatively easy to characterize analytically.
Under this scaling, A can be estimated consistently (possibly up to a rotation), while the minimum
normalized estimation error of ® remains bounded away from 0. We characterize the limiting error of

estimating ©.

Weak signal regime: Estimation of ®. This regime corresponds to s, < (nd)_1/4, and most of our
technical work is devoted to its analysis. We prove that, in this regime, non-trivial estimation of ® is

impossible: any estimator has asymptotically the same risk as the the null estimator O = E[®].

Weak signal regime: Mutual information. On the other hand, still in taking s,, < (nd)_1/47 estimation

of A is non-trivial. As a first result in this direction, we characterize the asymptotic mutual information

lim lI(A; A),

n,d—oo M

and show that this is non-vanishing. Further, this mutual information is asymptotically the same as

for a symmetric observation model in which instead of A € R"*%, we observe Y € R"*" given by
Y = LAAT+W, W ~GOE(n). (2.1)
n

(Here, go := " [ |0]|? no(d8), we take without loss of generality s, = (nd) "'/, and GOE(n) denotes

the distribution of a symmetric matrix with independent entries on or above the diagonal (W;;)i<;
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such that W;; ~ N(0,2/n) and W;; ~ N(0,1/n) for i < j.)

Weak signal regime: Estimation error. We then proceed to study the asymptotics of the Bayes optimal

matrix mean square error:

. 1 T T 2
MMSE (i, po) := n,ljﬂloo E]E{ |AAT —E[AAT|A]|}- (2.2)
We characterize this limit in two regimes: n < d < n%° or n® < d, and in certain cases for all n < d

(here < hides logarithmic factors.) In these cases we prove equivalence with model (2.1).

We believe that the conditions n < d < n%5 or n® < d are artifacts of the proof. Indeed, the conclusion
holds for all n <« d under a natural (unproven) continuity assumption. We leave it to future work to cover
the intermediate range n%/° < d < nd.

Both the limiting mutual information and the asymptotic estimation error MMSE(ux, o) are given
by explicit expressions known as ‘replica symmetric formulas,” because they are correctly predicted by the
replica method in spin glass theory [140, 151|. However, the asymptotic equivalence with the symmetric
model (2.1) is insightful in itself (i.e., independently of the fact that we can give explicit formulas for the

asymptotic error and mutual information):

1. The asymptotic equivalence between model (1.1) and model (2.1) implies that the optimal estimation
depends on g only though its second moment. In other words, no substantial improvement is achieved

in the regime covered by this equivalence exploiting the knowledge of the distribution of ©.

2. The symmetric matrix Y is closely related to the Gram matrix Y’ = (AA" —dI,,)/v/nd, an observation
that is confirmed by inspecting the proof. This implies that there is no substantial loss of accuracy in

estimating A uniquely on the basis of Y. This yields a substantial reduction in complexity for n < d.

We warn the reader that these conclusions do not apply in settings that are not captured here. For instance,
in sparse PCA, cf. Example 1.0.1, one might be interested in cases in which the number of non-zeros of the
principal component ® is sub-linear in the dimension d. This case cannot be modeled as above, and requires
instead to consider ueg dependent on n,d.

The rest of the paper is organized as follows. We briefly review related work in Section 2.2. We then
present our results for the strong signal regime in Section 2.3 and the weak signal regime in Section 2.4. We
finally apply the general theory to the case of Gaussian mixture models in Section 2.5 and compare it with

analysis on real data in Section 2.6.

2.1.1 Notations and conventions

For k € N, we define the set [k] := {1,2, -, k}. We typically use lower case non-bold letters for scalars (m,
n, j), and bold for vectors and matrices (z, y, z, A, B, C). We use ||v| to denote the Euclidean norm of
a vector v, and [[M||r to denote the Frobenius norm of a matrix M. For {c,}nen,, {dn}nen, € Ry, we
say ¢, > d, if and only if ¢, /d, — 0o, and for {e,}nen, C R, we say e, = o0,(1) if and only if e,, — 0 as
n — co. We denote by p-lim convergence in probability.

For k € N, we denote by S,j the set of positive semi-definite matrices in R¥** and denote by O(k) the
set of orthogonal matrices in R¥*¥. For M € S,j, we let M2 € S,;" be any positive semi-definite matrix
such that M = M'/2M*'/2.
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We denote the i-th row of the factors A, ® by A; and ©;, respectively. We use Ay and ©¢ to represent
length-r random vectors drawn from probability distributions pus and pug. We sometimes need to write the
posterior distribution of (A, ®) given particular observations. In this case, we use the lower case letters
0,1, \;, 0; to represent variables corresponding to (@, A, A;, ®;) in the posterior distribution.

Throughout the paper, we use capital letter C' to represent various numerical constants.

2.2 Further related work

As mentioned in the introduction, most earlier work deriving sharp asymptotics results focuses on the

proportional regime n =< d, s, = n~/2.

In particular, [127] first obtained the limiting expression for
Bayesian mean square error using non-rigorous tools from statistical mechanics. The conjectured expression
was rigorously justified for special distributions pa, pe in [65, 64]. However, the proof technique of [65, 64]
relies on the fact that approximate message passing (AMP) algorithm achieves Bayes optimality and does
not apply to the general case.

Several groups developed rigorous approaches to prove the asymptotic formulas in increasing degrees
of generality: spatial coupling [68]; the cavity method [125, 142, 78]; adaptive interpolation [21]; partial
differential equation techniques [70].

A different line of research uses the second moment method to derive upper and lower bounds on the
information-theoretic thresholds [18, 171, 170] for partial or exact recovery. This approach typically yields
non-asymptotic bounds, under a broader class of settings but the results only determine such thresholds up
to undetermined multiplicative constants. In contrast, here we attempt to obtain a characterization that is
accurate up to (1 + o,(1)) factors.

From a computational viewpoint, AMP-based algorithms can be shown to achieve the Bayesian error
for a large region of parameters [24, 152]. One appealing fact about the AMP is that its high-dimensional
behavior can be sharply characterized by state evolution.

Minimax guarantees were obtained by a number of groups for special cases of the low-rank model
(1.1). Sparse PCA and Gaussian mixtures are arguably the most studied models in the literature, see e.g.,
[174, 96, 160, 30, 43] . These works often yield characterizations that hold up to usually a constant or
logarithmic multiplicative gap.

Gaussian mixture models (GMM) provide a useful context for evaluating and comparing various clus-
tering algorithms. We will use it here to illustrate the applicability of our general results. The goal can
be either estimating the centers [62, 63, 117, 143, 173], or recovering the underlying cluster assignments
[190, 3, 39, 122, 10, 86]. As we will see, in the high-dimensional weak signal regime, the cluster centers
cannot be estimated, but the cluster assignments can be estimated with non-trivial accuracy.

Several algorithms were studied in detail for clustering under GMM, including semi-definite program-
ming (SDP) [169, 9, 86, 102, 129], iterative algorithms with spectral initialization [3, 190, 122, 10, 133], the
method of moments [168, 87, 114, 144, 101, 26, 99], and EM-based algorithms [63, 16, 106, 44].

Finally, in concurrent work, Donoho and Feldman recently characterized the accuracy of eigenvalue

shrinkage methods in the spiked model with diverging aspect ratio [88, 72].
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2.3 Strong signal regime

We first consider the strong signal regime in which we set s,, = 1/4/n, and therefore we have

1
= %AQT + Z e R4, (2.3)

We define Q, := Ep,pu, [AoA]] € S and Qg := Egypo [©0O]] € S;t. Before we proceed, we establish

the following conventions for the distributions pup, pe.

A

Remark 2.3.1. Without loss of generality we can and will assume that both @, and Qg are invertible.

Furthermore, we can assume that Qg = go I, for some go € Ry.

More precisely, we next show that —given arbitrary probability distributions (ug, pa)— the conditions
of Remark 2.3.1 can always be satisfied by a reparameterization.

For Ag ~ pp and @y ~ pe, if either Ag “2 0 or ® “= 0 then estimation becomes trivial. We can
therefore assume that this is not the case. By eigendecomposition of @, and Qg, there exist 0 < kq,ke <7
and non-random matrices M; € R™*% M, € R"*k2 with full column ranks such that Ag = M Ay,
©y = M>0j, and E[Aj(Ag)T] = I, E[04(©7)T] = Ij,.

Assume M IM 2 has rank k3 < min(kq, k3), and let M IM 5 =USVT be its singular value decomposi-
tion (SVD) with U € Rk1*ks V' ¢ RF2*Fs having orthonormal columns. We then set A € R"** a matrix
with i.i.d. rows that are copies of SUTA{, and © € R?**3 a matrix with i.i.d. rows that are copies of V' @J.
We can then write A@T = AOT and the latter satisfies the conditions of Remark 2.3.1.

Note that this argument shows that we could assume gg = 1 as well, but it is convenient to keep this

as a free parameter.

2.3.1 Estimation of A

We first consider estimation of A. We will show that a simple spectral estimator provides a consistent estimate
up to a rotation in the r-dimensional Euclidean space. Consistency in terms of vector mean square error is
not guaranteed due to potential non-identifiability issues. We propose sufficient conditions on (ua, o), that
imply consistency in terms of vector mean square error as well.

Denote by A, € R™ " the matrix whose columns are the top r eigenvectors of AAT, normalized so
that AST_/AXS/n = I,. Denote by P,P € O(n) the projection matrices onto the column spaces of A and A,

respectively. We use the following distance between the two subspaces as estimation loss
L (Ag, A) = |P(I = P)|,, = [[P(I = P)|., = sina(As, A), (2.4)

where oz(f\s, A) is the principal angle between the two column spaces.

Theorem 2.3.1. Assume pp, po have finite non-singular second moments Q,, Qg with Qg = qo I, (with
no loss of generality per Remark 2.3.1). If n,d — oo with d/n — oo, then under the model of Eq. (2.3):

1. (A, A) 5o

2. If we further assume that for some € > 0 we have Ep,p, [[[Ao]|*1¢] < oo, then there exists an estimator
L:A— L(A) € R™", such that IE[Hi(A) - AAT||%] /n? =0 as n,d — oco.
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3. Let Ay ~ pa. If we further assume that there does not exist @ € O(r), such that @ # I, and
QAo 2 Ao, then there exists A : A — A(A) € R™*" such that E[HA(A) —All%]/n— 0 asn,d — oo.

We delay the proof of Theorem 2.3.1 to Appendix A.3.1.

2.3.2 Estimation of ®

Next, we turn to the estimation of @. According to Theorem 2.3.1, A can be estimated consistently under
identifiability conditions. Therefore, a reasonable first step is to study the case in which A is given. This
yields a lower bound on the Bayesian error of the original problem. We will see that this lower bound can
be achieved asymptotically even if A must be estimated.

We can explicitly write the conditional distribution of ® given (A, A). Using the Gaussian density

formula, we see that for all j € [d], the posterior distribution of ®; is

n

p(d8;|A, A) o exp (2171 > (A;,0;) Z (A, 0; ) 11e(d6;). (2.5)

i=1
Eq. (2.5) leads to the following asymptotic lower bound:

Theorem 2.3.2. Consider the strong signal model of Eq. (2.3), assuming, without loss of generality, the
setting of Remark 2.3.1. We let n,d — oo simultaneously with d/n — oo, then for any estimator 0:A—
6(A) € R™", we have

lim inf ]E 16(4) - 6113 > rao — E [||E[@]Q} 00 + G|, (2.6)

n, d—oo d

where G ~ N(0,1,.), ©¢ ~ pe are mutually independent. Notice that the right hand side of Eq. (2.6) is
independent of (n,d).
If we further assume E[||@q||*] < oo, then for any M : A — M(A) € R¥?, we have

liinf L[| M(4) - ©073] > ra? — [ [E[00/Q} 00 + GEO0Q 00+ &TT] | 27)

n, d—oo d

We postpone the proof of Theorem 2.3.2 to Appendix A.3.2. Next, we show that the lower bound

proposed in Theorem 2.3.2 can be achieved under identifiability conditions.

Theorem 2.3.3. Under the conditions of Theorem 2.3.1, claim 3, there exist estimators 6 : A — 9(A) and
M : A M(A), such that

lim f]E[HG( ) — @H%} =rqe — E [HE[@O|Q}J2@O + G]HZ} J

n,d—o00
2
i B [150(4) - 067 3] = 1t — [E [Ele0la} 00 + GG} "0 + 6T

We defer the proof of Theorem 2.3.3 to Appendix A.3.3. Theorems 2.3.2 and 2.3.3 together complete

the analysis for the estimation of ® in the strong signal regime.
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2.4 Weak signal regime

In this section, we consider the weak signal regime where s,, = 1/v/nd. Thus the model of interest is

1
vnd

A= AOT + Z e R, (2.8)

For convenience, we define r,, := {/d/n. By assumption, we see that r,, — co as n,d — oo.

2.4.1 Background: the symmetric spiked model

As mentioned in the introduction, our main technical result is that, in the weak signal regime, estimation
under model (2.8) is equivalent to estimation under a symmetric spiked model. Under this model we observe
Y € R™*™ given by

Y = LAAT + W, (2.9)
n

where W £ GOE(n), and A; i 1A, independent of each other. We view gg > 0 as a signal-to-noise ratio
parameter.
We denote the Bayesian MMSE of model (2.9) by

N(Y) - AATHi] . (2.10)

1
MMSE;™™ (1145 go) := min —E {
M(-) T

Note that the Bayesian MMSE is achieved by the posterior expectation M(Y) = E[AAT|Y]. We also define
the normalized mutual information

dPA;y

) (A,Y). (2.11)

1
™ (up; o) = E]E log

A significant amount of rigorous information is available about this model. For s > 0 and Q € S,", we define

the free energy functional F(s, Q) and its maximizer Q*(s) € S, via

F(s5,Q) := —ZHQH% +E {log ( / exp(v52 QA+ sATQA, — SATQwA(dA)) } : (2.12)
Q7 (s) € argmaxg g+ F(s,Q). (2.13)

In the above expression, expectation is taken over Ay ~ pa and z ~ N(0,I,.) independent of each other.
These functionals are directly related to the mutual information and the Bayes MMSE of model (2.9), as

stated below.

Theorem 2.4.1 ([125], Corollary 42, Proposition 43). There exists a deterministic countable set D C Rxg
such that

s symm 1
de € RZO = lim I;{ (:L"A;q@) = Zq%H]EAONI—LA [AOAEJI—]”%‘ — Sup ]:(qé’ Q)v
n—oo QGS;!,

4o €Rz0\D = lim MMSE;™ (ua:q0) = [Eagmpus [AoATIF — Q" (5)[3-
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2.4.2 Estimation of ®

We first consider estimation of ®@. We claim that in this case no estimator outperforms a naive one.

Theorem 2.4.2. Consider the weak signal model of Eq. (2.8), assuming, without loss of generality, the
setting of Remark 2.8.1. Let n,d — oo simultaneously with d/n — co. Then for any estimator ©0:A—
O(A) € R¥™", we have

AR NS
liminf ~E[|©(A) - 0]%] = r¢e — [Eeg~ue [©0]|*.

n,d— oo d

If we further assume pg has bounded fourth moment, then for any M: A M(A) € R4 we have

| -

liminf —E[|M(A) -~ ©O7 1] > rgd — [Eegnye [©o]l*-
n,d— oo d

Notice that the above lower bounds are achieved by the null estimators @(A) = E[®] € R™" and M(A) =

E[@O'] € R¥x4,

The proof of this statement is similar to the one of Theorem 2.3.2. Namely, we will prove that the mean
square error achieved by simply taking the prior mean asymptotically agrees with the Bayesian MMSE for
an estimator that has access to A as additional information. The argument is summarized in Appendix
A4.1.

2.4.3 Estimation of A

We finally consider the technically most interesting case, namely the estimation of A in the weak signal

regime. For simplicity, we will restrict ourselves to studying the matrix mean square error:

1 . 2
MMSE;>™ (pa, pto) = inf —E [HAAT - M(A)H ] , (2.14)
M( gn F
where the infimum is taken over all estimators (measurable functions) M:A— M (A) € R**™. Of course
MMSE?*™ depends on the distributions p, pe.
In the rank-one case r = 1, if Eg,~ue [@0] # 0, then the naive estimator r;, ! Ay with y = E,, [@0] "114/V/d

is consistent:

In this case, a consistent estimate of AAT naturally follows. Therefore, if @ has non-vanishing expectation,
the estimation problem is significantly easier.

When r > 2, if ueo has non-zero mean, the same construction leads to consistent estimation of the
projection of A onto the direction determined by E[@g] (for ®¢ ~ pg). Once this component is subtracted,
the problem is effectively reduced to one in which pe has zero mean.

For the remainder of this section, we focus on the more challenging case E[®y] = 0,. In addition, for

technical reasons we will require pg to have vanishing third moment.
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Assumption 2.4.1. We assume E[@y] = 0,, E[@) ® Oy ® Og] = O,xrxr, where ® denotes the tensor

product. Furthermore, we assume that pe, up are sub-Gaussian.

Our main results establish that, according to several criteria, estimation in the asymmetric model (2.8)
with n,d — 0o, d/n — oo is equivalent to estimation in the symmetric spiked model (2.9).

Our first result on the relation between these models is in terms of mutual information.
Theorem 2.4.3. Define the mutual information per coordinate in asymmetric model of Egs. (2.8), via

d]P)A,A

TTr P (A, A). (2.15)

i 1
L (pa, po) = —Elog

n
Further recall the definition of mutual information in the symmetric model (2.9) given by Eq. (2.11). Within
the setting of Assumption 2.4.1, we let n,d — oo simultaneously with d/n — oco. In addition, we require

without loss of generality Qg = qol., cf. Remark 2.3.1. Then the following limits exist and are equal

olim L (s pe) = T T (45 o) -
The proof of Theorem 2.4.3 is presented in Appendix A.4.2 for up with bounded support. The gener-
alization to pa with unbounded support is discussed in Appendix A.4.4.
As mentioned above, earlier work determined the asymptotics of the mutual information for the symmet-
ric model 1™ (ua; go). In particular, the next corollary follows directly from Theorem 2.4.3 and Theorem
2.4.1.

Corollary 2.4.1. Recall that S;" denotes the set of rxr positive semidefinite matrices, and F : R>oxS;" — R
is defined in Eq. (2.12). Under the conditions of Theorem 2.4.3, we have

0 asym 1
lim T (ua, pe) = Zq(QaH]EAqu [AoAg)I3 — Filgo)

n,d— oo

1 T
= 108 [Eag~ps [AoAo]lF — sup F(gd, Q).
Qes;t
Recall the de Bruijn identity relating mutual information and minimum mean square error, see [183, 97,
64]:

1

. d .
TMMSE ™ (a3 v/5) = LT (s V5) (2.16)

Since MMSE®™™ (115; 1/5) is non-increasing in s, the asymptotics of IV™™ (ua; /s) essentially determines the
asymptotics of MMSE™™ (ua; +/5). Namely, we have lim,, oo MMSEZ™ (1in;v/5) = [|Eagepn [AoAg]||% —
4%]-'*(\/5) for almost all values of s.

It would be tempting to conclude that Theorem 2.4.3 and Corollary 2.4.1 lead directly to analogous
theorems relating MMSE™™ (ua, po) and MMSE>™"(ua;go). Establishing such a consequence is more
challenging than one would naively expect because we do not have an identity analogous® to Eq. (2.16) for

the asymmetric model. We can nevertheless establish the following, via a perturbation argument.

1One could differentiate the mutual information I5*™ (ua, ne) with respect to the signal-to-noise ratio parameter gg, but
the result is related to error in estimating A®T instead of AAT.
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Theorem 2.4.4. Under the conditions of Theorem 2.4.3, for all but countably many values of qo > 0, we

have

lim inf MMSEX™ (ua, po) > le MMSE™ (11a5q0)- (2.17)

n,d—o0
Further, consider a modified model in which the statistician observes (A,Y'(g)), where A is given by
Eq. (2.8), and

Y'(e) := %AAT + W', W'~ GOE(n).

Here, we assume W' is independent of everything else. Denote by MMSEX>™ (ua, po;e) the corresponding

matriz mean square error. Then, for all but countably many values of go > 0, we have

lim limsup MMSE>™ (ua, po;e) < lim MMSE?™™ (ua;go). (2.18)
n— oo

e=0+ 5 d—oo

The proof of Theorem 2.4.4 is outlined in Appendix A.4.3 (for distributions with bounded support) and
A.4.4 (for the general case).

Remark 2.4.1. In particular, Theorem 2.4.4 establishes that the estimation errors under the symmetric and
asymmetric models coincide asymptotically, provided that the error in the perturbed model MMSE>™ (up, po;€)
is uniformly continuous (in n) as € | 0. We expect this to be generically the case, but proving this remains

an open problem.

The next theorem establishes a sequence of sufficient conditions under which we can prove asymptotic

equivalence of estimation errors in the asymmetric and symmetric models.

Theorem 2.4.5. Under the conditions of Theorem 2.4.3, we further assume at least one of the following

conditions holds:
(a) dn=3(logn)=% — co.
(b) d(logd)®®/n%> — 0 and pp has bounded support.

(c) For the case r = 1, define Y = \/yAo + G with G ~ N(0,1) independent of Ag ~ pa, and define
I(7) = Elog X% (v, Ag). Let

&)
]

S Y
U(vy,s) ZZ‘F:

W

Assume that the global maximum of v — W(v,qe) over (0,00) is also the first stationary point of the

same function.

Then, we have

lim MMSEX™ (ua, po) = lim MMSEX ™" (ua; go). (2.19)
n—oo

n,d—oo

(For condition (b), the conclusion is guaranteed to hold for all but countably many values of qo > 0.)
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We defer the proof of Theorem 2.4.5 to Appendix A.4.5.
As anticipated in the introduction, the results presented in Section 2.4.2 and Section 2.4.3 support two

key statistical insights, which we next summarize:

1. In the weak signal regime, it is possible to partially recover A while impossible to recover @ in any
non-trivial sense. For instance, in the high-dimensional Gaussian mixture model, we might be able to

estimate the labels, even if it is impossible to estimate the cluster centers.

In the next section, we will further explore the application of these results to Gaussian mixture models,

while in Section 2.6 we will investigate such asymmetry in real world datasets.

2. In this regime, ideal estimation accuracy is asymptotically independent of the distribution of the high-
dimensional factor ®. As demonstrated, for instance, by Eq. (2.19), the only dependence on ug is

through its second moment.

The three sufficient conditions given in Theorem 2.4.5 correspond to three different arguments.

The most straightforward case is the one of condition (a). We use the fact that

1
vnd

L

1 ~
AAT —dI,) = ~AQ.A" +
( ) n QO m

(ZZT —dI,,) + cross terms, (2.20)
where Q@ = @'0/d ~ goI,. For d > n?, [40] proved that the total variation distance between the
distribution of the Wishart matrix (Z Z" —dr »)/Vnd and the one of W ~ GOE(n) converges to 0. While
we still have to deal with the cross terms, under this condition the two models are close to each other.

For d < n® the Wishart and GOE distributions are asymptotically mutually singular [40], and therefore
proving asymptotic equality of the mean square error has to rely on a more carefully analysis. In fact, the
proof of part (b) follows a different path and relies heavily on Theorem 2.4.4.

Finally, part (¢) combines the bound of Theorem 2.4.4 with a matching bound that is based on the
analysis of a Bayesian approximate message passing (AMP) algorithm [152]. Indeed, the sufficient condition

of part (¢) coincides with the condition that Bayes AMP achieves Bayes optimal estimation error.

2.5 Clustering under the Gaussian mixture model

As an application of our theory, we consider clustering under Gaussian mixture model (GMM). Throughout,
we will assume that all Gaussian components have equal covariance ¥, and that ¥ is known. Without loss
of generality, we can therefore assume that data are preprocessed so that 3 = I;. We will focus on the weak
signal regime, because it is mathematically the most interesting regime.

The Gaussian mixture model fits our general framework, with the A;’s encoding the data point labels:
A; takes k possible values, with k& being the number of clusters. We will measure estimation accuracy using

the overlap

1 o
Overlap,, := ~S"1 {Ai _ A’T} ,
verlap,, T{%Eginz

=1

Here, &, denotes the group of permutations over k elements, and A} denotes the action of this group on

the cluster label encodings of the i-th sample. (We will work with slightly different encodings for the cases
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k=2 and k > 3 below.)

2.5.1 Two clusters with symmetric centers

As a warm-up example, we consider the case of kK = 2 clusters with equal weights. For i € {1,... ,n}, we

observe an independent sample
1 1
ai~ 3 N(®/Vnd, I,) + 3 N(—®/Vnd, I,). (2.21)
Here, +@/v/nd C R are the cluster centers. Denoting by (A;)i<n ] Unif({—1,+1}) the cluster labels, and
by A € R"*? the matrix whose i-th row corresponds to the i-th sample, we have that A follows model (2.8)
with r = 1.
We further assume © has independent coordinates: (0;);<q i 1o, where pg is a centered sub-Gaussian

distribution and has zero third moment.

Remark 2.5.1. We note that, for » = 1, there is no real loss of generality in assuming (0;);<q4 to be i.i.d.
sub-Gaussian. Indeed, model (2.8) is equivariant under rotations © — QO, A — AQ", where Q € R%*¢
is an orthogonal matrix. Further, any loss function that depends uniquely on A is also invariant under the
same group. Consider minimax estimation when @ belongs to the sphere: ||®||2 = dge. As a consequence
of the Hunt-Stein theorem, the least favorable prior is the uniform distribution over the same sphere. We
expect the asymptotic Bayes risk under this prior (and therefore the minimax risk) to be the same as the
risk under the prior (0;);<q % N(0, o).

Proposition 2.5.1. Consider the Gaussian mizture model as in Eq. (2.21). Assume n,d — oo simultane-

ously and d/n — oo, then the following results hold:

(a) If qo <1, then, for any clustering estimator A, as n,d — oo we have

1
Overlap,, R 3" (2.22)

(b) If qo > 1, let s, be the largest non-negative solution of
s = qoE{ tanh (s + \/EG)Q} , (2.23)
where G ~ N(0,1). Then s, > 0 and there exists an estimator achieving
Overlap, 5 ®(/5,), (2.24)

where ® denotes the cumulative distribution function for standard Gaussian distribution.

The proof of this result uses the characterization of optimal estimation in the corresponding symmetric
model proven in [64], and we present the proof of point (a) in Appendix A.7.1. The overlap in point (b) can
be achieved using orthogonal invariant Bayes AMP with spectral initialization on (AA" — dI,,)/v/nd. This
algorithm is described and analyzed in [148].
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2.5.2 Two or more clusters with orthogonal centers

We next consider the case of k > 2 clusters with approximately orthogonal centers. We denote by {©.;/ vnd :
i € [k]} C RY the cluster centers. Let ® € RY*¥ with the i-th column given by ©.;. For j € [d], we let
©,; € RF be the j-th row of ®. We assume O; b e, where ug is sub-Gaussian with vanishing first and
third moments and diagonal covariance: Cov(®1) = qol.

Let e; be the j-th standard basis vector in R¥. We encode the data point labels by setting A; = e; if
and only if the i-th sample belongs to the j-th cluster, and consider the case of equal proportions, so that
(A)i<n “Unif({er, -, ex}).

As before, we let A € R™"*? be the matrix whose rows are i.i.d. samples a; from the Gaussian mixture
model with centers {®.;/v/nd : i € [k]}. With these definitions, the matrix A is distributed according to
model (2.8).

Remark 2.5.2. While we state our results for random @, we can generalize Remark 2.5.1 to the present
setting. This argument implies that the results of this section also characterize the minimax estimation error

over the class of problems with orthogonal centers 00 = dgoly.

Our next theorem establishes the threshold for weak recovery of the cluster labels in the high-dimensional
regime d/n — oo. Recall the function F(s, Q) is defined in Eq. (2.12), where we take pp = Zle e, /K. We
let Q, := 1,1} /k? and define the threshold

qi(gf"(k:) = inf {q@ >0: sup Flgs, Q) > F(g3, Qo)} ) (2.25)
Qest
Theorem 2.5.1. Consider the Gaussian mizture model with k components of equal weights, in the high-
dimensional asymptotics d,n — oo, d/n — co. Under the above assumptions on the centers ©, the following
results hold:

(a) If go < g5 (k), then for any estimator A : R"*% — {e; : j € [k]}" that is a measurable function of

the input A, we have

1
p-lim Overlap,, = %

n,d— oo

(b) Assume either dn=>(logn)~% — oo or dn=%/°(logd)®/® — 0. If go > qi5%(k), then there exists an
estimator A : R"*? — {e; : j € [k]}" that is a measurable function of the input A, such that

lim inf E[Overlap,,] >

n,d—oo

Enl

We defer the proofs of parts (a) and (b) of Theorem 2.5.1 to Appendices A.7.2 and A.7.3, respectively.
Note that [18, Theorem 2] implies ¢i3 (k) = 2y/klog k- (14 o0x(1)) as k — oo (however, [18] does not establish
a sharp threshold). In contrast, Theorem 2.5.1 derives the exact threshold for every k.

Table 2.1 collects values for the thresholds q8f°(k) for a few values of k, as obtained by numerically
evaluating Eq. (2.25). For k < 4, this is expected to coincide with the spectral threshold, namely qi(_')‘f°(k) =k
[126]. (Notice that the apparent discrepancy with the threshold for & = 2 in the previous section is due to

the different normalization adopted here.)
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kg8 (k)
2 2
3 3
4 4
5 495
6 581
7
8

6.61
7.36

Table 2.1: Information-theoretic thresholds qi(l}“(k) for 2 <k <8.

2.5.3 Numerical experiments

We present in this section numerical experiments suggesting that the theory of the last sections is already
relevant at moderate values of d,n. We consider several clustering methods, and compare their performances
with the threshold g5 (k).

For our experiment we use built-in functions in Python3, for the following clustering methods:

(1) Lloyd’s algorithm, as implemented by the function KMeans() in the scikit-learn module with option
algorithm = “lloyd”.

(2) Agglomerative clustering, implemented by the function AgglomerativeClustering() in the scikit-learn

module with default parameters.

(3) EM algorithm, implemented by the function GaussianMixture() in the scikit-learn module with default

parameters.

(4) A semidefinite programming (SDP) relaxation described in [169]. We use the cvxpy module for the

optimization steps.

In Figure 2.1 we present results for these algorithms for n = 100, d = 2000, and pe = N(0,¢e). For each
value of the pair (k, ge), we run 100 independent trials, and plot the average overlap versus ggo. For the
case k = 2, we consider two slightly different settings: “Symmetric=True” corresponds to the case of two
centers symmetric around the origin, as in Section 2.5.1, and “Symmetric=False” corresponds to the case of
two approximately orthogonal centers as per Section 2.5.2. We also report the threshold qi(gf"(lc)7 its large
k approximation 2v/klogk, and the algorithmic threshold qggo(k) = k (this is the conjectured threshold for
efficient recovery, which coincides with the spectral threshold [126, 152]).

Despite the small sample size, we observe that ng(k) appears to capture the onset of non-trivial

clustering accuracy across multiple algorithms.

2.6 Asymmetry in factors estimation: real world datasets

Previous sections imply the existence of gaps in the estimation of A and ©, in the high-dimensional asymp-
totics d/n — oo. In summary, in the strong signal regime, A can be estimated consistently up to a potential
rotation, while ® can only be partially recovered. On the other hand, in the weak signal regime, A can be
partially recovered, while no estimator achieves better asymptotic performance than a naive one in terms of

the estimation of ©.
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Figure 2.1: Average overlap achieved by several clustering algorithms on the Gaussian mixture model with
n = 100 datapoints, d = 2000 dimensions, averaged over 100 instances. The black vertical line corresponds
to the information-theoretic threshold for identifying clusters significantly better than random guessing; the
orange vertical line corresponds to the spectral or algorithmic threshold; the grey vertical line corresponds
to the approximated information-theoretic threshold 2/k log k.
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In this section, we investigate this asymmetry in real world datasets. We focus on a problem that can
be modeled as clustering with k = 2 clusters (this can be modeled as a GMM model, leading to Eq. (2.1)

with 7 = 1 as described in the previous section).

2.6.1 1000 Genomes Project

Our first experiment involves genotype data from the 1000 Genomes Project [59]. This provides genotypes for

n = 2,504 individuals grouped in five population groups (corresponding to their geographic origins). For our

experiments, we extract d = 100,000 common single-nucleotide polymorphisms (SNPs). Our preprocessing

steps follow from [200]. After preprocessing, we add independent Gaussian noise with variance 5 to the data

matrix, to make the problem more challenging.

Principal component analysis (PCA) is often used in genome-wide association studies, in particular to

explore the genetic structure of human populations [163, 164]. As a first step of our experiment, for each

pair of population groups, we randomly extract 30 subjects from each group without replacement. The

subsampled observations form a 60 x 100,000 genotype matrix, the columns of which are then centered and

rescaled. We next run PCA on this subset, and plot the projections onto the top 2 principal components.

We display one typical outcome of PCA in Figure 2.2. From the figures, we see that despite the high-

dimensionality, PCA still reflects the underlying population structure. We interpret this as indicating that

non-trivial clustering can be achieved on these data.

Projection on Second Principal Component

Figure 2.2: Illustration of PCA on a subset of 1000 Genomes Project data.
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In these plots, the x axis

represents the projection onto the first principal component, and the y axis represents projection onto the
second principal component. Point colors and shapes correspond to population groups. Each experiment
involves 60 individuals in total, with 30 individuals from each of the two population groups.
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To further support our conclusion, we run K-means clustering on the subsampled datasets (using
sklearn.cluster.KMeans in Python 3 with default parameters). We then compute the overlap between the
true and estimated labels (in this example labels correspond to population groups). We repeat this proce-
dure independently 1000 times on randomly selected subsets of the data. The outcomes are recorded and
displayed in the lower triangle of Figure 2.3. From the figures, we see that K-means clustering estimates the
labels significantly better than random guessing (i.e., better than 50% accuracy) and achieves near-perfect
recovery for certain pairs of population groups.

We next estimate the cluster centers @, for each pair of population groups. We take two non-overlapping
subsets of the data (each with size 60) and run K-means on each subset: this leads to two distinct estimates

)ie{1,2} for data subset 1, and ((;)(2))2-6{172} for data subset 2. We then compute

of the cluster centers ((;)(-1) ¢

?

the maximum normalized inner product

max |
ij<2

©1,0%1/(161V)2161I2)

between the estimated cluster centers obtained via K-means from these two subsets of data.

This procedure is again repeated for 1000 times independently, and the distributions of the maximum
normalized inner products are displayed in the upper triangle of Figure 2.3. We observe that, for several
population pairs, the estimates (':')(1)7 ©® are not significantly correlated (using initials, this is the case
for the pairs C-H, C-SA, EA-H, EA-SA, H-SA). Since these estimates are obtained based on independent
samples from the same population, we conclude that they are also not significantly correlated with the true
centers. When this happens, the behavior of this clustering problem seems to be captured by the weak signal
regime analyzed in the previous sections: clusters can be estimated in a non-trivial way, but cluster centers
cannot be estimated.

For the other population pairs, the cluster centers estimates are correlated, and clustering accuracy is
very high (this is the case for pairs A-C, A-EA, A-H, A-SA, with C-EA not as clear a case). This is analogous

to what we observe in our model in the strong signal regime.

2.6.2 RNA-Seq gene expression

We carry out a similar experiment on gene expression data for different types of cancers from the UCI Machine
Learning Repository? [73]. The dataset contains 801 samples and 20531 attributes, with the predictors being
RNA-Seq gene expression levels measured by the Illumina HiSeq platform. Before proceeding, again we apply
additive Gaussian noise to the data matrix, with mean zero and variance 5. We consider five different cancer
types, denoted by “COAD”, “BRCA”, “KIRC”, “LUAD” and “PRAD”.

For each pair of cancer groups we subsample 30 subjects from each group, to construct a 60 x 20531 data
matrix. We then center and rescale the columns of this matrix to unit norms. A typical outcome of PCA is
presented in Figure 2.4. We observe that clusters corresponding to different cancer groups are well separated
for each of the pairs. In Figure 2.5, we report the overlaps between the labels obtained from K-means
clustering and the ground truth labels. The overlaps are very high for all pairs. These plots summarize the
results of 1000 independent repetitions of this experiment.

In the upper half of the same figure, we present the maximum normalized inner products between the

2https://archive.ics.uci.edu/ml/datasets/gene+expression+cancer+RNA-Seq
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Figure 2.3: Simulation results derived from 1000 independent experiments for the 1000 Genomes Project
dataset. The boxplots in the upper triangle display the quantiles of the normalized inner products between
the estimated cluster centers. The boxplots in the lower triangle display the quantiles of overlaps between
true labels and labels obtained via K-means clustering. We annotate the medians in the corresponding
figures for readers’ convenience.
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Figure 2.4: PCA on subsets of RNA-Seq gene expression data: each time we select 30 datapoints from each
of the two cancer groups at random. Point colors and shapes stand for different cancer groups. We plot the
projections of these datapoints onto the subspace defined by their first two principal components.
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Figure 2.5: Simulation results derived from 1000 independent experiments for the UCI gene expression
dataset. The boxplots in the upper triangle display the quantiles of the normalized inner products between
estimated cluster centers. The boxplots in the lower triangle display the quantiles of the accuracy (overlap)
in reconstructing the true clusters. Medians are annotated in the figures.
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estimated cluster centers on two independent subsamples. The correlation is significantly different from zero,

but far from being close to one. Once more, this is analogous to the strong signal regime in our analysis.



Chapter 3

The estimation error of general first

order methods

3.1 Introduction

For this part, we not only consider low-rank matrix estimation, but also apply our results to high-dimensional

regression. More precisely, we study the following two models:

High-dimensional regression. Data are i.i.d. pairs {(y;, ;) }i<n, where y; € R is a label and @; € R? is
a feature vector. We assume x; ~ N(0,I,/n) and y;|x; ~ P(y; € -|z] @) for a vector # € RP. Our
objective is to estimate the coefficients #; from data X € R™*? (the matrix whose i-th row is vector

xz;) and y € R™ (the vector whose i-th entry is label y;).

Low-rank matrix estimation. Data consist of a matrix X € R"*? where x;; = %AiTOjJrzij with A;,0; €
R” and z;; s N(0,1/n). We denote by A € R**" and 6 € RP*" the matrices whose rows are A and

HJT respectively. Our objective is to to estimate A, 0 from data X.

In order to discuss these two examples in a unified fashion, we will introduce a dummy vector y (e.g.,
the all-zeros vector) as part of the data in the low-rank matrix estimation problem. Let us point out that our
normalizations are somewhat different from, but completely equivalent to, the traditional ones in statistics.

The first question to address is how to properly define ‘first order methods.” A moment of thought
reveals that the above discussion in terms of a cost function £(0) needs to be revised. Indeed, given either
of the above statistical models, there is no simple way to construct a ‘statistically optimal’ cost function.!
Further, it is not clear that using a faster optimization algorithm for that cost will result in faster decrease
of the estimation error.

We follow instead a different strategy and introduce the class of general first order methods (GFOM).
In words, these include all algorithms that keep as state sequences of matrices u',...,u* € R**", and
vl, ..., v" € RPX", which are updated by two types of operations: row-wise application of a function, or
multiplication by X or X T. We will then show that standard first order methods, for common choices of

the cost £(0), are in fact special examples of GFOMs.

n particular, maximum likelihood is not statistically optimal in high dimension [25].

26
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Formally, a GFOM is defined by sequences of functions Ft(l),G?) ; RO+ Ry Ft(Q),Ggl) :
R7(t+1) — R" with the F’s indexed by ¢t > 0 and the G’s indexed by ¢t > 0. In the high-dimensional
regression problem, we set 7 = 1. The algorithm produces two sequences of matrices (vectors for r = 1)

(ul)>1, ut € R™" and (v')i>1, vt € RPXT

it = XTFt(l)(ul, ooubiy u) + Ft(z) (..., vhv) (3.1a)
u' = XGVw!,.. vhv)+ GP !, u g ), (3.1b)

where it is understood that each function is applied row-wise. For instance

Ft(l)(ul, oubiu) = (Ft(l)(uzl, oo ubiug))i<n € RV

where (u$)T is the i" row of u®. Here u, v are either deterministic or random and independent of everything
else. In particular, the iteration is initialized with v! = XTFo(l)(y, u)+ FO(Q)(’U). The unknown matrices (or
vectors) @ and A are estimated after ¢, iterations by 0= Gi(vh, -+ v v) and A= F.(ul, ..., ut;y,u),
where the latter only applies in the low-rank matrix estimation problem. Let us point out that the update
also depend on additional information encoded in the two vectors u € R™, v € RP. This enables us to
model side information provided to the statistician (e.g., an ‘initialization’ correlated with the true signal)
or auxiliary randomness.

We study the regime in which n,p — oo with n/p — § € (0,00) and r is fixed. We assume the number
of iterations t, is fixed, or potentially ¢, — oo after n — oco. In other words, we are interested in linear-time
or nearly linear-time algorithms (complexity being measured relative to the input size np). As mentioned
above, our main result is a general lower bound on the minimum estimation error that is achieved by any
GFOM in this regime.

This chapter is organized as follows: Section 3.2 illustrates the setting introduced above in two examples;
Section 3.3 contains the statement of our general lower bounds; Section 3.4 applies these lower bounds to

the two examples; Section 3.5 presents an outline of the proof, deferring technical details to appendices.

3.2 Two examples
Example #1: M-estimation in high-dimensional regression and phase retrieval
Consider the high-dimensional regression problem. Regularized M-estimators minimize a cost

L (9) = Zﬂ(yi; (;,9)) + Q(9) = ln(y, X9) + 0 (9), (3.2)

Here £ : R x R — R is a loss function, én(y, y) =Y i U(yi, §;) is its empirical average, and €, : R? — R is
a regularizer. It is often the case that ¢ is smooth and §,, is separable, i.e., Q,(9) = >7_ Q;(9;). We will
assume this to be the case in our discussion.

The prototypical first order method is proximal gradient [166]:

0t+1 = PrOXfthl (at - ’thﬁén(y»Xot)) )
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o S B
Prox,q, (y) = argglelﬁg{ﬂy 0)" + 791(9)} :

Here (7:):>0 is a sequence of step sizes and Prox,q, acts on a vector coordinate-wise. Notice that

or
99

Voln(y, X0") = XTs(y, X60"),  s(h,9)i = -—(y.0:)- (33)
Therefore proximal gradient —for the cost function (3.2)— is an example of a GFOM. Similarly, mirror descent
with a separable Bregman divergence and accelerated proximal gradient methods are easily shown to fit in
the same framework.

Among the countless applications of regularized M-estimation, we will focus on the sparse phase retrieval
problem. We want to reconstruct a sparse signal @ € RP but only have noisy measurements of the modulus
[(0,x;)|; that is, we lose the ‘phase’ of these projections. (We will consider for simplicity the case of a
real-valued signal, but the generalization of our results to the complex case should be immediate.)

As a concrete model, we will assume that number of non-zero entries of 6 is ||8]|p < sp. From an
information-theoretic viewpoint, it is known that 6 can be reconstructed accurately as soon as the number
of measurements satisfies n > Csglog(p/so), with C a sufficiently large constant [130]. Several groups have
investigated practical reconstruction algorithms by exploiting either semidefinite programming relaxations
[130] or first order methods [175, 46, 42]. A standard approach would be to apply a proximal gradient
algorithm to the cost function (3.2) with £2,,(9) = A||¢||1. However, all existing global convergence guarantees
for these methods require n > C's3log p. Is the dependence on s3 due to a fundamental computational barrier
or an artifact of the theoretical analysis? Recently [179] presented partial evidence towards the possibility
of ‘breaking’ this barrier, by proving that a first order method can accurately reconstruct the signal for

n > Csolog(p/so), if it is initialized close enough to the true signal 6.

Example #2: Sparse PCA

In a simple model for sparse principal component analysis (PCA), we observe a matrix X = %AOT + Z €
R™*P where A € R™ has entries (\;)i<n id N(0,1), 8 € RP is a sparse vector with sy < p non-zero entries,
and Z is a noise matrix with entries (z;;)i<n, j<p i N(0,1/n). Given data X, we would like to reconstruct
the signal 8. From an information-theoretic viewpoint, it is known that accurate reconstruction of 6 is
possible if n > Csglog(p/so), with C a sufficiently large constant [5].

A number of polynomial time algorithms have been studied, ranging from simple thresholding algorithms
[110, 67] to sophisticated convex relaxations [5, 135]. Among other approaches, one natural idea is to modify

the power iteration algorithm of standard PCA by computing
0" =, XTXn(0"% ). (3.4)

Here (ct)t>0 is a deterministic normalization, and n( - ;) is a thresholding function at level v, e.g., soft
thresholding n(x;~y) = sign(z)(Jz| — v)+. It is immediate to see that this algorithm is a GFOM. More
elaborate versions of non-linear power iteration were developed, for example, by [113, 136], and are typically
equivalent to suitable GFOMs.

Despite these efforts, no algorithm is known to succeed unless n > CsZ. Is this a fundamental barrier or
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a limitation of present algorithms or analysis? Evidence towards intractability was provided by [31, 38] via

reduction from the planted clique problem. Our analysis provides new evidence towards the same conclusion.

3.3 Main results

In this section we state formally our general results about high-dimensional regression and low-rank matrix
estimation. The next section will apply these general results to concrete instances. Throughout we make

the following assumptions:

Al. The functions Ft(l),ng),F* : RTHDHL 4 R Ft(z),Ggl),G* : R"(+1) 5 R are Lipschitz continuous,
with the F’s indexed by t > 0 and the G’s indexed by ¢ > 0.
A2. The covariates matrix X (for high-dimensional regression) or the noise matrix Z (for low-rank estima-
tion) have entries x;; B N(0,1/n), 2 S N(0,1/n).
Also, we denote by &, (IR¥) the set of probability distributions with finite g-th moment on R* and 2. (R¥)
those with compact support. We say a function f : R¥ — R is pseudo-Lipschitz of order 2 if there exists
constant C' such that |f(z) — f(z')| < C(1 + ||z|| + ||='|])||z — | for all z,2' € RE. We call a function
¢ : (R¥)2 = R a quadratically-bounded loss if it is non-negative and pseudo-Lipschitz of order 2 and there
exists C' > 0 such that for all z, 2, d € R* we have |{(z,d) —{(z',d)| < C(1++/l(z,d)++/{(z',d))||z—='|.

3.3.1 High-dimensional regression

We make the following additional assumptions for the regression problem:
iid iid
R1. We sample {(w;, ;) }i<n ~ pw,u, {(0:,0:) }icp ~ po.v for pe v, pwu € Po(R?).
R2. There exists a measurable function h : R? — R such that y; = h(z]6,w;). Moreover, there exists

constant C such that |h(z, w)| < C(1+ |z| + |w|) for all z, w.

Notice that the description in terms of a probability kernel P(y; € - |x]8) is equivalent to the one in terms
of a ‘noisy’ function y; = h(z] @, w;) in most cases of interest.

Our lower bound is defined in terms of a one-dimensional recursion. Let (0, V) ~ ugv. Let mmseg v (72)
be the minimum mean square error for estimation of © given observations V and © + 7G where G ~ N(0, 1)

independent of ©. Set 74 = E[0©?] and 7§ = oo, and define recursively

1 1
7'32 = g mmse@,V(Tf), O'z = E(Tg) - mmse@,V(TSQ)) ’
3.5
1 _lg [E[G1Y, Go, U?] 39)
7‘2 = 7,:2 1/4,%0, ’
s+1 s

where Y = h(0sGo + 7sG1, W) and the expectation is with respect to Go, Gy S N(0,1) and (W,U) ~ pw,u

independent.

Theorem 3.3.1. Under assumptions Al, A2, R1, R2 in the high-dimensional regression model and under

the asymptotics n,p — oo, n/p — § € (0,00), let 6 be output of any GFOM after t iterations (2t -1
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matriz-vector multiplications). Then
lim 1||ét — 0|12 > mmseg v (7).
n—o0 p 2= ? t
More generally, for any quadratically-bounded loss ¢ : R? — R>o,

lim 724 0;,0%) > 1nf E{((6,0(6 + G, V))}, (3.6)

where (©,V) ~ ueg,v independent of G ~ N(0,1), and the infimum on the right-hand side is over measurable
functions 6 :R2 — R. The limits are in probability and to a constant, and they are guaranteed to exist. For

all € > 0, there exist GFOMs which satisfy these bounds to within tolerance €.

3.3.2 Low-rank matrix estimation
We make the following additional assumption:
M1. We sample {(A;, u;)}i<n id pa,u and {(0;,v;)}i<p id pe.v for ua v, pe.v € Pa(R?").

Again, our lower bound is defined in terms of recursion, which this time is defined over positive semidef-
inite matrices @, Qt e R™", Q,, Qt = 0. Set QO = 0, and define recursively

A 1
Qt+1 Va U(Qt) Qt = EVG,V(Qt) ) (3~7)

where we define the second moment of the conditional expectation Vg y : R™*" — R"*" by
Vo (Q) =E{E@|Q'?0 + G = Y:VIEOQ'?0 + G = Y; V]T},

and analogously for V o ¢(Q). Here the expectation is with respect to (@, V) ~ e v and an independent
Gaussian vector G ~ N(0, I,.). Notice in particular that E{@®"} — Vg v(Q) is the vector minimum mean
square error when © is observed in Gaussian noise with covariance Q~!. For r = 1, Eq. (3.7) is a simple

scalar recursion.

Theorem 3.3.2. Under assumptions Al, A2, M1 in the low-rank matriz estimation model and under the
under the asymptotics n,p — oo,n/p — § € (0,00), let 6' be output of any GFOM after t iterations (2t —1

matriz-vector multiplications). Then
li ! 6! — 0| > E{|O®|*’} - TrVe.v
im || e = E{[[O]"} -TrVe,v(Q,).

n—oo p

More generally, for any quadratically-bounded loss £ : R*" — Rxg,

lim sz 5,0%) > inf E{EG) 0(Q;°®+G,V))}, (3.8)

where the infimum on the right-hand side is over functions 0 : R" — R". The limits are in probability and to

a constant, and they are guaranteed to exist. As above, for all € > 0 there exist GFOMs which satisfy these
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bounds to within tolerance e.

3.3.3 Discussion

Our motivations are similar to the ones for statistical query (SQ) lower bounds [89, 90|: we want to provide
estimation lower bounds under a restricted computational model, that are sensitive to the data distribution.
However the scope of our approach is significantly different from SQ algorithms: the latter can query data
distributions and compute approximate expectations with respect to that distribution. In contrast, our
algorithms work with a fixed sample (the data matrix X and responses vy), which is queried multiple times.
These queries can be thought as weighted averages of both rows and columns of X and, as such, cannot be
simulated by the SQ oracle. For instance, the proximal gradient method or the nonlinear power iteration of
Section 3.2 cannot be framed as a SQ algorithms.

The lower bounds of Theorems 3.3.1 and 3.3.2 are satisfied with equality by a specific first order method
that is an approximate message passing (AMP) algorithm, with Bayes updates. This can be regarded as a
version of belief propagation (BP) for densely connected graphs [120], or an iterative implementation of the
TAP equations from spin glass theory [140].

Our proof builds on the asymptotically exact analysis of AMP algorithms developed in [37, 24, 105, 32].
However we need to overcome three technical obstacles: (1) Show that any GFOM can be reduced (in a
suitable sense) to a certain AMP algorithms, whose behavior can be exactly tracked. (2) Show that Bayes-
AMP is optimal among all AMP algorithms. We achieve this goal by considering an estimation problem on
trees and showing that, in a suitable large degree limit, it has the same asymptotic behavior as AMP on the
complete graph. On trees it is immediate to see that BP is the optimal local algorithm. (3) We need to prove
that the asymptotic behavior of BP for trees of large degree is equivalent to the one of Bayes-AMP on the
original problem. This amounts to proving a Gaussian approximation theorem for BP. While similar results
were obtained in the past for discrete models [177, 158], the current setting is technically more challenging
because the underlying variables 6; are continuous and unbounded.

While the line of argument above is —in hindsight— very natural, the conclusion is broadly useful. For
instance, [8] study a class of of message passing algorithms inspired to replica symmetry breaking and survey
propagation [141], and observe that they do not perform better than Bayes AMP. These algorithms are
within the scope of our Theorem 3.3.2, which implies that indeed they cannot outperform Bayes AMP, for
any constant number of iterations.

Finally, a sequence of recent papers characterize the asymptotics of the Bayes-optimal estimation error
in the two models described above [125, 20]. It was conjectured that, in this context, no polynomial-time
algorithm can outperform Bayes AMP, provided these algorithms have access to an arbitrarily small amount
of side information.? Theorems 3.3.1 and 3.3.2 establish this result within the restricted class of GFOMs.

3.4 Applying the general lower bounds

In our two examples, we will refer to the sets Bf(k) C RP of k-sparse vectors and B5(R) C RP of vectors

with ¢3-norm bounded by R.

2Concretely, side information can take the form v = n@ + g for n > 0 arbitrarily small, g ~ N(0, I,)
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Example #1: Sparse phase retrieval

For the reader’s convenience, we follow the standard normalization in phase retrieval, whereby the ‘sensing
vectors’ (i.e. the rows of the design matrix) have norm concentrated around one. In other words, we observe
yi ~ p(-|&]0)dy, where &; ~ N(0,I,/p).

In order to model the phase retrieval problem, we assume that the conditional density p(-|- ) satisfies
the symmetry condition p(y|z) = p(y| — ). In words: we only observe a noisy version of the absolute
value |[(Z;,0)|. An important role is played by the following critical value of the number of observations per

dimension

Ecp(y|G)]

Here expectation is with respect to G ~ N(0, 1). It was proved in [146] that, if ||@|2 = /p and n > (4., +n)p,

e ( / Eclp(y|G)(G* ~1)] dy)‘l | (3.9)

for some n bounded away from zero, then there exists a simple spectral estimator éﬁp that achieves weak

recovery, i.e., a positive correlation with the true signal. Namely, i [(6sp.0)]

—/=2:2 g hounded away from zero as
Ospll210]2

p,n — 00.

In the case of a dense signal 8 and observation model y; = |Z] 0| + w;, w; ~ N(0,0?), the oversampling
ratio 4., is known to be information-theoretically optimal: for n < (d,, — 1)p no estimator can achieve a
correlation that is bounded away from 0 [146]. On the other hand, if @ has at most pe nonzero entries,
it is information-theoretically possible to reconstruct it from § > Celog(1l/e) phaseless measurements per
dimension [130].

Our next result implies that no GFOM can achieve reconstruction from O(elog(1/¢)) measurements per
dimension, unless it is initialized close enough to the true signal. In order to model the additional information

provided by the initialization we assume to be given
_ . - iid
= va0/0lz + VI—ag,  (G)icy © NO, 1/p),. (3.10)

Notice that with this normalization ||T]|2 concentrates tightly around 1, and y/« can be interpreted as the

cosine of the angle between 6 and v.

Corollary 3.4.1. Consider the phase retrieval model, for a sequence of deterministic signals @ € RP, and
let 7 (e, R) := BE(pe) N BY(R). Assume the noise kernel p(-|z) to satisfy the conditions of Theorem 3.3.1
and to be be twice differentiable with respect to x.

Then, for any § < 0., there exists a, = a,(d,€) > 0 and C, = C,(d,€) such that, if « < ., then

0,6
sup lim inf E% < C.a. (3.11)
R 0c S e 02182

The same conclusion holds if @ is drawn randomly with i.i.d. entries 0; ~ pg := (1 —¢€)do + (¢/2)(0, + ),

p=1/\e.

Example #2: Sparse PCA

~ — ~
For ease of interpretation, we assume the observation model X = A@ + Z, where (Z;;)i<n.j<p ~ N(0,1)

and ()\;)i<n ~ N(0,1). Equivalently, conditional on @, the rows of X are iid. samples &; ~ N(0,X),
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YX=1I,+ %T. We also assume to have access to an initialization @ correlated with 6, as per Eq. (3.10). In
order to apply Theorem 3.3.2, we choose a specific distribution for the spike. Defining 6 = 5\/15, we assume
that the entries of @ follow a three-points sparse distribution (6;)i<p ~ pg := (1 —€)do + (£/2) (04, + 0_,).

The next lemma specializes Theorem 3.3.2.

Lemma 3.4.1. Assume the sparse PCA model with the distribution of @ given above. Define (g;)i>0 by

Vi(q + &)

SREAL UL =0, 3.12
T Va(a 1 d) 90 (3.12)

dt+1 =

o inh(11/0¢G)?
Vi(g) = e 0 2% = 3.13
) =e e { 1 — & + ee=%4#*/2 cosh(u\/3qG) | (8.13)
where & = a/(u*e(1 — «)). Then, for any GFOM

©.0) _ [Vela: +3) (3.14)

mp=oo |[6]|2]16%)2 pre

The bound in the last lemma holds for random vectors 8 with i.i.d. entries from the three-points
distribution. As a consequence, it implies a minimax bound for non-random vectors @ with given fs-norm

and sparsity. We state this bound in the corollary below. In order to develop explicit expressions, we analyze
the recursion of Egs. (3.12), (3.13).

Corollary 3.4.2. Assume the sparse PCA model, for @ € RP a deterministic vector and A, Z random, and
consider the parameter space 7 (e, R) := BY(pe) N BY(R).

(a) If R? < 1/\/6, then there exists o, = (R, 0,¢),C. = C.(R,6,¢) such that, for a < a,, and any
GFOM

: 0,6")
sup lim _1In =TT T
>0 mpooger (=) 0]

Civa. (3.15)

(b) If R> < /(1 —¢)/46, then the above statement holds with o, = (5 A 3), C = 3/R%.

In words, the last corollary implies that for R?6 < 1, no estimator achieves a non-vanishing correlation
with the true signal 8, unless sufficient side information about @ is available. Notice that for R2§ = 1 is
the threshold above which the principal eigenvector of the empirical covariance X'X /n becomes correlated
with 8. Hence, our result implies that, simple PCA fails, then every GFOM will fail.

Viceversa, if simple PCA succeed, then it can be implemented via a GFOM, provided arbitrarily weak
side information if available. Indeed, assume side information v = 18 + g, with g ~ N(0,I,), and an
n arbitrarily small constant. Then the power method initialized at v converges to an estimate that has

correlation with @ bounded away from zero in O(log(1/n)) iterations.

3.5 Proof of main results

In this section, we prove Theorems 3.3.1 and 3.3.2 under stronger assumptions than in their statements. In

the high-dimensional regression model, these assumptions are as follows.
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R3. Given poyv € Z.(R?) and pwuy € Z4(R* x R) for some k > 1, we sample {(6;,v;)}i<p e 1OV s
{(wi, i) }icn ™ pw .

R4. There exists Lipschitz function A : R X R* — R such that Yi = h(a:;rﬂ, w;). Measure pyw y has regular
conditional probability distribution pyy 7 (u, -) such that, for all fixed x,u, the distribution of h(x, W)
when W'~ pyy|,(u,-) has positive and bounded density p(y|z,u) with respect Lebesgue measure.
Further, 0% log p(y|z,u) for 1 < k < 5 exists and is bounded.

In the low-rank matrix estimation model, this assumption is as follows.
. iid iid
M2. Given pau, pe,v € Zo(R?*), we sample {(A;, ui)}i<n ~ pau, {(85,v5)}<p ~ pev.
In Appendix B.5, we show that Theorem 3.3.1 (resp. Theorem 3.3.2) under assumptions R3 and R4 (resp.
M2) implies the theorem under the weaker assumptions R1 and R2 (resp. M1).

3.5.1 Reduction of GFOMs to approximate message passing algorithms

Approximate message passing (AMP) algorithms are a special class of GFOMs that admit an asymptotic
characterization called state evolution [24]. We show that, in both models we consider, any GFOM is
equivalent to an AMP algorithm after a change of variables.

An AMP algorithm is defined by sequences of Lipschitz functions (f; : R™HD+L 5 R™),54. (g4
R+ 5 R™);5 . It generates sequences (at);>1, (b');>1 of matrices in RPX" and R™ ", respectively,

according to

at+1 = XTft(b17 o '7bt;y7u) - ng(a’17 i '7as;v)£2—,s»

=

s (3.16)
bt:th(a17"’7at;v)_ fs(b17~~~»bs§y7U)CtT,s»

s=

o

with initialization a' = X" fo(y,w). Here (&1.s)1<s<ts (€t s)o<s<t are deterministic 7 x r matrices. The
we refer to the recursion (3.16) as to an AMP algorithm if only if the matrices (§; ;)i1<s<t; (C;)o<s<t are
determined by the functions (f;)¢>0, (g¢)¢>1 in a specific way, which depends on the model under consider-
ation, and we describe in Appendix B.2. For this special choice of the matrices (&, ;)1<s<t, (Cs5)o<s<t, the
iterates at, b" are asymptotically Gaussian, with a covariance that can be determined via the state evolution
recursion.

The next lemma, proved in Appendix B.2, makes this precise and describes the state evolution of the

resulting AMP algorithm.

Lemma 3.5.1. Under assumptions Al, A2, R3, R4 (for high-dimensional regression) or assumptions Al,
A2, M2 (for low-rank matriz estimation), there exist Lipschitz functions (fi)i>0, (9t)i>1 as above and (py :
RFD — R)>1, (¢ : REFDTL 5 R)y»y, such that the following holds. Let (€, \)1<s<t, (Cys)o<s<t bem X7
matrices determined by the general AMP prescription (see Appendiz B.2), and define {a®,b°}s>0 via the
AMP algorithm (3.16). Then we have
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u' =g (b, by u), t>1

Further, state evolution determines two collections of of r x r matrices (T's1)st>1, (0)t>1 such that for all
pseudo-Lipschitz functions 1 : R"¢+2) 5 R of order 2,
> v(aj,...,alv;,0;) DEY(@O+Z',... 00+ Z',V,0)], (3.17)

where (©,V) ~ ue v independent of (Z',...,Z") ~ N(0,T1.). Here Tpy € R s a positive semi-
definite block matriz with block (s,s") given by T's ¢.3

Lemma 3.5.1 implies that the estimator ' in Theorem 3.3.1 and 3.3.2 can alternatively be viewed as a
Lipschitz function g, : R"*1 — R” of the AMP iterates (a®)s<; and side information v, applied row-wise.
Thus, ¢(0;, é;) can be viewed as a pseudo-Lipschitz function of order 2 applied to (a})s<t,v;, 8;; namely,
£(0;,g«((a})s<t,v;)). Then, Lemma 3.5.1 implies that the limits in Theorems 3.3.1 and 3.3.2 exist and have
lower bound

inf Ry(gs, (o), (Ts,50)) := inf E[{(©, g (c,® + Z', ..., 0,© + Z', V)], (3.18)

where the infimum is taken over Lipschitz functions g. and matrices (o), (T's,s/) generated by the state

evolution of some AMP algorithm. This lower bound is characterized in the following sections.

3.5.2 Models and message passing on the computation tree

We introduce two statistical models on trees and a collection of algorithms which correspond, in a sense
we make precise, to the high-dimensional regression and low-rank matrix estimation models, and AMP
algorithms. We derive lower bounds on the estimation error in these models using information-theoretic,
rather than algorithmic, techniques. We then transfer these to lower bounds on (3.18). The models are
defined using an infinite connected tree T = (V, F, &) consisting of infinite collections of variable nodes V,
factor nodes F, and edges £. Factor nodes have degree p and have only variables nodes as neighbors, and
variable nodes have degree n and have only factor nodes as neighbors. These properties define the tree
uniquely up to isomorphism. We denote the set of neighbors of a variable v by dv, and similarly define Jf.
We call T the computation tree.

The statistical models are joint distributions over random variables associated to the nodes and edges

of the computation tree.

High-dimensional regression on the computation tree. The random variables {(6,, v,)}vey id 1OV s
{(ws,us)}rer £ pw .U, and {yy }(fo)ee % N(0,1/n) are generated independently. We assume pe v,
ptw v are as in assumption R3. We define y; = h(Zveaf x 0y, wy) for h as in assumption R4. For each
v €V, our objective is to estimate the coefficient 6, from data (yg,uy)rer, (Vo)vev, and (Zfy)(fv)ee-

Low-rank matrix estimation on the computation tree. The random variables {(6,,v,)}vey " 1OV,

{(Ap,up)}rer, and {2f0}(f0)ee i N(0,1/n) are generated independently. We assume pia v, plo,v are
as in assumption M2. For each v € V, our objective is to estimate 8, from data (z,)fv)ee, (Vv)vev,

and (uy)fer-

3We emphasize that the construction of all relevant functions and matrices depend on the model. We describe these
constructions and prove Lemma 3.5.1 in Appendix B.2.
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When ambiguity will result, we will refer to the models of Section 3.3 as high-dimensional regression and
low-rank matrix estimation on the graph.* As on the graph, we introduce dummy variables (yf)fer in the
low-rank matrix estimation problem on the computation tree.

To estimate 6,,, we introduce the class of message passing algorithms. A message passing algorithm is
defined by sequences of Lipschitz functions (f; : RTFDFL 5 R™),5¢, (g¢ : R™*FY — R™);5,. For each edge
(f,v) € &, it generates sequences (a! _, ;)i>1, () ;)e>1, (b?ﬁv)tzl, and (7% _,,)i>0 of vectors in R”, called

messages, according to

1 ! :
az:f = Z wf’vr?’ﬂm T?*)'u = ft(bfﬁw ) bfﬁv; yr uf)’

’€dv
freond (3.19)

t § : 1
bf%v: ',I"fv’q'tu’ﬁ_f7 q'tuﬁ)f:gt(avﬁf7"'7af;~>f;,u’u)7
v’ €D f\v

with initialization r(}_w = folyr,uy) and a,lj_,f =2 preon\s .’IJfIUT‘?u_w. We also define for every variable

and factor node the vectors

aerl = Z ‘varﬁf—ma b]} = Z vaqf;—n" (3.20)
feav vedf
These are called beliefs. The vector 6, is estimated after ¢ iterations by 8" = g.(al,...,al;v,).

Message passing algorithms on the computation tree correspond to AMP algorithms on the graph in

the sense that their iterates are asymptotically characterized by the same state evolution.

Lemma 3.5.2. In both the high-dimensional regression and low-rank matriz estimation problems on the tree,
the following is true. For any Lipschitz functions (fi)i>0, (g¢)e>1, there exist collections of r x r matrices
(Ts.t)s,t>1, (@)1 such that for any node v chosen independently of the randomness on the model, fized
t > 1, and under the asymptotics n,p — oo, n/p — § € (0,00), the message passing algorithm (3.19)

generates beliefs at v satisfying
(a@l,....a,v,,0,) > (®+2Z',...,0,0 + Z',V,0),

where (0, V) ~ ug v independent of (Z',...,Z" ~ N(0, T(1.y), and W denotes convergence in the Wasser-
stein metric of order 2 (see Appendiz B.1). Moreover, the matrices (T's)si>1,(0u)i>1 agree with those in

Lemma 3.5.1 when the functions (fi)i>0, (g1)1>1 also agree.

We prove Lemma 3.5.2 in Appendix B.3. Lemma 3.5.2 and the properties of convergence in the Wasser-
stein metric of order 2 (see Lemma B.1.2; Appendix B.1) imply that for any message passing estimator 92
and loss ¢, the risk E[((0,,0")] = E[((0,,g.(al, ... al;v,)] converges to Ry(gs, (as), (Ts.s)), in agreement
with the asymptotic error of the corresponding AMP estimator on the graph.

On the computation tree, we may lower bound this limiting risk by information-theoretic techniques,
as we now explain. By induction, the estimate éf, is a function only of observations corresponding to edges
and nodes in the ball of radius 2t — 1 centered at v on the computation tree. We denote the observations

in this local neighborhood by 7, 2:—1. We lower bound the risk of 92 by the optimal risk of any measurable

4This terminology is motivated by viewing the models of Section 3.3 as equivalent to the tree-based models except that they
are defined with respect to a finite complete bipartite graph between factor and variable nodes.
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estimator, possibly intractable, which depends only on 7, 2¢—1; we call this the local Bayes risk. The following

lemma characterizes the local Bayes risk.

Lemma 3.5.3. Consider a quadratically-bounded loss £ : R*" — Rsq. In the high-dimensional regression
(resp. low-rank matriz estimation) model on the computation tree and under the asymptotics n,p — oo,
n/p— 6 € (0,00),

lim inf inf E[£(0,,0(Ty2-1))] > R*,

n—oo 9()

where the infimum is over all measurable functions of Ty 21—1, and R* is equal to the right-hand side of
Eq. (3.6) (resp. Eq. (3.8)).

We prove Lemma 3.5.3 in Appendix B.4. Combining Lemma 3.5.3 with the preceding discussion, we
conclude that Re(g«, (as), (Ts,s7)) > R for all Lipschitz functions g, and matrices (o), (T's,s/) generated
by the state evolution of some message passing or, equivalently, by some AMP algorithm. The bounds (3.6)
and (3.8) now follow. Moreover, as we show in Appendix B.6, the bounds (3.6) and (3.8) are achieved by a
certain AMP algorithm. The proof is complete.



Chapter 4

A proof for GFOM via orthogonalization

4.1 Summary of contribution

In Chapter 3 we introduced a class of ‘generalized first order methods’ (GFOM) to perform estimation
efficiently. Informally, GFOMs proceed iteratively. At time ¢, the state of the algorithm is given by order ¢
vectors of dimension n or d (which we can think of as estimates of ). A new vector is computed by applying
a nonlinear function to these vectors (independent of the data) and then multiplying the result by X or X .
This class of algorithm is broad enough to include classical first order methods from optimization theory
[162], such as gradient descent, accelerated gradient descent, and mirror descent with respect to a broad
class of objective functions (both convex and nonconvex).

Given this setting, a natural question is:
What is the optimal estimation algorithm among all GFOMs?

This question was answered in the last chapter under the assumption that the noise matrix W (in the case
of low-rank matrix estimation) or the covariates matrix X (for regression in generalized linear models) has
i.i.d. normal entries, and under some regularity assumptions on the algorithm iterations. Namely, in Chapter
3 we proves that in the proportional asymptotics n,d — oo, n/d — ¢ € (0,00), optimal estimation error is
achieved, for any fixed number of iterations ¢, by the Bayes approximate message passing (AMP) algorithm.
Also this algorithm choice is unique up to reparametrizations.

The proof of Chapter 3 was based on three steps:

(I) Reduction. Any GFOM can be simulated by a certain AMP algorithm, with the same number of

matrix-vector multiplications, plus (eventually) a post-processing step that is independent of data X.

(IT) Tree model. The estimation error achieved by an AMP algorithm after ¢ iterations is asymptotically
equivalent to the one achieved by a corresponding message passing algorithm for a certain estimation

problem on a tree graphical model T after t-iterations (this algorithm is ¢-local on the tree).

(II1) Optimality on trees. Belief propagation is the optimal ¢-local algorithm for the estimation problem on
T. As a consequence, Bayes AMP is the optimal first order method in the original problem (since it

achieves the same accuracy as belief propagation in the tree model).

38
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The main objective of this note is to present a simpler proof of the optimality of Bayes AMP that does
not take the detour of constructing the equivalent tree model. Namely, steps (I7) and (III) are replaced by
the following.

(II') Reduction to orthogonal AMP. Any AMP algorithm can be simulated by a certain orthogonal AMP
algorithm, which, after ¢ iterations, generates ¢t vectors in R? or R™ whose projections orthogonal to
0 are orthonormal. The algorithm output at iteration ¢ is a function of these t vectors, which is
independent of data X.

(I1I') Optimality of Bayes AMP. The asymptotic estimation error of the orthogonal AMP estimator is char-
acterized via state evolution [24]. By minimizing this error among orthogonal AMP algorithms, we
obtain the error of Bayes AMP.

This proof strategy avoids several technicalities that arise because of the tree equivalence steps and the
analysis of belief propagation. Also, it is easier to generalize to different settings, and indeed we establish

the following generalizations of the result of Chapter 3:

o We treat the case of noise matrices W (for low-rank matrix estimation) or X (for regression) with
independent entries, satisfying a bound on the fourth moment. In contrast, the results of [50] were

limited to Gaussian matrices.

e In the Gaussian case, we cover the case in which the first order method applies, at each iteration, a
general Lipschitz continuous nonlinearity to previous iterates. The only limitation is that this nonlin-
earity should be independent from the data matrix X. In contrast, the results of [50] were limited to

separable nonlinearities (i.e. nonlinearities that act row-wise to the previous iterates, see below).

In order to motivate our work, we will begin in Section 4.2 by presenting a numerical experiment. We
will carry out this experiment in the context of phase retrieval, since a large number of first order methods
have been developed for this problem.

We will next pass to explaining our new optimality results. In order to present the new proof technique
in the most transparent fashion, we will devote most of the main text to the simplest possible example,
namely estimating a rank-one symmetric matrix from a noisy observation. We will describe the setting and
state our results in this context in Section 4.3. We then prove this result in Section 4.4 for the case of
separable nonlinearities. Finally section 4.5 presents our results for the case of regression. The appendices
presents technical proofs for non-separable nonlinearities and for the regression setting. These follow the

same strategy as the proof in the main text with some modifications.

4.2 An experiment: benchmarking algorithms for phase retrieval

As a motivating example, we consider noiseless phase retrieval, in which we take measurements y; of an

unknown signal 8 € R? according to:
y; = (x;,0)?, ie{l,---,n}

We let X € R"*? with the i-th row being x; and y € R™ with the i-th coordinate being ;. We will consider

the simple example of random measurements x; i N(0,I,4/n) and assume the normalization ||@|?/d =
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14 04(1). Given (y, X), our goal is to recover 6. Since the signal 0 is real, ‘sign retrieval’ would be a more
appropriate name here. We expect that an experiment with complex signal would yield similar results.
Needless to say, first order methods (with spectral initialization or not) were studied in a substantial
body of work, see among others [175, 46, 58, 42, 196, 74, 145, 195, 134, 138, 85, 147].
Apart from illustrating the content of our results, this section also demonstrates a practical use of these

results to benchmarking algorithms.

4.2.1 Spectral initialization

As is common in the literature, we consider first order methods with a spectral initialization. Since our main
objective is to compare various first order methods, we will use a common spectral initialization developed
in [145], which is defined as follows.

We define D,, € R%*4 as follows:

n

D, =Y T(y)m=],

i=1

where 7 : R — R is a preprocessing function given in [145, Eq. (137)]:

y—1
Tly) = ————. 4.1
W)= A= (1)
Here, ¢ > 0 can be taken arbitrarily, but in simulations we fix ¢ = 1073. We then use the initialization
0° = \/&'ul(Dn), where v1(D),,) denotes the leading eigenvector of D,,. Without loss of generality, we
assume (8°,8) > 0 (the overall sign of @ cannot be estimated). As shown in [145], this initialization is
optimal in the following sense. Consider n,d — oo, with n/d — §. For § > 1+ ¢, 8° achieves a positive
correlation with @, with probability converging to one as n,d — oco. For § < 1, no estimator can achieve a
positive correlation.
In fact, for any 8 > 1, the correlation between 8° and 6 converges in probability to a deterministic value
that is given as follows. For A € (1,00), we define the functions
T(G*)G? A T(G?)
A)=AE | ———|, A==+ AE | ———| ,
o) [A ) R A R P sree)
where expectation is with respect to G ~ N(0,1). We let A = argmin, >, ¢)(\) and, for A € (1,00), define
¢(\) := ¥ (max(\, \)). Denote by A\* the unique solution of the equation ((\) = ¢()\) on (1,00). Finally, let
a > 0 be given by
1 T(G?)?
s 5 E [(A*—T(GQ))Z}

o T(G2)2(G2-1)] "
;+E [W}

a

Then, [145, Lemma 2| proves that [(8,60")|/d converges to a as n,d — co. Further, the approximate joint

distribution of these vectors is given by 8° ~ a@ + /1 — a2g, in the sense that, for any Lipschitz function
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¥ :R =R,

g ;
p-lim g;d;(o? —sab;) = E{p(V/1—a2G)}. (4.2)

n,d— oo

(This follows from the convergence of the correlation |(8, 8°)|/d, together with rotational invariance.). Here,
p-lim denotes convergence in probability, g ~ N(0,I;) and is independent of 8. Finally, [147] shows that
initializing AMP at 0° is (asymptotically) equivalent to running a first order method from a warm start

initialization independent of 8°, and hence the analysis of the next sections apply to the present case.

4.2.2 First order methods

We will consider three specific GFOMs for phase retrieval. GFOMs will only be introduced formally in
Section 4.3 (for low-rank matrix estimation) and Section 4.5 (for regression, including phase retrieval as a
special case). For this section, it is sufficient to say that GFOMs operate at each iteration by performing
multiplication by X or X' plus, eventually, applying a suitable nonlinear operation that is independent of
X.

In the next subsection we will implement the algorithms listed below and compare their estimation error

with the minimum error among all GFOMs.

Bayes AMP

Bayes AMP is a special type of AMP algorithm and fits the general framework of [24]. The theory presented
in Section 4.5 suggests that it is indeed optimal among all GFOMs. A detailed description and analysis of
the Bayes AMP for phase retrieval is carried out in [147]. Since the precise definition is somewhat technical

and not needed for the rest of the paper, we omit it here and refer to [147].

Remark 4.2.1. It is worth clarifying that —despite the name— Bayes AMP does not rely on Bayesian
assumptions.

More precisely, the definition Bayes AMP requires specifying a nominal distribution ﬂgMP for the
entries of the true signal 6. Here, we are assuming @ arbitrary (either deterministic or random) and such
that ||0]|3/d = 1 + 04(1). By rotational invariance of the distribution of the covariates x;, we can achieve at
any such 0 the same error as if @ was uniformly distributed over the sphere of radius ||0||2. For large d, this

is achieved by setting ugMP the standard normal distribution, which is what we do here.

Gradient descent

If we attempt to minimize the ¢, loss on the training dataset, we can derive the corresponding gradient

descent algorithm:

t+1 _ pt 4nd® t o t)2 t
07 =6 +—nX(y | X07) © (X0,

where 7 > 0 is the step size, | X8"|> € R™ is the vector whose i-th coordinate is (z;, 8")?, and ® denotes

entrywise multiplication.
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Bayes AMP  Gradient descent Prox-linear 1 step prox-linear TAF
Wall clock time 1.83 x 1072 6.63 x 1073 5.87 x 10! 6.23 x 1073 7.43 x 1073

Table 4.1: Averaged wall clock time for different algorithms.

Prox-linear algorithm

The prox-linear algorithm was proposed in [74]. The original algorithm sets L := 2[| X2, and proceeds by

solving a sequence of sub-problems:

. L .

0" = argmingga {2|19 — 0|2 + Z (i, 62 + 2(x;, 0" (z;, 0 — 0) — yz|} ) (4.3)

i=1

Notice that this is not a GFOM, since each iteration requires solving an optimization problem, and does not
reduce to a pair of matrix-vector multiplications by X T and X.

In order to obtain a first order algorithm we replace the full optimization of the subproblem by a single

gradient step, with stepsize &:

0 =0 + 2 X (s © X0, st i=sign(y; — (x;,0")?). (4.4)

We will carry out simulations both with the prox-linear algorithm and the 1-step prox-linear algorithm. It is

however important to keep in mind that the comparison between prox-linear algorithm and GFOMs is unfair

to GFOMs because each prox-linear step potentially requires a large number of matrix-vector multiplications.

Truncated amplitude flow (TAF)

Truncated amplitude flow (TAF) was proposed in [196], which claimed superior statistical performances with

respect to state of the art. Following [196], we fix parameters o = 0.6, v = 0.7. For ¢ € N, we define the set
L= {ien]: (=, 0" > (1+7) "V}

At the (¢ 4 1)-th iteration, we perform the following update:

0" =0"—a > ((x:,0") — Vyisign((z;,6")))) ;.

i€Ts
4.2.3 Simulation results

In our first set of simulations, we take d = 400, n € {600,1000}, and run reconstruction experiments
using each of the algorithms described above, averaging results over 50 independent trials. We compute the
correlation between the estimates produced by these algorithms and the true signal 8, and plot the results
in Figure 4.1, as a function of the number of iterations ¢ € {0,1,--- ,10}. We also plot the theoretical
prediction (cf. Theorem 4.5.1) for the maximum achievable correlation by any GFOM.

A few remarks are in order:

e While the theory developed below applies to n,d — oo, n/d — §, it appears to be fairly accurate
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Figure 4.1: Correlation |(8",0)|/6"|2/|@||2 for various algorithms, as a function of the number of iterations,
for d = 400. All algorithms are GFOMs with the exception of prox-linear. Red dashed lines represent the
optimal correlation of Theorem 4.5.1.
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Figure 4.2: Performance of gradient descent and the one step prox-linear algorithm with ¢ = 10 iterations as
a function of the step sizes. The x axis is the logarithm of the step size i (for gradient descent) or £ (for one
step prox-linear algorithm). The y axis is the correlation [(8",0)|/]|0"||2]|@||2. Red dashed lines represent
the optimal correlation of Theorem 4.5.1. Results are averaged over 50 independent trials.
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Bayes AMP, ¢t = 2. Bayes AMP, t = 4. Bayes AMP, t = 8.

1 step prox-linear, t = 2. 1 step prox-linear, t = 4. 1 step prox-linear, ¢t = 8.

TAF, t = 2. TAF, t = 4. TAF, ¢t = 8.

Gradient descent, t = 2. Gradient descent, t = 4. Gradient descent, t = 8.

Figure 4.3: Performance comparison between various GFOMs in noiseless phase retrieval (all algorithms use
the same spectral initialization).
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already at moderate values of n,d. This is not surprising given past results on AMP theory.

e All GFOMs are substantially sub-optimal with the exception of Bayes AMP that appears to achieve
the upper bound correlation, as predicted by the theory.

e The prox-linear algorithm (black lines) appears to be nearly optimal for the largest sample size, at
n/d = 2.5.

However, as emphasized above, prox-linear algorithm is not a GFOM. In each round of iteration, we
use cvxpy in Python with the default solver to solve the optimization problem (4.3). In Table 4.1,
we report the averaged wall clock time in seconds for the algorithms listed in Section 4.2.2 with 10

iterations. All experiments were conducted on a personal computer with 8GB memory and 2 cores.

The step sizes for gradient descent and one-step prox-linear were chosen in Figure 4.1 via trial and error
as to optimize the performance of each algorithm. In Figure 4.2 we plot accuracy as a function of step size
parameter for each algorithm, in the same setting as Figure 4.1. Our findings appear to be robust to the
choice of this parameter.

In order to further illustrate the difference in performance and the optimality of Bayes AMP, we test
the algorithms on a real image in Figure 4.3. The measurement matrix X is random as above. The image
contains d = 7560 pixels and we used n = 12000 (hence 6 = n/d =~ 1.6), and we treated each of the 3 color
channels separately. The step sizes were chosen for gradient descent and one step prox-linear algorithm as

to maximize reconstruction accuracy.

4.3 Symmetric rank-one matrix estimation

We observe a symmetric matrix X € R™*" given by

X = %09T + W, (4.5)

where W = W is a matrix with independent entries above the diagonal, (Wij)1<i<j<n such that E{WW;;} =
0, E{W2} = 1/n for 1 <i < j < n, and E{W3} = C/n for 1 < i < n. In addition, we observe a vector
u € R™ that could provide side information about 6. The case in which this side information is not available
is covered by setting u = 0. Given peg y, which is a fixed probability distribution over R? with finite second

moment, we assume {(6;,u;)}i<n %M@,U~ Our objective is to estimate 6 from observations (X, u).

4.3.1 General first order methods (GFOM)

A GFOM is an iterative algorithm. At the t-th iteration performs the following update:

u't = XF(u=Su) + Gi(uStu),

(4.6)
Ft(ugt;u) = Ft(u1,~~ ,ubiu), Gt(ugt;u) = Gt(u1,~~ ,ubiu).

where Fy, Gy : R*tD) 5 R” are functions indexed by ¢t € N. After s iterations, the algorithm estimates 0
by 6° = F,.Es)(ugs; u), where F®) . Rn(s+1) 5 R" is a continuous function. Notice that a GFOM is uniquely

determined by the choice of nonlinearities {F;, G, Fft)}teN.
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We will consider two specific settings for the functions {F}, Gy, F*(t)}teN, and the noise W. The choice
of these settings is dictated by the cases in which an asymptotic characterization of the AMP algorithms,
known as ‘state evolution’ [24, 104] has been established rigorously. Namely, for Setting 1 we will leverage
the results of [33], while for Setting 2 we will use the results of [23, 55].

Setting 1. o The matrit W has entries (W;j)i<;j ~iia N(0,1/n), and EW2 < C/n for a constant C.
o The probability measure ey is sub-Gaussian.

o The functions Ft,Gtht) : R*HD) 5 R™ are uniformly Lipschitzt. Further, for any fived p € RY,
2 € RN positive semi-definite and (bij)i jen,, letting (g,)ten., be a sequence of centered Gaussian
vectors with Elg,(g,)T] = Xs .11, the following limits exist and is finite for all s < t:

1
p-lim —(Fy(y',... y%u), By, y'u),

n—oo T

where p-lim denotes limit in probability and {y'}1>1 is defined recursively as follows:

y' =m0+ g, + Go(u),

: (4.7)
Y = 104+ g + Gyt yhw) + D b Faa(yt eyt ).
s=1

Since Fs is uniformly Lipschitz and the input random vectors are all sub-Gaussian, one can verify that
{IIFs(yt, ... y%;u)||3/n : n € Nt} is uniformly integrable. As a consequence, E(F, Fy)/n converges to
the same limit. The analogous limits for (Fs,Gy)/n, (Gs, G¢)/n, (FF,G)/n, (FF, Fy)/n (FX, Ff)/n,
(F1,0)/n, (Gt,0)/n, (F},0)/n are also assumed to exist. Similarly, the limits of their expectations

also exist.

Setting 2. e The matric W has independent entries on and above the diagonal with W;; = W;/\/n
where (Wij)Kan s a collection of i.i.d. random wvariables with distribution independent of n, such
that EWZ-J- =0, IEWZ =1, and IEWZ < 00. Further, there exists an absolute constant C' > 0, such

that E{W2} < C/n? for all i < n.
o The probability measure gy is sub-Gaussian.

e Fized (n-independent) functions Fy, Gy, F*(t) : R 5 R are given. We overload this notation by letting
Fy(u',...,ut;u) € R™ be the vector with the i-th component Fy(ul,... ut;u); = Fy(ul,... ul;u;).

FEither of the following is assumed:

(a) The functions Fy, Gy, FY are Lipschitz continuous.

(b) The functions Fy, Gy, F}* are polynomials, and in addition the entries of W are sub-Gaussian
E{exp(AW;;)} < exp(CA?/n) for some n-independent constant C.

IWe say that sequence of functions {f, : R — Rbn tn>1 is uniformly Lipschitz if there exists n-independent constant
L > 0, such that for all n and all &,y € R || fn(x) — fn(y)|l2/Vbn < L|lx — yll2/+/an and || fn(0)||2/vbn < L.
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4.3.2 Main result for rank-one matrix estimation

In this section we state our optimality result for the case of rank-one matrix estimation. We refer to the
appendices for similar statements in the case of generalized linear models.
Let (©,U) ~ po,v, G ~ N(0,1), independent of each other. Define the minimum mean square error

function mmseg i : R>9 — R via

mmseg y(7y) 1= éuinf RIE{ 6 - 6(v0 + G, U)]Q}
R2—

=E[©% - E[E[© |0 + G,UJ?].
Define the sequence (v;)ten via the following state evolution recursion:

Yer1 = E[©%] —mmseo (), 70 =0. (4.8)

The following theorem establishes that no GFOM can achieve mean square error below mmseg(7:) after ¢

iterations.

Theorem 4.3.1. Fort € N>, let 6t € R" be the output of any GFOM after t iterations, under either of
Setting 1 or Setting 2. Then the following holds

1. -
p-lim — 6" — 8|5 > mmsee i (V1) - (4.9)
n—oo 1

Further there exists a GFOM which satisfies the above bound with equality.

In this statement p-lim denotes limit in probability.

n—o0
In the next section we will prove Eq. (4.9). We refer to [50] for a proof of the fact this lower bound is
achieved. The proof given there implies that the algorithm achieving the lower bound is essentially unique

and coincides with Bayes AMP.

Remark 4.3.1. The sequence (v;);>0 is easily seen to be non-degreasing in ¢, whence the sequence of
lower bounds mmseg 17 (7y;) is non-increasing and converging to mmseg /(7). The latter quantity therefore
provides the optimal error achieved by first order methods with O(1) matrix-vector multiplications.

In some cases, mmseg /(7Vs) is conjectured to be the optimal error achieved by polynomial-time al-
gorithms [125, 152]. More precisely, this is expected to be the case if the noise W is Gaussian and
E[E[© | UJ]?] > 0 (which is the case for instance if E[O] # 0). If these conditions are violated, better

estimation can be achieved by the following approaches:

e If W hasi.i.d. but non-Gaussian entries, applying a nonlinear function entrywise to X, and then using

a spectral or first order method can improve estimation, see [150] and references therein.
e If E[E[O | U]?] = 0, then using a spectral initialization improves estimation, see e.g. [152].

Refined versions of the conjecture mentioned above can be formulated in these cases.
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4.4 Proof of Theorem 4.3.1

In this section we prove Theorem 4.3.1 under Setting 2. Additionally, we will assume W to have sub-
Gaussian entries, namely E{exp(AW;;)} < exp(CA?/n) for all 7, j < n and some n-independent constant C.
The proof under Setting 1 is given in Appendix C.1, and the generalization to Setting 2 without sub-Gaussian
assumption is carried out in Appendix C.4.

Throughout the proof (0,U) ~ ue u are random variables independent of other random variables unless

explicitly stated.

4.4.1 Approximate message passing algorithms

As mentioned above, an important role in the proof is played by approximate message passing (AMP)
algorithms. These are GFOMs that enjoy special properties: here we limit ourselves to giving a definition
for the problem of symmetric rank-one matrix estimation, in the context of Setting 2.

An AMP algorithm is defined by a sequence of continuous functions {f; : R“™"! — R};>¢ (also termed
the nonlinearities of the AMP algorithm), and produces a sequence of vectors {a’};>1 C R" via the following

iteration

= X fi(a mefa (@ ). (4.10)

1

<t = (a',...,a') and, as before, nonlinearities are applied entrywise. The term subtracted on the

Here a

right-hand side is known as Onsager correction term, and we will introduce the notation

OC)up (@™ thsfs 1@ u) (4.11)

The coefficients (b s)1<s<¢ are deterministic. Before defining them, we introduce the following state evolution

recursion to construct the sequences p = (p)i>1, X = (Xs,¢)s,1>1, Where X = =T

i1 = E{O fi(p© + G<;U)},
Serte41 = E{ fs(p<© + G<s;U) fi(n<,© + G<1; U) } (4.12)
G<i = (G1, - ,G) ~N(0,2<y).

In the above equations X< := (X;5);j<¢ and p<;, = (pi)i<s, and it is understood that pu.,© + G<; :=
(11O +Gy, -+, u©®+ Gy). Note that fy only depends on U and therefore the above recursion does not need

any specific initialization. In terms of the above, we define:
bs = E{0s fi(p<,© + G<1;U)}, (4.13)

where Js f; denotes s-th entry of the weak derivative of f.
After t iterations as in Eq. (4.10), AMP estimates 8 by applying a function F}* : R‘*! — R entrywise:

0(X,u):=F/(a',... a%u). (4.14)



CHAPTER 4. A PROOF FOR GFOM VIA ORTHOGONALIZATION 49

For k,m € N5 g, we say a function ¢ : R™ — R is pseudo-Lipschitz of order k if there exists a constant L > 0,
such that for all ¢,y € R™,

|6(x) — o(y)| < LI+ [l + [ylz™ )z — yll2.

Notice that if fi, fo : R™ — R are pseudo-Lipschitz of order ki and ko respectively, then their product fi fo
is pseudo-Lipschitz of order ki + ko.

The following theorem characterizes the asymptotics of the AMP iteration (4.10) for Wigner matrices.
It was established in [24, 104] for Gaussian matrices, in [23] for Wigner matrices with sub-Gaussian entries
and polynomials nonlinearities and in [55] for Wigner matrices with sub-Gaussian entries and Lipschitz
nonlinearities. (Some small adaptations are required in the last two cases to get the next statement in its

full generality. These are carried out in the appendix.)

Theorem 4.4.1. Assume the matriz W, and nonlinearities f; satisfy the same assumptions as W and F;
in Setting 2. Then, for any t € Nsg, and any 1 : R"T2 = R be a pseudo-Lipschitz function of order 2, the
AMP algorithm (4.10) satisfies

n

1
p_hm - Z 'lzb(aigta 01'7 u’L) = E{¢(H§t9 + GSt» @a U)} ) Gﬁt ~ N(Ov Egt) . (415)

(Here p-lim denotes limit in probability.)

Remark 4.4.1. Theorem 4.4.1 under Setting 2.(b) is a modified version of [23, Theorem 4], but follows from

the latter through a standard argument. More precisely:

e In [23, Theorem 4|, the nonlinearity f; depends only on a, while here we allow it to depend on all

previous iterates and the initialization (a=*,u). However [23, Theorem 4| covers the case in which
iterates ! are matrices ' € R™"*9. We can easily reduce the treatment of nonlinearities that depend
on all previous times to this one [104, 149]. Fix a time horizon ¢ and choose ¢ > ¢ (independent of n):
by suitably choosing the nonlinearities in the algorithm that defines @', we can ensure that (x)1<s<;

coincides with (a®)1<s<;-

e In [23, Theorem 4], the matrix X has independent centered entries (up to symmetries). The case of

rank-one plus noise matrix X can be reduced to this one as in [65, 64, 152].

4.4.2 Any generalized first order method can be reduced to an AMP algorithm

Following [50], we first show that any GFOM of the form (4.6) can be reduced to an AMP algorithm by a

change of variables.

Lemma 4.4.1. Assume the matriz W, the measure peo , and the nonlinearities (Fy, G, F¥)s>0 satisfy the
assumptions of Setting 2. Then, there exist non-random functions {ps : R*T! — R*},>1 and {fs : R¥T! —
R}s>o0, satisfying the same assumptions (and independent of (0, w, W) ) such that the following holds. Letting
{a*}s>1 be the sequence of vectors produced by the AMP iteration (4.10) with non-linearities {fs}s>0, we
have, for anyt € Nso,

u=' =gy (a=";u).
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Proof. The proof is by induction over ¢. For the base case t = 1, we may simply take fo(u) = Fy(u) and
p1(at;u) == a' + Go(u).
Suppose the claim holds for the first ¢ iterations. We prove that it holds for iteration ¢t + 1. By the

induction hypothesis,
ut = XFy(pi(a=tu);u) + Gi(p(a=tu); ).

Let fi(x=%;u) = Fy(¢r(2S%;u);u). Since the composition of Lipschitz functions is still Lipschitz, we may con-
clude that f; is a Lipschitz function under Setting 2.(a). Analogously, it is a polynomial under Setting 2.(b).
Based on the choice of {fs}o<s<¢, we compute the coefficients for the Onsager correction term {b; ;}1<;<¢,
as per Eq. (4.13). We then define a'*! via Eq. (4.10), which yields

t
a'tt = ut = Gi(p(@Su)iu) = Y b fio1(aS T ).
j=1
We can therefore define ;1 via

t
prp1(a="u) = (er(@=hu);a™ + Gr(e(@Shu) + Y b fio1(a ).
j=1

(Here note that ¢;,1(a='"';u) € R"*(+1) and (A; B) denotes concatenation by columns.)
As above, we see immediately that ;11 is Lipschitz under Setting 2.(a), and a polynomial under Setting

2.(b). This completes the proof by induction.
O

As an immediate consequence of the last lemma, AMP algorithms achieve the same error as GFOMs, for

the same number of iterations, under any loss. (In this statement p-liminf denotes lim inf in probability.

n—roo
Namely, given a sequence of random variables Z,,, and z € R, we write p-liminf Zy > z if, for any € > 0,

lim, 0o P(Z, < 2z—¢€)=0.)

n—oo

Corollary 4.4.1. Let Alpoy be the class of GFOM estimators with t iterations, and Al \p be the class
of AMP algorithms with t iterations (under the assumptions of either Setting 2.(a), or Setting 2.(b)). (In
particular 0(-) € Abpon s defined by a set of n-independent functions {Fy, Gt,F,Et)}teN, and similarly for

0(-) € Aynp-)
Then for any loss function £ : R™ x R — R>q:

~inf  p-liminf £(8(X,u),0) =  inf  p-liminf £(6(X,u),0). (4.16)
0(-)eAGponm N0 6(-)eA yp N0
Proof. The left-hand side of Eq. (4.16) is smaller or equal than the right-hand side because A% \ip € A&pon-
To show that they are equal, let é( ) € ALpoum be any GFOM that achieves the infimum on the left with

tolerance ¢. By Lemma 4.4.1 we can construct §'(-) € Al \p achieving the same loss.
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Remark 4.4.2. Note that throughout this section we are assuming {F}, G, Fit)}teN to be n-independent.
However, standard compactness arguments allows to extend the present treatment to n-dependent nonlinear-
ities as long as the constants implicit in the definitions of Setting 2 (Lipschitz constant, maximum polynomial
degree, and so on) are uniformly bounded.

Appendix C.1 will treat the case of nonlinearities that are non-separable and hence necessarily n-

dependent.

4.4.3 Any AMP algorithm can be reduced to an orthogonal AMP algorithm

In the previous section we reduced GFOMs to AMP algorithms. We next show that we can in fact limit
ourselves to the analysis of a special subset of AMP algorithms, whose iterates are approximately orthogonal,
after we subtract their components along 8. We refer to this special subset as orthogonal AMP (OAMP)

algorithms.

Lemma 4.4.2. Let {a'};>1 be a sequence generated by the AMP iteration (4.10), under either of Setting
2.(a) or Setting 2.(b). Then there exist functions {¢; : R7TT — R'},5q, {g; : R — R}y, satisfying the
same assumptions (and independent of (8,u, W) ) such that the following holds. Let {v'};>1 be the sequence

generated by an AMP algorithm with non-linearities {g:}+>0 (and same matriz X as for {a'}i>1), namely
t
v = Xgy (05 u) = Y b ge 1 (05w, (4.17)
s=1

with deterministic coefficients (b} ) determined by the analogous of Eq. (4.13), with f; replaced by g;. Then

we have:

(i) For allt>1,

a~' = ¢t(”§t§ u).
(ii) For any pseudo-Lipschitz function ¢ : R™T2 — R of order 2,

p-lim E > (it 0,u) = E{p(Vi,...,V;, 0,U)}, (4.18)
=1

n—oo 1 —
where V; := z;_1(;© + Z;), with (xq,...,74_1) € {0,1}, (a1,..., ;) € R, and {Zi}iens, id N(0,1)

standard random variables independent of (©,U).

Proof. Throughout this proof, given a probability space (2, F,P), we denote by L?(P) = L?(Q, F,P) the
space of random variables with finite second moment. Given a closed linear subspace S C L?(P) and a
random variable T € L?(P), we denote by IIs(T) the projection of T onto S (i.e. the unique minimizer
of |S—TJ|2, = E{(S — T)?} over S € S). We denote by II§ = I — IIs the projector onto its orthogonal
complement.

Given (u¢)e>1, and (X 1)s>1 defined via state evolution, see Eq. (4.12), let G be a centered Gaussian

process with covariance X, and define the random variables and subspaces

Yi = fi(p<,© + G<4; U), S;:=span(Yy : 0 <k <t).
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Note that by state evolution (Y, Ys)r2 = 31, s41-

By linear algebra, there exist deterministic constants {c;s fo<s<¢, ¢ € {0,1}, such that ¢;; # 0, and

t
R, = CttH‘Jg_t_l(Y;) = ZCtSYQ, E[Rth] - ]]‘S:txt’
s=0

Indeed if Y; does not belong to S;_1 we can simply take z; = 1 and ¢y = |5, | (Yy)|| 2. Otherwise we take
R, =0,¢cyu =1, 2, =0.
We prove the lemma by induction. For the base case t = 1, we set go(u) = coofo(u) whence the claim
(i) follows trivially. For claim (i) there are two cases. Either E{fo(U)?} = 0, whence xo = 0 and therefore
(43) holds with V3 = 0 almost surely, or E{fo(U)?} > 0 whence zo = 1, coo = E{fo(U)?}~1/2, and therefore
the claim follows by state evolution, where
E[0fo(U)]

T Elf(0 .

Suppose the lemma holds for the first ¢ iterations. We prove it also holds for the (¢ 4 1)-th iteration. Define

gt(vgt5 u) = Z Cts,fs((bS('USS; u);u). (4.20)
s=0

Then by the assumptions and the induction hypothesis, g; is Lipschitz under Setting 2.(a), and is a polynomial
under Setting 2.(b). Given the nonlinearities {g;}s<¢, we can compute the coefficients (b; ;)1<j<s<i- We
denote the Onsager term for this new iteration by OCHayp(v=t"1u) = 22:1 b, ;951 (vS7" 1 u). With

this notation, Eq. (4.17) can be rewritten as:

t
vt = Z cts X fo(ds (0= u);u) — OC]E)AMP('USFl; u).
s=0

Using the AMP iteration that defines {a®}s>1, we get:

t
vt = ths(as+l + 0Cip(a= " u)) — OCHaMp (v=""" 5 0).
s=0

Solving for a**! and expressing a<!™! = ¢;(v=t*1; ) (recall that ¢y is always non-vanishing) we obtain the

desired mapping ¢; 1 thus proving claim (7).

In order to prove claim (ii), we distinguish two cases. In the first case z; = 0 and R; “Z" 0. Using the
state evolution for the orthogonal AMP iteration (4.17) and the definition (4.20) we obtain that claim (i7)
folds with V;; “2 0.

In the second case x; = 1, then again by state evolution we obtain that the claim holds with V;i4 4

Oét+1("‘) + Zt+1, where

E[OIIg,_ (Y;)]

E[llg, , (Y)?)'/27 2

Qi1 =

this completes the proof.
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O

Considering the case in which z; # 0 for all ¢ (i.e., each new non-linearity is ‘non-degenerate’), Eq. (4.18)

implies
¢ t Lot s Lo s
v =0+ 2", —(2",2°) =Lt + 0,(1), —(z",0) = 0,(1). (4.22)
n n

In other words, the iterates are approximately orthonormal along the subspace orthogonal to 8. This justifies
the name ‘orthogonal AMP’ (OAMP).

Remark 4.4.3. In the following we can and will restrict ourselves to the case in which, in the notation of
Eq. (4.18), 2y = 1 for all ¢t. Indeed if x; = 0 for some ¢, we can set to zero the corresponding AMP iterate
vy =0 (Le. set gi—1 = 0), and the resulting algorithm will asymptotically have the same state evolution. By

removing this iteration altogether, we obtain an algorithm with same accuracy and one less iteration.

4.4.4 Optimal orthogonal AMP

By Lemma 4.4.1 and 4.4.2 in order to derive a lower bound of estimation error achieved by GFOMs with ¢
iterations, it is sufficient to restrict ourselves to the class of orthogonal AMP algorithms (it is understood
that the latter can be followed by entrywise post processing).

We therefore have the following consequence of the previous results (see also Remark 4.4.3).

Corollary 4.4.2. Let 0 : (X,u) — 0(X,u) be a t-iterations GFOM estimator under the assumptions of
either Setting 2.(a), or Setting 2.(b). Then for any loss function £ : R x R — R, pseudo-Lipschitz of order

2, we have

1~
p-lim — 000;( X,u),0;) > inf E{l(p(a<:©®+ Z<,U),0)}. 4.23
p-lim ; (0:( X, u), 0;) ot {tp(ax <,U),0)} (4.23)
Here the infimum is over all sequences of Lipschitz (Setting 2.(a)) or polynomial (Setting 2.(b) ) nonlinearities

or an orthogona algorithm, and over all functions ¢ : — R wi e same properties.
th Il AMP algorith d ll ti R+ — R with th 12}

Recall that a sufficient statistics for ® given V<, := a<,© + Z<; is T := (<, V<) /|la<t||2, and Tp

can be rewritten as:
Ty = ||a§t||2@+G, G~ N(O,l), G1lO. (424)

Since in addition U is conditionally independent of V <; given O, the function ¢ in Eq. (4.23) can be taken
to be a function of (U, T}), and precisely the function that minimizes the risk of estimating © with respect
to the loss ¢. The minimization on the right-hand side of Eq. (4.23) reduces to the maximization of |la<2,

which is solved by the next lemma.

Lemma 4.4.3. Recall the definition of (vs)s>o in Eq. (4.8). Then, for all t € Nsg, and all choices of

nonlinearities go, . . ., g, we have ||o<ill2 < .



CHAPTER 4. A PROOF FOR GFOM VIA ORTHOGONALIZATION o4

Proof. The proof is by induction over ¢t. For the base case t = 1, using equation (4.19), we have

0t < oup ELORWON _ | E(EOWIf(U)})

P ERO? YT B0 <E{E[©|U]’}.

The last step holds by Cauchy-Schwarz inequality.
We next assume that the claim holds for iteration ¢, and will prove it also holds for iteration ¢ + 1. Let

0; :=E[© |U,Vy,---,V;]. Using equation (4.21), we have

A 2
o Elems )
OEMg, (%)Y

Y rmL (6%
Y (6?2} - E{1ls, ,(61)%},

where (a) follows by Cauchy-Schwarz and (b) by Pythagora’s theorem. By construction {II _ (Ys)/E[Il5 _ (Y;)?]'/2:

0 < s <t—1} is an orthonormal basis for S;_1, whence

. LEeIIy  (Y)))?

2 <E @2 _ b Tes—1 N e
Qi1 S [ t] ; E[Hi,l(YS)Q]
t

= E[éi] - Z 042 )
s=1

Therefore ||a<iy1]|2 < E[©?]. Further

E[67] = E[E[© | U. VA, Vi’

WEEO | U, o |20 + G]]

0)
< E[E[© | U, %6 + G]’]

(o)
= ’Yt2+1a

where (a) follows because, as pointed above, Ty = (a<t, V<t)/||a<]|2 is a sufficient statistics for @ given
V< = a<©®+ Z<y, and is distributed as in Eq. (4.24). Further, (b) follows by Jensen’s inequality since, by
the induction hypothesis, ||a<¢|l2 < v, and (¢) by the definition of 4¢41. This completes the induction.

O

The proof of Theorem 4.3.1 follows immediately from Corollary 4.4.2 and Lemma 4.4.3.

4.5 High-dimensional regression

In this section, we generalize our results to regression in generalized linear models. We observe a vector of

responses y € R™ and a matrix of covariates X € R"*? which are related according to

y = h(X0,w),
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Here w € R” is a noise vector, @ € R? is a vector of parameters, and h : R? — R is a continuous function
which we apply to vectors entrywise. Namely, denoting by x; € R? the i-th row of X, the above equation is
equivalent to y; = h({(x;,0),w;) for i <mn.

We assume that X € R"*? has i.i.d. entries with E[X;;] = 0 and E[XQ] =1/nforall 1 <i<nand
1 < j < d. In addition, we observe side information u € R™ and v € R<. Given MWU and pe,v two fixed

iid

probability distributions over R?, we assume {(w;,u;)}i<n ~ pwr and {(0;,v;)}ica ~ i to,v. We consider
the asymptotic setting where we have fixed asymptotic aspect ratio: n/d — § € (0,00). The goal is to

estimate 0 given (X, y,u,v).

4.5.1 General first order methods

In this section we introduce our notations for GFOMs for generalized linear models. At the t-th iteration,

GFOM performs the following updates:

CEXTES Sy ) + FE (05 ),

(4.25)
=XG (0= 0) + G (S y ),

where we use the shorthands Fs(z)(ugs; Y, u) = Fs(e)(ul, <, ufyy,u) and fo)(vSS; v) = Gg)('vl, s, 0% v),
where FV, G, Ro(H2) 5 Re ) ) G R 5 RY are continuous functions with the F’s indexed
by t € N and G’s indexed by ¢ € Nso. After s iterations, the algorithm estimates 6 by 6° = G,(ks)('vgs; v),
where Gis) : RUsH) 5 R? s a continuous function. In this setting, a GFOM is uniquely determined by the
set of nonlinearities {Ft(i)l, Ft(z)l, Ggl), ng), Git)}ter.

As in the case of low-rank matrix estimation, we consider two settings for the random matrix X, and
the nonlinearities {Ft(i)17 Ft(z)l, EISNEISNEN Heng,-

Setting 3. o The matriz X has entries X;; i N(0,1/n).

o The probability measures po,v, pw,u are sub-Gaussian.

e The functions Ft(l),Ft(z),G,El),GEQ),GSf) are uniformly Lipschitz. Further, for any p € RY, 3,3 €

RYXN positive semi-definite and (bij)1<ij<ts (Bij)lgi,jgt n-independent constants, we let (g,)ten., and

(g,)ten be centered Gaussian processes with E[g,g]] = YsIq and E[g,g,"] = Ss I, we assume the

following limits exist for all s < t,

1 .
plim = (F (y', -yt 0), FD (', 3% v)),

n,d— oo d
1 _ P _ s =
p;lhm E<Ft(1)(yl7 e ayt; h(gO7w)v U), Fs(l)(y17 LY h(gO7w)7u)>7
n,d— oo
where {y'}1>1, {Y, e>1 are defined recursively as follows:
y' =m0+ g, +F (v),

yt *Ht+19+9t+1 JFF( ) JrzbtsG(l ),

7' = g, + G (h(gy, w), u) + buFé”m(go, w), u),
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t+1
_ _ 2) (- y° 1 h(g
Tas :9t+1+G1(k+)1(y1"" 7' h(Gy, w), u +th+1s D (g 75 h(gg, w), ).

The analogous limits for (Gil),Ggl))/d, (Ggl),FS(2)>/d, <G(t) G(1)>/ <G5f),F(2)>/d (G@,Gﬁs))/d,
0,6y /d, (6, Fy/d, (6,60 /d, (G, Gy n, (G FD) i, (FD,g,) /n and (G, g,)/d are

also assumed to exist.

Setting 4. e The matriz X has independent entries with X;j = X;;/v/n where (X;;)i<n,j<a s a collec-
tion of i.i.d. random wvariables with distribution independent of (n,d), such that EXij =0, EXij =
and EY?j < 00.

o The probability measures peo,v, pw,v are sub-Gaussian.

e We have n-independent functions Ft(i)l, Ft(2), Ggl), G§2), Ggf) : R 5 R. We overload these notations
by letting F(l)( Lo utyy,u) € R™ be the vector with the i-th component Fy(ul,---  ul;y,u); =
Fy(ul,- -+ ubyi,u;). Similar notations apply for Ft(z),Ggl),G?) and Git). We assume either of the

following conditions:

(a) The functions Ft(i)l,Ft(z)l,G(l) G(Q),Ggf) are Lipschitz continuous.

(b) The functions Ft(i)l, t2)1,G(1 GEQ),G@ are polynomial, and in addition the entries of X are
sub-Gaussian Elexp(AX;;)] < exp(CA?/n) for some n-independent constant C.

4.5.2 Main result for generalized linear models

Unless explicitly stated, in the rest parts of the proof we let (0,V) ~ pg v, (W,U) ~ puw,v and Z, Zy, Z1 g

N(0,1) independent of each other. We define the minimum mean squared error function mmseg y: R>g —
RZO via
mmseg,v (o) := inf E{[O© - 0(a® + Z, )2}
O:R2—R?

=E[0°] —E{E[© | a® + Z,V]*}.

We let By := 0, 0y := 6~ '/?E[©?]'/? and &; := 0. Then for s € NT, we define the following quantities

recursively:
1
63 = ﬁE[E[ZU | h(USZO + 5'5Z1, W)an Zl]z]v Bs > 07
"sl . (4.26)
0§+1 = Smmse@y(ﬁs), ~§+1 6(E[@2] — mmseg. v (Bs))-

The following theorem establishes that no GFOM can achieve mean squared error below mmseg v (/5;) after

t iterations.
Theorem 4.5.1. Fort € Ny, let 6! € R? be the output of any GFOM after t iterations, then under either
Setting 3 or 4, the following holds:

p-lim f||0t 6||3 > mmsee v (B:). (4.27)

n, d~>oo
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Further, there exists a GFOM which satisfies the above bound with equality.

The proof of the lower bound (4.27) is presented in Appendix C.2 under Setting 4 and in Appendix C.3
under Setting 3. We refer to [50] for a proof that there exists a GFOM achieving the bound with equality.



Chapter 5

Sampling from the posterior via diffusion

processes

5.1 Introduction

Consider the standard setup of Bayesian inference, whereby the joint distribution of observed data X and

unobserved parameter @ is defined by
0~ (), X ~P(-]0), (5.1)
where 7( ) is the prior distribution. Bayesian techniques draw inferences from the posterior distribution®
ux(d@) :=P(d0|X) «x P(X |0)n(dO). (5.2)

A substantial amount of research has been devoted to developing approximation methods [60, 36] and
sampling algorithms for the Bayes posterior. Among these, Markov Chain Monte Carlo (MCMC) [95, 92,
185, 121] methods play a special role because of their versatility. However, MCMC often suffers from slow
mixing [157, 198], especially when the posterior is multi-modal. In these circumstances, it might be impossible
to run the chain long enough to produce a sample with approximately correct distribution, and this can lead
to erroneous inference. Rigorous upper bounds for the mixing times have been established under various
settings [128, 199, 61, 77, 75], but proving such bounds is very challenging and existing guarantees only cover
a small fraction of practical applications.

In this paper we study a different approach to posterior sampling. In a nutshell, we construct a non-
homogeneous stochastic process (more precisely a diffusion process). The distribution of the state at time
t converges, as t — 00, to ux(d@). This diffusion process uses as drift the posterior expectation of
given Gaussian observations. Hence, the whole construction can be thought as a way to reduce sampling to
regression.

This approach was first proposed within generative modeling in machine learning [180, 100, 181, 182].

The construction of the stochastic process was based on time-reversal. Here we follow a different viewpoint,

'In the application of Bayes formula below, we are identifying P(- | @) with its density with respect to a reference measure.

58
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initiated in [4] and based on the idea of stochastic localization, originally introduced by Eldan as a proof
technique [79, 80, 81, 56].

The paper [4] developed this construction to address a problem from statistical physics: sampling
from the Sherrington-Kirkpatrick Gibbs measure at a high-temperature. The present paper describes the
first rigorous application of the same approach to sampling problems in high-dimensional statistics. We
outline a general analysis technique that relies on establishing certain properties for the posterior expectation
estimator. We then apply this approach to posterior sampling in symmetric spiked models, and check the

validity of the stated conditions.

5.1.1 Construction of the diffusion process

We begin by outlining the construction of the diffusion process via stochastic localization. Stochastic lo-
calization [80, 56] defines (random) sequence px +(d@) of probability measure indexed by ¢ € [0,00). This

sequence has the following properties:
1. The initial condition is the actual posterior ux o = px-.
2. The final point is a point mass at a random 8, jtx o = dg, .

3. The process is a martingale with respect to a filtration F;. Namely, for any Borel set A, and any
ty < to, Elux ¢, (A)|Fe,] = px e, (A).

As a consequence of the last two points, 8, is a sample form the posterior px.
In this paper we use one specific construction for such process (throughout, we assume px to have finite
second moment.) Let (G(t))¢>0 be a standard n-dimensional Brownian motion independent of (8, X) with

distribution (5.1). We then define the observation process (y(t))i>0 by
y(t) =t0+G(1), (5:3)

and define px +(d@) to be the posterior distribution of 6 given X and y(¢):

1x1(d6) = P(d6]X, y (1)) (5.4)
- Z(;(’t) exp {<y(t),0> - ;Heg} (x (d6). (5.5)

It is easy to check that this construction satisfies the conditions 1—3 introduced above. (For other construc-
tions of statistical interest, see Section 5.4.)

It follows from Eq. (5.5) that it is sufficient to track the process (y(t))¢>o in order to determine the
measure pix ¢(d@). The process (y(f)):>o admits an alternative characterization as the unique solution of

the following stochastic differential equation (see, e.g., [4] or [131, Theorem 7.1], for a derivation):
dy(t) = m(y(t), O)dt +dB(H),  y(0) =0, (5.6)
Here (B(t))¢>0 is a standard Brownian motion in R”, and

m(y,t) :=E[0|X,t0 + G(t) = y], (5.7)
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is the posterior expectation function (with G(t) ~ N(0,tI,).)
In order to sample from px, it is sufficient to closely track process (5.6). To this end we proceed as

follows:
1. We discretize the SDE (5.6) in time, using a straightforward Euler scheme.

2. We construct an efficient algorithm that provides an approximation 1 (y, t) of the posterior expectation
m(y, ).

We will prove a general bound on a certain distance between the distribution sampled by this sampling
method and the target, under two conditions: (1) A bound on the mean square distance between and
m(y,t), and 7 (y,t), and (2) Lipschitz continuity of the map y — m(y,t).

We will then focus on spiked matrix models, and introduce an approximate message passing (AMP)

algorithm that satisfies the conditions above.

5.1.2 Posterior sampling from spiked models

Most of our technical effort will be devoted to a canonical problem in high-dimensional statistics: making
inferences about a low-rank signal that is corrupted by noise. Given signal-to-noise parameter § > 0, we

observe an n x n symmetric matrix X generated as follows:

B

n

X=C00"+W. (5.8)

Here W ~ GOE(n), independent of 0, i.e., W is an n x n symmetric matrix with independently distributed

entries above the diagonal: {W;; : i € [n]} “ N(0,2/n), {W;; : 1 <i<j<n} “ N(0,1/n). For 8 we use a
product prior:

iid

(0i)i<n ~ To - (5.9)

(Throughout, we will denote by 75" (d0) = me(df;)---me(db,) the product distribution over R™ with
marginal 7g.)

Model (5.8) is the symmetric version of the spiked model first introduced in [107]. In the asymmetric

iid iid
~ Ty, (ai)igp ~ e, and Z

(rectangular) version, data takes the form X = u@' + Z € R™*P  where (u;)i<n
is a noise matrix. While we carry out our analysis in the symmetric setting for simplicity, the generalization
to asymmetric matrices is straightforward. We refer to Section 5.4 for a discussion of the general sampling
problem.

The symmetric spiked model (5.8) has been used as an idealized setting to understand low-rank matrix
estimation. Consider, to be definite, the case E{®} := [0 mg(df) = 0. Then, it is known that non-trivial
estimation of @ is possible if 8 > B;r with S a constant first rigorously characterized in [125]. On the other
hand, for 8 < (i1 the posterior measure is very close to the prior and hence sampling from the posterior is
not interesting. Finally, polynomial-time algorithms that achieve non-trivial estimation are known to exist
for B > B., := 1/E{©?}, while they are conjectured not to exist below that threshold [152]. (See Section 5.2
for further background on this model.)

Throughout the paper, we will assume /3 is fixed and is known to the statistician. If 8 > £, is unknown,

then 8 can be consistently estimated from the top eigenvalue of X, A\;(X) [14]. If 8 < B..,, then either
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the posterior is close —in a suitable sense— to the prior (for 8 < f;r) or estimation (hence sampling) is
conjectured to be hard (for i < 8 < Bai,)-

Given observation X, the posterior takes the form:

2
pux (dO) o exp (g(@, X0) — 4nOH3> o™ (d) . (5.10)
The problem of sampling from px is already interesting if the prior is the uniform distribution over {+1, —1},
i.e. mg = Unif({+1,—1}). In this case, model (5.8) is also known as Zs-synchronization. This is a prototype
of the broader group-synchronization problems, and is closely related to the two-groups stochastic block
model for random graphs [176, 64, 2].

For Zs-synchronization, the measure (5.10) takes the form of an Ising model [103], with ‘coupling matrix’
X. For a general deterministic X, sampling (even approximately) from the Ising measure is known to be

#-P complete, see [178, 91] and references therein.

5.1.3 Contributions

In the present paper, we establish the following results.

Posterior sampling for spiked models. We describe an algorithm to sample from the posterior distri-
bution (5.10) under the spiked model (5.8). The algorithm has complexity O(n?).

We establish a rigorous guarantee for this algorithm. Namely, we prove that there exists a constant
B4, such that, for 8 > (., the sample generated by the algorithm has distribution that is close to the
actual posterior (5.10). Here, “close” means that the Wasserstein distance between these two distributions
is Wa(px, wx) = o(v/n).

As mentioned above, 8 larger than a constant is the regime in which non-trivial estimation is possible.
In this regime, the measure px is strongly correlated, and non-trivially aligned with the true 8. Note that

this is different from the regime studied in [4], which corresponds to weak correlations.

A general framework to prove approximate sampling. Moving beyond the spiked model setting, we
describe a general algorithm that, given an oracle that approximates the posterior mean of 8 (given additional
observation y(t)), samples from the posterior. We give a general approximation bound for samples generated

by this algorithm, provided the oracle satisfies these conditions.

Posterior mean via approximate message passing (AMP). Our construction of the posterior mean
estimator is based on the algorithm of [152], which uses approximate message passing in conjunction with a
spectral initialization. We have to extend the analysis of [152] to prove Bayes optimality in presence of the
additional observation process y(t). However, the most challenging part of the proof is to prove that the
estimator is a Lipschitz function of y(¢). We believe this is a result of independent interest. We prove it by

building on recent work by Celentano, Fan, Mei [49].

The Zs-synchronization example is useful to emphasize an important technical subtlety. If the prior
7o is symmetric around the origin (i.e. mg(A) = mo(—A)), then the posterior is also symmetric under flips

0 — —0. In particular, the posterior mean of Eq. (5.7) vanishes at t = 0, m(y(0),0) = 0. In the sampling
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algorithm, we need to break this symmetry. We achieve this by letting v be a top eigenvector of X (almost
surely the top eigenvalue is non-degenerate and hence there are only two choices for this eigenvector), and

replacing px ¢ by the truncation u}ﬁt(dO) o px,t(d6) 1y 6y >0-

We expect our sampling algorithm to be successful in a broader range of values of 5, see Remark 5.3.2
below. Proving Lipschitz continuity of the AMP estimator is the current bottleneck towards reaching this
goal.

The rest of the paper is organized as follows. We survey related work in Section 5.2 and state our results
in Section 5.3. In Section 5.4 we describe a general guarantee for sampling via stochastic localization. Some
numerical experiments are presented in Section 5.5, and Section 5.6 presents the proof for sampling in the

spiked model, with most technical details deferred to the appendices.

5.1.4 Notations

For n € N, we define the set [n] := {1,2,--- ,n}. We denote by S,, the collection of all n x n symmetric real
matrices, and let O(n) be the collection of n x n orthogonal matrices. We denote by AT the pseudoinverse
of matrix A.

For random variables X and Y, we write X 1 Y if and only if X is independent of Y. We denote by
p-lim convergence in probability. The set of probability measures over the measurable space (R™, Bgn) is
denoted by Z(R™), and the set of probability measures with finite second moment by Z5(R™). We write
Law(X) for the probability distribution of the random variable (or vector) X.

The W5 Wasserstein distance of two measures 1, v on R™ is denoted by Wa(u, v) := inf pec ) Ex v {|| X —
Y'||3}1/2, the infimum being taken over all couplings of u and v. We will also consider the scaled distance
Wan (1 v) = Wa(p ) /.

5.2 Further related work

As mentioned in the introduction, Markov Chain Monte Carlo is the dominant approach to sampling from
Bayes posteriors. In the case of non-convex and possibly discrete distributions such as Eq. (5.10) of interest
here, Gibbs sampling (a.k.a. Glauber dynamics) would probably be the method of choice. This Markov
chain updates one coordinate at each step according to its conditional probability distribution given the
other coordinates. Classical methods to bound the mixing time of such a Markov chain are based on the
so-called Dobrushin condition [69] and require (in the present case) § < 1/4/n. Over the last two years,
remarkable breakthroughs were achieved establishing Markov Chain mixing under much weaker ‘spectral
mixing conditions’ [22, 82, 6]. Existing results only apply to the case of Zs-synchronization (i.e., 8 €
{+1,—1}"). In that setting, they yield mixing under the condition S(Amax(X) — Amin(X)) < 1. Using
classical results about extremal eigenvalues of spiked random matrices [14], this condition amounts to 8 <
1/4. This is not a regime of statistical interest, since for 8 < 1 it is impossible to produce an estimator with
non-vanishing correlation with the true signal [64].

Variational methods [112, 194, 139, 36| provide another popular approach to approximate Bayesian
analysis. In the challenging regime of constant signal-to-noise ratio treated here, naive mean field methods are

known to yield incorrect inference [94]. However, for Zs-synchronization, asymptotically correct inference can
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be achieved using the so-called Thouless-Anderson-Palmer (TAP) approach [84, 49, 172]. Let us emphasize
that these methods do not yield a sampling procedure.

The recent work [118] develops a sampling algorithm for Ising models that merges ideas from MCMC
and variational inference. However, even for the case of Zs-synchronization, this approach falls short of
providing an algorithm that is successful in the regime of 8 that is of statistical interest.

A substantial literature characterize optimal estimation error, efficient algorithms and computational
barriers for the spiked model (5.8) and its generalizations to rank larger than one or to asymmetric matrices.
A subset of these works include [64, 68, 142, 78, 125, 19, 21, 52, 152, 154].

As already mentioned, the present work is closely related to [4], which first uses an algorithmic imple-
mentation of stochastic localization, in conjunction with an AMP approximation of the posterior expectation.
However, [4] focuses uniquely on the Sherrington-Kirkpatrick model, i.e. the measure over 8 € {+1,—1}",
given by puw (0) x exp(8(0, W8)/2), whereby W ~ GOE(n) (no spike). The paper [4] establishes sampling
guarantees for 3 < 1/2, a result improved to 8 < 1 by Michael Celentano [48]. Hardness for 8 > 1 was
established in [4] for the class of ‘stable’ algorithms.

The Sherrington-Kirkpatrick model is not of statistical interest: the data is “pure noise”, and the proba-
bility measure is not a Bayes posterior. To the best of our knowledge, the present paper is the first application
of diffusion-based methods to statistical inference.

In concurrent work, guarantees for sampling via diffusions were recently established in [123, 54, 53]
(which followed [4]). Two important differences with respect to the present paper are: (1) The results of
[123, 54, 53] assume the existence of an accurate posterior mean estimator, while we construct it; (2) The
posterior mean is assumed to be very accurate, and the resulting sampling guarantee is, as a consequence,
stronger.

We note that the latter point is related to a difference in the proof technique and it is crucial because

at the moment we are not aware of posterior mean estimators with the accuracy required by [123, 54, 53].

5.3 Main results

Recall the data distribution model of Eq. (5.8). We assume 6 to be distributed according to the prior of
Eq. (5.9), where mg is independent of n and known. Without loss of generality, we will assume 7g to have
unit second moment [ 62 7o (df) = 1.

As mentioned several times, we need to construct an approximation m(y,t) of the posterior mean
function m(y,t) ;= E[0]|X,t0 + G(t) = y], to be used in Eq. (5.6). For this purpose, we use the Bayes AMP
algorithm with spectral initialization [152]. Namely, define the scalar denoiser F(-;v) : R — R via

F(z;v) =E[OYO + G = 7], (5.11)

where (0,G) ~ mg ® N(0,1). Of course, the function F(z;v) can be evaluated efficiently numerically, via a
onre-dimensional integral (or a sum if 7g is discrete). As an example, in the case of Zy-synchronization (i.e.,
mo = (041 +9-1)/2), we have F(z;~) = tanh(z).

For z € R™, we denote by F(z;~) the entrywise action of F(-;~), i.e.,

F(2:7) = (F(z137), -, F(za37)) -
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Given input (X,y(t)), we compute v € R™ that is a top eigenvector of X, rescaled such that |v|2 =
V/nB?(8%? —1). The Bayes AMP estimate at time ¢ is then computed recursively as follows:

I
my = F(z{;a7), (5.12)

2t = BX il +y(t) — bimy

Here the sequence o is defined by the state evolution recursion

oz? =p5% -1,
(5.13)
o "' = B°E[E[O | af® + (a})2GI*] + 1,
and the memory (Onsager) coefficient is given by
bf = B°E[(© — E[© | af© + (of)'/2C])%]. (5.14)

Earlier literature characterizes optimality of Bayes AMP in the case t = 0, see [152] and references therein.
Namely, under suitable conditions on 5, Bayes AMP computes an estimator that is asymptotically equivalent,
as n — 0o, to the Bayes-optimal estimator.

In order to be more precise, we introduce the following free energy functional:

gl gl
P t):=— — = +1 t 5.15
(1. 8.8) = gz = 3+ + 1), (5.15)

where I(7y) := I(©;Y) is the mutual information between © and Y = /70 + G when (0,G) ~ e ® N(0, 1).
Explicitly, I(7) = Elog “1X (v, ©).

In analogy with Corollary 2.3 in [152], we expect the Bayes AMP algorithm of Eq. (5.12) to achieve

Bayes optimality for all ¢ € R>q, if and only if the following condition is satisfied.

Condition 5.3.1. The global minimum of v — ®(v,5,t) over v € (0,00) is also the first stationary point

of the same function on (0,00, for all t > 0.

By evaluating the function ®(v,,t) for specific priors 7o, we observe that typically there exists
B« (mo) < oo such that this condition holds for all 8 > S, (meg) (and possibly other intervals of 5 as well.) In
particular, this is true when mg is supported on finitely many points (see Proposition D.4.1). In our running
example, Zs-synchronization, the situation is even simpler: Bayes AMP is asymptotically Bayes optimal for
all 8> 0 [64].

The algorithm proceeds in slightly different ways depending on whether mg is symmetric around 0 or
not. If it is symmetric, then posterior px is also symmetric under reflection 8 — —8: we take account of
this by explicitly symmetrizing at the end.

If m is not symmetric, we use the next lemma to align the initial spectral estimate with 6.
Lemma 5.3.1. If mg is not symmetric about the origin, then for any B > 1, there exists an algorithm

A R™ — {+1, =1} with complexity O(n), such that with probability 1 — 0, (1)

lim P(A(v) = sign((,v))) =1.

n—oo
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We postpone the proof of Lemma 5.3.1 to Appendix D.3.
Finally, our sampling algorithm is defined by Algorithm 1.

Algorithm 1 Diffusion-based sampling for spiked models
Input: Data X, parameters (38, Kamp, L,9);
1: Set ’LIAJO =0,;

2: Compute v, a uniformly random leading eigenvector of X;
3: Normalize ||v||3 = nB2(8% — 1);

4: if 7mg is not symmetric then

5: v Alv)v;

6: end if

7. for /=0,1,--- ,L—1do

8: Draw w1 ~ N(0, I,,) independent of everything so far;
9: Let m(y,, £9), be the output of Bayes AMP algorithm (5.12) with Kamp iterations;
1. Update §p4q = 9y + 12(Yy, £6)0 + Vowpy1;

11: end for

12: if 7g is symmetric then

13: Set s ~ Unif({+1, —1});

14: else

15: Set s = +1;

16: end if

17: return 0™ = s - m(y,, LJ);

We will call p3¢ := Law(0™*) the distribution of the algorithm output 6**. Our main result is the

following guarantee for Algorithm 1.

Theorem 5.3.1. Assume that wg is supported on finitely many points. Then there exists a constant
Bo(me) > Bi(mo) depending only on mo, such that for all B > Bo(me), the following holds.

For any & > 0, there exist Kamp, L € N and § € Rsq that depend uniquely on (8,&, 7o), such that if
Algorithm 1 takes as input (X, 8, Kamp, L,0), then, with probability 1 — 0,(1) with respect to the choice of
X,

Wan(px, py) < €.

(We recall that Wa ,,(u,v) = Wa(u,v)/+/n is the scaled Wasserstein distance.)
The proof of this theorem is given in Section 5.6.

Remark 5.3.1. The assumption that mg is supported on a finite number of points is likely to be a proof
artifact, and is only used in showing that the AMP approximation of the posterior mean function is Lipschitz
continuous. In the all other lemmas we assume the weaker 7?7 5.3.1. Weakening this finite support assumption

is an interesting direction for future work.

Remark 5.3.2. We expect our sampling algorithm to be successful in a broader range of values of .
Namely, we expect it to succeed for all 3 € (81,5, 00) where 31, is the supremum value of 3 at which AMP
does not achieve (asymptotically) Bayes optimal estimation.

In the other direction, it has been conjectured that if Bayes AMP does not reach the Bayes optimal

estimation error, then no polynomial time algorithm does. The paper [153] provides some rigorous support
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for this conjecture. Of course if Bayes optimal estimation is impossible, so is sampling. Therefore, under the

mentioned conjecture, (81,,,,00) is the largest interval of 3 over which efficient sampling is possible.

Remark 5.3.3. Note that if the prior is discrete, Algorithm 1 may return a vector ¢ that is outside the
support of the prior. This does not contradicts Theorem 5.3.1, which guarantees that 8¢ is close in /o
distance to a sample @ ~ px but not necessarily in the support.

If necessary, this can be remedied by a simple rounding procedure. Simply, replace the last line of
Algorithm 1 by the following. Compute m*= := s - m(g, Ld), and return a vector with conditionally

independent coordinates given m®# such that, for each i < n 63" is in the support of T and E[0;'*|m™] =

m3'. By convexity of the W5 distance, this modification enjoys the same guarantees.
In fact the properties of AMP can be used to construct an even better rounding procedure, but we defer

this to future work.

5.4 Variants and generalizations

The technique developed in this paper (which in turn builds on [4]) is applicable to other posterior sampling
problems beyond the spiked model treated in the previous section. In this section, we consider the general
Bayesian posterior sampling problem as introduced in Section 5.1 and describe a sampling algorithm based
on a ‘linear observation process,” whereby the y(¢) of Eq. (5.3) is replaced by a noisy linear function of
the unknown parameters. We then further extend this setting in Section 5.4.2 to the case of non-linear

observations, illustrating this generalization in the context of the spiked model.

5.4.1 Stochastic localization and sampling via linear observations

Consider the general posterior? pux of Eq. (5.2). For @ ~ ux, we define the linear observation process

{y(®)}i>0 via
y(t) = t H O+ G(D), (5.16)

where {G(t)}+>0 is a standard Brownian motion and the matrix H € R™*" is to be designed by the
statistician. The posterior distribution of 6 given X and y(¢) takes the form:

px +(d0) = P(dO| X, y(t)) (5.17)
— g 0| (0. F0) - JILE613 f uxao). (518

We define two posterior mean functions
m(y,t) :=E[HOX,tHO + G(t) =y, me(y,t) :=E[0|X,tHO + G(t) = y]. (5.19)

Of course m(y,t) = Hmg(y,t), but distinguishing the two functions is useful when considering estimators

20f course, any probability distribution over R™ also fits the same framework, since we can always take X = ()
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that approximate them. By a straightforward generalization of Eq. (5.6), (y(t)):>0 satisfies the SDE
y(t) =m(y(t),t)dt +dB(t),  y(0) =0,

with {B(t)}:>0 being a standard Brownian motion in R™.
Algorithm 2 defines the sampling procedure associated to this stochastic process. This makes use of an

oracle 1 (y, t) that approximates m(y, t), and an oracle rng(y,t) that approximates mg(y,t).

Algorithm 2 Approximate sampling
Input: Parameters (L,d, R);

1: Set gy, = 0;

2: for {=0,1,---,L—1do
3 Draw wyy; ~ N(0, I,,), independent of everything so far;
4 Update g1 = 9, + 0m(Yy, 00) + Vowpi;
5
6

: end for -
: return 0™ = mg(y, LO)1{||me(y,, Ld)|2/v/n < R};

Remark 5.4.1. Note that the oracle mg(y,t) is only used at the final time ¢t = T := Ld. Hence we only
need to approximate the posterior expectation of @ given y(T)/T = HO + (g/v/T), where g ~ N(0,1,,).
For large T, this corresponds to very low noise. Constructing such an oracle is relatively easy in a number

of circumstances, as illustrated by two examples:
e H has full column rank (in particular, m > n). We can then approximate g (y;T) = Hy/T.

e H does not have full column rank (e.g., m < n), but g is supported on sparse vectors. In this case,
standard techniques from compressed sensing and high-dimensional regression can be brought to bear
[187, 71, 47, 41].

Remark 5.4.2. In contrast with the previous remark, the oracle m(y,t) is required for all t. However, one

can hope to exploit the freedom to choose the matrix H to simplify this task.
We provide a theoretical guarantee for Algorithm 2 under the following assumptions (throughout ¢ € N):

(Al) (Posterior mean consistency) With probability at least 1 — 7, it holds that

% max |m(y(£6),€0) — m(y(éé),ﬂé)HQ <ej.

Further, with the same probability, ||me(y(T),T) — me(y(T), T)H2 < e1v/n.

(A2) (Path regularity) With probability at least 1 — 7, it holds that

1
max sup  —=|lm(y(t),t) — m(y(¢s),5)||l2 < C1V3 + €.
L<L t€[l§,(l+1)5}\/77n” ( () ) (( ) )||2 1 2

(A3) (Lipschitz continuity)) There exists a sequence {r¢}1<¢<r C Ry such that, letting B(¢) := {y € R™ :
ly — y(¢d)|| < r¢y/m}, then the following holds with probability at least 1 — n:

7 06) — 1 06
max sup ||m(yla ) m(y27 )HQ
€Ly, #y,€B(0) Y1 — yall2

<(Cy.
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Further () > (C1Vd+¢e14e2)eC?* /Cy for all £ < L. Finally, with the same probability, ||me(y,,T)—
me(ys, T)||,/ vt < Callyy — yoll2/v/m for all y, y,.

The dependence on constants C7, C> will be tracked in the statement below.

Theorem 5.4.1. Assume px to be such that [(||0|3/n)ux(d@) < R*° for some ¢y > 1, and that
assumptions (A1), (A2), (A3) hold. Then, letting p%¢ := Law(0™%) be the distribution of the output of
Algorithm 2, we have:

Wan(px, 13) < €1+ (C1Vo 461 +e2) - 2T + R /R~ 1 10Ry + Wa, (1x,Law(mg(y(T),T))).
(5.20)

In addition, there exists R > 0, such that

Wan(pixc, 52) < e1 4 (C1V6 + €1 + £3) - €927 + C(co) Ryl Vo LW, , (nx,Law(mg(y(T),T))),
(5.21)

where C(co) is a constant depending uniquely on co. If in addition H has full column rank, then
1
Wan(px, p38) < 14 (C1V6 4 &1 + £3) - €927 + O(co) Ryleo=D/e0 4 —Tr (HTH)™). (5.22)

Proof. We couple {w/}1<e<r and {B(t)}o<i<r by letting w, = B(¢6) — B((¢ — 1)d), and define A, =
|9, — y(€d)||2/+/m. We also write t; := £4.

Let Q be the intersection of the events at points (Al), (A2), (A3). By union bound P(Q2) > 1 — 57n. We
will prove by induction that, on €2, the following holds for ¢ < L:

Cl\/g‘i‘gl + &2 . (80255 _ 1)

Y, € B(f), and A, <
Cy

(5.23)
Indeed, by definition, Ay = 0 and gy, = y(0) = 0 € B(0). Next, assume that the induction hypothesis
holds up to step £ — 1. On the event 2:
te

1 PR
Ap—Ar 1 < NI 72 Go—1, te—1) — m(y(t),t)||2dt

< jmnm(y(tm,tu) — m(y(ter),te1)]l2

boswp - m(y(t).t) — mylte), te)l

t€lte—1,ty] VI

+ \fﬁnm(m_hte_o —r(y((C— 1)8). tr)

<6- (61 + Cl\/g+ g9 + CQA[_l) .

%;1“2 . (60266 — 1) as desired. The claim

Substituting in the induction hypothesis, we obtain A, <
Y, € B(¥) follows from the stated condition on ry. This complete the induction proof.

Applying the bound (5.23) to £ = L and using once more assumptions (A1) and (A3), we have that on
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Q (T = L6)

%Ilme(y(T),T)*me(@L, T)l2 < meo( y(T),T) — o (y(T), T)ll2

+ - e (w(T), T) = 10 (@, )

NG

<e; + CrAL
<ei1 + (01\/5-1— €1+¢e9)- T = A (5.24)
This implies
1 1/2 —
W (i 135) < A + IE<||0|| /nIL”eHPRf) + 10Rn + Wa p (ux, Law(me (y(T), T))) . (5.25)

This in turns implies Egs. (5.20) and (5.21) by using the moment assumption to bound the expectation on
the right-hand side and optimizing over R.
Equation (5.22) follows by applying Lemma D.2.1.

O

Remark 5.4.3. We formulated assumptions (Al), (A2), (A3) as conditions that hold with-high probability.
For this reason, we need to assume a bound on the 2 + & moment of ||0||2 in the statement of Theorem 5.4.1.
The same argument also yields a guarantee under the minimal condition [(||0]|3/n)ux (d6) < R?, if we

replace (A1), (A2), (A3) by similar conditions that hold in expectation.

5.4.2 The use of nonlinear observations

We can further generalize the linear observation model (5.16), by admitting non-linear observations and

non-isotropic noise. Such an observation process takes the form:

/ Q(t)F(0,t dt+/ Q(s)Y2dG(s). (5.26)

Here Q : R>9p — Si is a function taking values in the cone of positive semidefinite matrices, and F' :
R™ x R>o — R*.

It is straightforward to generalize the algorithm and analysis of the previous section to this case. Instead
of doing this, we discuss a specific construction that is well suited to the spiked model analyzed in this paper.
We let

V() = %oeT LG, (5.27)

where G(t) is a symmetric Brownian motion, i.e., a stochastic process taking values in R"*" with G(t) =
G(t)T and such that (G;;(t))1<i<j<n is a collection of independent Brownian motions (independent of ),
which are time scaled so that E{G;;(t)?} = 2t/n, E{G;;(t)*} = t/n for i < j.

This observation process is of the same nature as the original observation that defines the model, cf.
Eq. (5.8). In particular, the process (5.27) does not break the symmetry & — —8. These remarks can be
further formalized by noting that Y (8% +t) := 8X + Y () is a sufficient statistics for 8 given X, Y (¢). Of
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course, {Y (t)},>p2 takes the form
Y(t) = %%T +G(1), (5.28)

where {G(t) };>0 is again a symmetric Brownian motion, except that it is initialized at G(8%) = SW.

As for similar observation processes derived in the previous pages, Y (t) satisfies an SDE, namely

dY (t) = M(Y (); )dt + dB(1), (5.29)
M(Y:#) = E{%BBT‘%OBT rem=v}, (5.30)

since we incorporated the observation X in Y (¢), this SDE has to be solved with initialization at t = 3%

Y (3?) = pX. (5.31)

Algorithm 3 Diffusion-based sampling for spiked models
Input: Data X, parameters (8, Kamp, L,0);
. Set Yo = X € RV,
:for/=0,1,---,L —1do
Draw W1 ~ GOE(n) independent of everything so far;
Let M(f/g, 05 + %), be Bayes AMP estimate of M(Yg, 05 + %) (see main text);
Update Yoy1 =Y+ M(Y 4,66 + B2)5 + VoW 1y1;
end for
Compute X = M(Y 1, L6 + 2), and let Ay (X %), v1(X™#) be its top eigenvalue/eigenvector
if 7o is symmetric then Draw s ~ Unif({+1, —1})
else Compute s = A(v (X))
end if
: return 0™ = s/ )\ (X¥®)v(X™*)

=
= o

The resulting sampling procedure is outlined as Algorithm 3. Two components are unspecified: (i) An
algorithm A : R — {+1,—1} such that, with high probability, A(v,) = sign(vi,0) when v, = v1(X™);
(i) An algorithm to compute an approximation M (Y, t) for the conditional expectation M (Y';t). The first
algorithm is completely analogous to A introduced in Lemma 5.3.1.

Finally, in order to compute an approximation of M (Y ,t) we use once more AMP, whereby we replace
X by Y(t):

2 =vy, (5.32)
my = F(zf:ar), (5.33)
2P — vk — bt (5.34)

where v, is a randomly selected top eigenvector of Y, normalized such that ||v¢]|s = /nt(t — 1),

@) =t-1, (5.35)
At = tE[E[O | aFO + (aF)/2G)?, (5.36)
bk = tE[(© — E[O | a¥0 + (aF)Y/2a))?). (5.37)
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We then let 7(Y ;) = ™ and M(Y';t) = m(Y;t)m(Y;1)7.

5.5 Numerical experiments

In this section we present numerical experiments in which we use Algorithm 1 to sample from the Bayes
posterior of the spiked model. In these experiments we focus on Zs-synchronization, i.e., mg = (041 +0d-1)/2.
Since the prior is discrete, several standard techniques (e.g., Langevin or Hamiltonian Monte Carlo) do not
apply. No guarantee exists for Gibbs sampling (also known as ‘Glauber dynamics’ in this context.)

In our first experiment, we set L = 500, 6 = 0.02, and n = 1000. In Figure 5.1, we plot the trajectories
of the first and second coordinates of the mean vectors generated by the algorithm: m(y,, £0), ¢ € {0,...,L}.
For each realization of the data, we run five independent experiments and plot the resulting trajectories.

We see that both m; and 1y converge to either +1 or —1 as t — oo, regardless of the value of 3. When
the signal-to-noise ratio is below the information-theoretic threshold (that is to say, 8 < 1), the trajectory
appears to converge to an arbitrary corner. On the contrary, when the signal-to-noise ratio is above the
information-theoretic threshold (8 > 1), most trajectories that correspond to the same data X consistently

converge to the same corner, which is correlated with the actual signal 6.

B =00, L =500, § =0.02

N -
g 004 i g 004
—0.5 —0.5
~1.0 —1.0
-1 0 1 -1 1
my
10 10
0.5 0.5
3 g
g 00 : g 00
0] 05
~1.0{k -10
-1 0 1 -1 1
my
1.0 1%, 1.0 1%, 1.0 1%, 109k, 1.0 9%
0.5 0.5 0.5 05 05
) o ™ ™ @
g 00 g 00 g 00 g 00 g 0o
~0.5 ~0.5 ~0.5 ~0.5 —05
-1.0 -1.0 —1.0 1 —1.0 —1.0
-1 0 1 -1 0 1 -1 0 1 -1 0 1 -1 0 1
my my my my my

Figure 5.1: Trajectories of the first and second coordinates of the estimated mean vectors computed by
Algorithm 3, in the case of Zs-synchronization. For this experiment we set n = 1000, L = 500, and § = 0.02.

In our second experiment, we consider the inner product [(6<19,0%,)|, where 8<19 € R'C is the vector
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comprising the first ten coordinates of 6 and similarly for 02510 € R, This inner product takes values
{-10,-8,---,8,10}. Let 8" be a sample from the posterior distribution px. If 8** has distribution close to
the target posterior yux, we expect the distribution of [(f<10,0%%)| to be close to the one of [(B<10,0%10)|-
Let us emphasize that this is not a consequence of Theorem 5.?;1, since 0’ — (0<10,0% ) is not O(1//n)-
Lipschitz.

We can compute an asymptotically exact prediction for the distribution of [(B<10,8' )| as follows.
For large n, projection of 8’ ~ ux onto an O(1) subset of coordinates has approximately independent
entries (modulo an overall sign), with marginals given by the AMP estimates [93, 64]. More explicitly,
the distribution of [(6<10,0% )| is expected to be approximately the same as the sum of 10 independent
Rademacher random variables Z1, ..., Z1g, with E{Z;} = 7;(0,0). This prediction can be easily evaluated
numerically.

In Figure 5.2 we compare the empirical distributions of [(6<19, 0%,)| with the the theoretical prediction
just described. Here, we take n = 1000, L = 500, § = 0.02 and r;ultiple values of B. For each value of
B, we draw a single realization (X, ), and generate 1000 samples via Algorithm 1 for those data. The
experimental outcomes match well with the theoretical predictions, witnessing that the algorithm behaves

better than what is guaranteed by our theory.

300

Counts

ol
-10 -8 —6 —4 -2 0 2 4 6 8 10 —10 —8 —6 —4 -2 0 2 4 6 8 10 —10 —8 —6 —4 -2 0 2 4 6 8 10
alg alg alg
(<10, 0<10) (0<10,0%7) (0<10, 0<70)

/=13 5 =14 B=15
8~ Theory 8~ Theory 8~ Theory

S0 5 6 4 2 0 3 4 6 85 10 S0 s % 4 2 o 2 4 6 8 1 R S
alg alg alg
(<10, 0530) (B<10,0210) (B<10,0210)

Figure 5.2: Histograms: empirical distributions of [{(6<1o, 02%) for a samples generated by Algorithm 1 for a
single realization of the data (X, 0) at each value of 8. Continuous line: theoretical prediction approximating
the distribution of [(6<10,0%5,)| with the true posterior.

We just mentioned that, under the posterior, the joint distribution of a small subset of the coordinates
of 0 is expected to be well approximated by a product form. Let us emphasize that this does not mean that

the distribution of the whole vector 6 is close in W ,, to a product distribution.
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alg

In order to highlight the nontrivial correlations in u%’, we consider the normalized log-likelihood:

B

;C(X, oalg) = %

(0%, X 0¢).
As T — oo, our theory implies that the distribution of 8 is close to the true posterior. For 8 ~ px(-), we

have

p-lim £(X,0) = lim E{/L(X,G)ux(de)}

n—00 n—00

= im L E{E{(0, X0)0}}

n—oo 2N
ﬁ2

5 (5.38)

Note that the function 8 — L£(X,8) is Lipschitz (over the domain of interest ||@|]2 < /n) with Lipschitz
constant (3/n)supjg|,</m [1X0ll2 < C(B)/+/n (with high probability with respect to the choice of X).
Hence Theorem 5.3.1 implies that Algorithm 1 will produce samples with the correct expectation for the

value of this function.

1.2 4
1.0 1
<087
1
=
2 06 B=-----——asEEae—mEe e e -
1
=
I3
0.4 — 511
—_— 3=1.2
—_— 5=1.3
—_— =14
027 B=15
=== theory
0.0 0.2 0.4 0.6 0.8 1.0

T

Figure 5.3: Bands: normalized log-likelihood achieved by Algorithm 3. Dashed lines: theoretical predictions.

The simple calculation in the last display also shows that the posterior pux cannot be approximated in

Ws., by a product measure. Indeed, it is possible to show that, at least for certain values of 3,

p-lim ﬁ(m(O, 0),Xm(0,0)) < 5—2 , (5.39)

n—oo 4l 2

with strict inequality?.

3Consider for instance 8 = 1 4 e. Then, the results of [64] imply p-lim, , . ||m(0,0)|3/n < Ce, and therefore
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In Figure 5.3 we compare the theoretical prediction of Eq. (5.38) with numerical results for £(X, 6*%).

We fix 6 = 0.01, n = 1000 and consider several values of the signal-to-noise ratio 8 and the number of steps

L. For each value of the parameters, we repeat the experiment independently for 300 times, and display

our results. The bands represent the 10% and 90% quantiles. From the figure, we see that the likelihood
alg

increases with 7', which agrees with the expectation that at larger T', pu% matches better with the actual

posterior. The agreement with the theoretical prediction is again excellent.

5.6 Proof of Theorem 5.3.1

This section is devoted to analyzing Algorithm 1. In particular, we will outline the proof of Theorem 5.3.1,

while delaying most of the technical details to the appendices.

5.6.1 The tilted measure

As discussed in the introduction, and further explained in Section 5.4, after £ steps, the state of the algorithm
is given by vectors ¢, and m(y,,£5). In particular, (g, ) is interpreted as an estimate the posterior
mean of @ given y(t) = y,.

This interpretation has to be slightly modified if mg is symmetric. To be explicit, for any y € R™ and
t > 0, we define the ‘tilted measure’ px o, as follows (in the formulas below Z(X,y,t) are normalization
constants defined by [ px 4¢(d@) = 1):

o If 7o is not a symmetric distribution, then ux , . is the posterior distribution of 8 given X and

y(t) =y

1 B 2 t n
px2(00) = 5 exp {510, X0) ~ 015 + (5.0) - L1013} n"00).

e If 1o is a symmetric distribution, we let v;(X) be a uniformly* random leading eigenvector of X.

Then we break the symmetry by conditioning on the sign of (8, v1(X)) as well. Namely,

1 B 2 t n
i 00) i= s exp { 516.X60) = 1613 + (9:.0) ~ 51613} 10,0050 7E"(6).

In the symmetric case, the relation to the posterior distribution is given by P(6 € A|X,y(t) = y) =
(1/2)px gyt (A) + (1/2)pux 41 (—A). Of course, if we can approximately sample 6 ~ px 0,0, then we can
sample from 6 ~ P(0 € -|X) with same approximation guarantees in Wy distance. Therefore, it is sufficient
to generate @ ~ px 00 and then flip its sign with probability 1/2, which is what we do in Algorithm 1.
Hereafter we will focus on j1x 4 ¢

Throughout the proof, we use m(y, t) to denote the mean of the tilted measure m(y,t) := [ 6 ux 4 (d6).

p-lim,,_, . (8/2n)(m(0,0), Xm(0,0)) < Ce.
4 Almost surely, the leading eigenvalue of X is non-degenerate, and therefore there are two choices of {4+wv,—wv} for the
normalized leading eigenvector. We let v1(X) ~ Unif({+wv, —v}) independently of X, y(t).
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5.6.2 Proof outline

The proof consists in checking the assumptions of Theorem 5.4.1. Namely, in Section 5.6.3 we prove that the
AMP estimate is close to the expectation, thus verifying (Al); in Section 5.6.4 we verify the path-regularity
assumption (A2); finally, in Section 5.6.5 we establish the Lipschitz continuity of the AMP estimate, verifying
assumption (A3).

The proof is completed in Section 5.6.6. Throughout the proof, the prior distribution 7g is fixed
and hence we will not note the dependency of various quantities on mg. We will on the other hand track
dependencies on other quantities by noting them in parentheses. We will use " (y,t) to denote the estimate
produced by the AMP algorithm of Eq. (5.12) after k iterations, on input X, y.

5.6.3 AMP achieves Bayes optimality

The analysis of AMP maes use on the following characterization in terms of state evolution, which is adapted
from [152]. Here, we refer to a function ¢ : R™ — R as pseudo-Lipschitz if |1 (x1) — ¢ (22)| < C(1+ ||z1]]2 +

lz2ll2)l|21 — Z2]|2-

Proposition 5.6.1 ([152]). Consider the Bayes AMP algorithm with spectral initialization, defined in
Eq. (5.12), and the state evolution recursion of Eqc. (5.13). Assume mo to be sub-Gaussian. Then, for

any fived k, t > 0 and any pseudo-Lipschitz test function v : R? — R, we have

1 n
p-lim izzlw(ei, 2t0) = B{1(6,0{® + (a}) /2G) }, (5.40)

n—oo

where expectation is with respect (0,G) ~ 1o ® N(0, 1).

Building on state evolution, we prove Bayes optimality when the signal-to-noise ratio is above a suitable

constant .

Lemma 5.6.1. Assume there exists 5. < co depending only on wg, such that Condition 5.3.1 holds for all
B > B«. Then there exists a constant By > B that depends uniquely on mo, such that the following hold.
For any B> By and e, T > 0 there exists K(8,T,e) € N, such that for any t <T':

p-limsup (y(t),t) — mB BT (y(1),1)]|2 < e,

1
— ||
Hmsup 771

where m*(y,t) = mF is the output of AMP (5.12) at time t after k iterations, and m(y,t) is the mean

vector of the tilted measure as defined in Section 5.6.1.
The proof of Lemma 5.6.1 is deferred to Appendix D.4.

Remark 5.6.1. Denote by 6’6(1]% Sem the event that AMP returns an accurate approximation of the posterior

mean for all ¢ € {0,4,...,Ld}. Namely, we define by Lemma 5.6.1:
1
E = {\/ﬁ”m(y(@é),ﬁé) — BT (y(£5),45)||,, < € W€ {0,1,-- ,L}} . (5.41)

By Lemma 5.6.1, we have P(éaL(’lg,E’n) =1—o0,(1).
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5.6.4 Path regularity

We next consider assumption (A2) of Theorem 5.4.1: namely we show that the path ¢ — m(y(t),t) is

sufficiently regular.

Lemma 5.6.2. Assume there exists B, < oo such that Condition 5.3.1 holds for all B > B«. Then there
exists a constant By > B. that depends only on me, such that the following holds. For fized 8 > By, T € R>g
there exists a constant C.., = C...(8) > 1, such that for all 0 < t; < ta,

p-lim  sup 1”m(y(t),t) - m(y(tl)atl)Hz = E-lim%Hm(y(tl)Jl) - m(y(t2)»t2)H§

n—00 tE€[t1,ta] n —00
< Creg |t1 — ta]
S5 1 —t2f.

The proof of Lemma 5.6.2 is deferred to Appendix D.5.
Remark 5.6.2. Define éaﬁ(,?gn to be the event
1
EF) 5 = { sup  —=||m(y(t), ) — m(y(£8), £8)||, < Cree(B. T)VE VE < L}. (5.42)
te[es,(0+1)5] VT

Lemma 5.6.2 implies that P(é’ﬁ@fzén) =1-o0,(1).

5.6.5 AMP is Lipschitz continuous

The crucial technical step is to prove that Bayes AMP is Lipschitz continuous in a neighborhood of y(t),
thus establishing Assumption (A2) of Theorem 5.4.1. Namely, we will use a change of variables introduced
in [49] to prove that Bayes AMP is a contraction in the new variables, for 5 above a threshold.

In order to define change of variables, for v > 0, we define I'y, ¥, : R — R by

h
I'y(h) = /0 Var[® | 70 + /AG = s]'/?ds,

U, (p) :=E[O |10 + G =T (p)],

(5.43)

where © ~ 1o, G ~ N(0,1) and © L G. Note that I",, ¥, are both strictly increasing. The mappings I, ¥,
are specifically designed such that if we let p = I';(h) and m = ¥,(p), then the following factorization
equality holds:

dm dp
Var[© | 7O G=hY?=—"—=_—.
(e |10+ yiG = h2 = = S
One can verify that both I'y and ¥, are strictly increasing. Furthermore, both I'y and V., are Mg-Lipschitz
continuous, where Mg = ||7o||oo-
Recall the posterior expectation function F is defined in Eq. (5.11). For t € R>g, k € N, we define AMP

mapping TS\’A@ R™ X R® x R" — R” via

T (m, 7, y) = F(BXm +y — b, af ).
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The AMP iteration Eq. (5.12) can therefore be rewritten as
kL p(tk) ok s k=1 it
my = The (M, My y(t)).
Let pf = \I/;kl('rhf) and define the AMP mapping in p-domain by

Taie (P:P.y) = VL (FBX Wy (p) 4y = B0 s (P), 0 ).

We immediately see that the vectors pF satisfy the recursion

N 5(6k) (ak sk—
Pt = Taue BF. 01 y(1)-
Note that the range of ¥, is (ag, bg), where ag = inf supp(me), be = sup supp(ng). For m € (ag,bo)",
we define D, (m) := diag{Var[© | 10 + /G = F;I(W;I(m))}1/2} € R™ " where, by convention, the
conditional variance operator applies on vectors entrywise.

We compute the Jacobian matrices of the AMP mappings Tﬁ\’,@ and TS{A@:

ATSHp (m,m™,y) )
3'\(/';1’ m-,y) = <5Daf+1 (er)QX; —b; Daf+l (m+)2; Daf“ (m+)2) , (5.44)
~(t,k) _

M = <6‘Do¢k+1 (m_‘—)X‘D(xk (m)7 _bﬁDakJrl (m+)Dak—1 (m—)’ Dak+1 (m+)) . (545)
d(pa pv y) t t t t t

(Here it is understood that m™* = TA(i},kP) (m,m~,y), m =V, (p), and m~ = qqu:—l(p_).

Roughly speaking, we will show that, if the signal strength § is large, and after large number of iterations
k, then most elements D (), D x4 (), D i (mF~1) become small. This in turn will imply that
the operator norms of the Jacobian matrices in Eqgs. (5.44) and (5.45) are small. Finally, this can be used
to prove that the AMP mapping is contractive.

The next two lemmas formalize this argument. In the first lemma, we provide an upper bound on
HDa;«(S (mf5)||%/n with a function of 3. In the same lemma, we also show that AMP is with high probability

Lipschitz continuous if we allow the Lipschitz constant to depend on (8, 7¢) and the number of iterations.

Lemma 5.6.3. Assume there exists B, < oo such that Condition 5.5.1 holds for all B > B« and further
assume Tg 1s supported on finitely many points.Let K(B,T,¢) be the constant of Lemma 5.6.1.

Then there exist constants By, C.ony > 0 that depend uniquely on g, such that the following hold: For
all B > Bo, there exist ko(B) € N, Lipy(B) which are functions of (we, ) only, such that for all € > 0,
t € [0,T], the following hold with probability 1 — 0, (1):

1. For all ko(B) <k < K(B,T,¢),

1 . -
~ Do (" (y(1), 1))II% < CLo, exp(—Cean5), (5.46)

b < C2L exp(—Clon52). (5.47)

conv
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2. For k € {ko(8) — 1,ko(8), ko(B) + 1}:

||Thk(y1’t) — mk(y2,t)||2

sup < Lipo(8) , (5.48)
Y, £Ys ly1 — vall2 ’
~ L Ak
t) — t
sup 12211 = P (Y5, D) < Lipy(8), (5.49)
Y, £y ly1 — vall2

where p*(y,t) == \IJ;,;(mk(y, t)).

We postpone the proof of Lemma 5.6.3 to Appendix D.6.

By classical estimates on the norm of spiked random matrices [28], with probability 1 — 0, (1) we have
X, < B+ 871+ 1. We denote by éa[g,gz,a,s,n the intersection of this event and the one of Lemma 5.6.3.
Namely

E) sem ::{Eq. (5.46) holds for all ko(8) < k < K(B, L5, ¢) and all t/5 € {0} U[L],
Eq. (5.48) and Eq. (5.49) hold for all k € {ko(5),ko(5) £1} and all t/§ € {0} U[L] ,
and || X|,, <1+ 8+ 87 }. (5.50)

By the last lemma and a union bound, we have P(é”ﬁ(?’g sen) =1—o0y,(1). In what follows, we will be mainly
working on the set gélg en N 5,8(2,1 son N 56(31%,5 < n» Which occurs with probability 1 — 0,(1) by the lemmas we
establish.

The next lemma from [49] is useful for bounding the operator norms of the Jacobian matrices.

Lemma 5.6.4 (Lemma C.2. in [49]). For t € [0,1]" and £ > 0, denote by S(t,§) the subset of indices
1€ {1, ,n} for which t; > £. Then there exist universal constants C,C’, ¢ > 0 such that for W ~ GOE(n),
any € >0and 0 < g <1,

P sup || diag(t1)W diag(t2)]l., > C'(§ + V/qlog(e/q)) | < Ce ", (5.51)
t1,t2€[0,1]":
(62, &IV IS (E2.6) | <ng
Lemmas 5.6.3 and 5.6.4 together imply that AMP is a contraction, whence Lipschitz, in a neighborhood

of y(¢).

Lemma 5.6.5. Under the assumptions of Lemma 5.6.5, let ko(B), K(8,T,¢) be as defined there.

Then there exists By > 0 that depends uniquely on wg, such that the following hold: For all B > By,
there exists r(8), Lip,(8) > 0 depending uniquely on (weo, 8) such that, for all t € [0,T], the following holds
with probability 1 — o0, (1) for all ko(B) < k < K(B,T,¢):

Sk Sk
m t m t
sup || (y17 ) (y27 )H2

< 2Lip,(8) . (5.52)
Y1 £y, €B7 (y(£),r(8)) lyr — yall2

(Here B™(xo;r) :={x € R" : ||l — x| <r}.)

The proof of Lemma 5.6.5 can be found in Appendix D.7.
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5.6.6 Completing the proof of Theorem 5.3.1

We are now in position to apply Theorem 5.4.1. First of all notice that in the present case H = I,, and

therefore m(y,t) = mg(y,t). We set T, € and § as follows

2
T=2 5.53
’ (5.53)
_TB)NE _avip,(p)/¢ (5.54)

8 )
Vi— TBINE  anips)e (5.55)

8C:ex(8,2/€)

and set Kamp = K(8,T,¢), where K(8,T,¢) is defined by Lemma 5.6.1.
We next check that assumptions (A1), (A2), (A3), hold (with n = 0,(1)):

(A1) By Remark 5.6.1, this assumption holds with ¢; = €.
(A2) By Remark 5.6.2, this assumption holds with C; = C.,..(8,2/¢), e2 = 0.

(A3) By Lemma 5.6.5, this assumption holds with Cy = 2Lipy(8), 1, = (). We need to check the lower
bound on 7, that is required by assumption (A3). For that purpose, note that

2 )
(C1V0 + &1 +e3) eCCL < (Cog(B,2/6)VS + €) etlip-(B)/¢ (5.56)
2
< T(Tm <. (5.57)

where in the first step we used L = T = 2/¢ and, without loss of generality, Lip,(8) > 1. In the
second inequality, we used the choices for e, ¢ given in Egs. (5.54), (5.55).

Note that, since ||mo|ls < 00, we then have [(||@]|*/n)?ux(d8) < R*, where R > 0 is a constant
depending only on 7g.

By applying (5.22) from Theorem 5.4.1, we obtain that, for any n > 0, the following holds with proba-
bility 1 — 0,,(1) with respect to the choice of X

: 1
Wan(px, 1) < €+ (Cros(8,2/€) V0 + ) MP-00/C + CR' 2 + = (5.58)

(3 1/2 9
< = 4 < €. .59
CRn 7 £ (5.59)

where C' > 0 is a numerical constant, and the last inequality follows by choosing a suitably small 7.



Appendix A

Low-rank matrix estimation with

diverging aspect ratios

A.1 Preliminaries

A.1.1 Further notations and conventions

In this section, we present an incomplete summary of the notations and conventions that will be applied
throughout the appendix.

For two sequences of random vectors { X, },en, € R and {Yi}nen, C RF, we say X,, £ Y, if and
only if || X, — Y ,,|| = 0,(1). For n,k € N and matrix X € R™*¥ with the i-th row denoted by x; € R¥, we

let px be the empirical distribution of the x;’s:

where d5, is the point mass at x;.

A.1.2 Wasserstein distance

For two probability distributions 1, ue over R”, recall that the Wasserstein distance between p; and ps is
defined as

1/2

Walrp)i= (_int [ e-slParen) (A1)
YET (u1,12) JRr xR™

where T'(p1, 12) denotes the collection of all probability distributions over R” x R” with marginals p; and

1o on the first and last r coordinates, respectively. One observation is that for matrices Ly, Ly € R™*" the

Wy distance between the empirical distributions of their rows is upper bounded by the Frobenius norm of

their difference: Wa(pr,,Pr,) < ﬁ”Ll — Lo||F.

80
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A.2 Technical lemmas

Lemma A.2.1. Let 1, - ,x, € R? be independent 72 sub-Gaussian random vectors, with mean 0 and
covariance Elx;xT] = X. We define the sample covariance matriz 3 = LS xixl . Then for any s > 100,

with probability at least 1 — 2e7P5°/3200 e have

||2A3 = Xlop < 577

)

BN

provided that s\/p/n < 25.

Lemma A.2.2 (Wedin’s theorem [197]). Let Ag, A1 € R™*" have singular value decomposition (for a €

{0,1})
Aa = Uazav;{a

with 3, containing the singular values of A, in decreasing order. Furthermore, we let U, € Rm*k(a),
Va+ € R™¥k(@) " be formed by the first k(a) columns of U,, V4, respectively, such that

U,= [Ua,+|Ua,—]v V.= [Va,+|va,—]-

Let o1,(+) denote the k-th largest singular value of a matriz. Finally assume A = 0j,1)(A1) —0k0)4+1(Ao) > 0.
Let P, = VLLJFVZ’Jr (respectively, Q, = UaHrUf’Jr) denote the projector onto the right singular space (left

singular space) corresponding to the top k(a) singular values of A,. Then we have

(I = Po)P1llop < %{H(I = Q)(Ao — A1) P1lop V Q1 (Ao — A1)(I — Po)lop} -

If instead we have A = 00)(Ao) — 0p(1)+1(A1) > 0, then

[Po(I = P1)]lop < % {I(I = @1)(Ao = A1) Pollop V [|Qo(Ao — A1)(I = P1)lop} -

Lemma A.2.3 (Nishimori identity, Proposition 16 in [125]). Let (X,Y) be a couple of random variables
on a polish space. Let k > 1 and let V), - x®) be k ii.d. samples (given Y ) from the distribution
P(X =-1Y), independently of every other random variables. Let us denote (-) the expectation with respect
to P(X =-1Y) and E the expectation with respect to (X,Y). Then for all continuous bounded function f,

]E(f(Y,w(l), ... 7w(k))> — E(f(Y,w(l), .. 7w(if—l)’X».

Lemma A.2.4. Let {f,}nen, be a sequence of convex differentiable functions on R, and f,(x) — f(x) for
allz € R. Let Dy = {x € R: f is differentiable at x}, then f](x) — f'(x) for all z € Dy.

Lemma A.2.5. If f and g are two differentiable convex functions, then for any b > 0,

7/(@) ~ /(@) < g (a+) ~ga—b) + 5,

where d = [f(a +b) — g(a+ )|+ |f(a—b) —gla—b)| +|f(a) — g(a)|.
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Proof. See [165], Lemma 3.2.
O

Lemma A.2.6. For X € R™ we define | X||; = Y ielnl.jeld
X1 XT — X2 X5 |1 < nl| X1 — Xo|p(| X1 |7 + [ Xallr)-

1 1 Xij]. Then for X1, X5 € R™*4, we have
Proof. we let mll € R? be the i-th row of X; and we let a:lz € R? be the i-th row of X5. Then by triangle
inequality,

X1 XT — XoX 3|1 <[ X1(X1— X2)T 1+ | X2(X1 — X2)T|h

< D lzdllz + ll2fll2) x llzj — 2312

1,j€[n]
< e x o> fat —a?lB+ > llaflla x n Y (et — 223
i€[n] Jj€ln] i€[n] Jj€ln]
< > b x e >l —@2i 4+ n > llelE x n > (@l - 2?3
i€[n] J€n] i€[n] J€ln]

=n[ X1 = Xo| p(1 X1 l[r + [ X2llF).

A.3 Proofs for the strong signal regime

A.3.1 Proof of Theorem 2.3.1

Proof of claim 1

The top r eigenvectors of AAT are also the top r eigenvectors of the following matrix

T T
Laam_g _Ae’eA 1

d nd  dvn

(AOTZT n ZGAT) n %ZZT _1I,

Welet X = (AGTZT + ZBAT) Jdyn+ZZ" /d—1I,. Applying in sequence triangle inequality, Lemma A.2.1
and the law of large numbers, we conclude that there exists a constant C' > 0, such that with probability
1—o0,(1)
Xy <2 1467
dy/n
<2 Al Z6]r + 522" ~ L,
dy/n d P

<C\/Z . (A.2)

Using Lemma A.2.2, we see that there exists another constant C' > 0, such that with probability 1 — on(1)

L¥"(A,,A) < C*\/Z.

1
ZTHOP + ||EZZT _InHop

we have
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This completes the proof of the first claim of the theorem since by assumption d/n — co.

Proof of claim 2

We write AA" /d— I, = qoAA" /n+ W, where W is an n x n symmetric matrix. Using Eq. (A.2) and
the law of large numbers, we find out that ||W||o, = op(1).

We denote the unique eigenvalues of go @, by w1 > ug > -+ > uy > 0, where £ < r. The corresponding
geometric multiplicities are denoted by s1,---,s; € Ny. We let &, & be the I-th largest eigenvalues of
qoAAT /n and gqe AAT /n+ W, respectively. We then see immediately that d;, 6 £ Zle ul]l{Z;;ll s;+1<
1 <3785} asn,d — co. Let

The above arguments imply that D, DZ £> uils,.

For i € [k], we define the matrices V, V, € R"%% guch that the columns of Vi/V/n, VZ/\/H are the
eigenvectors of goAAT /n, goAAT /n + W that correspond to the top Z;;ll sj+1to 22:1 s; eigenvalues,
respectively. By Wedin’s theorem (Lemma A.2.2), we see that LS™(V;, V) B oforallie [k]. Combining

all arguments derived, we conclude that

1 <
HfZViDiViT - =Y v.o,vI| o
n’i:1 ni:l F

Note that Y ;_, ViDiVI /n = goAAT /m and D;, V; are functions of A, thus we have found an estimator
L € R™" such that |[L — AAT||%/n? = 0p(1). Based on this convergence, we only need to apply a standard
truncation argument to show the expected mean square error vanishes. We skip the details here for the sake

of simplicity.

Proof of claim 3
By claim 2 of the theorem, we see that there exists an estimate L of AAT which achieves consistency:
|L — AAT||p/n = op(1). Let

R := argminy cpoxr |L — X X ||

By definition, |L — RR"||p < |L — AAT||p, thus |L — RR"||p/n = op(1). By triangle inequality we see
that ||[AAT — RR"|z/n = op(1), from which we conclude that there exists Qo € O(r) such that

1
—||RQy — Allr = 1).
\/ﬁ” o — Allr =op(1)
We define
Q1= argming o) Wa(Pras fia), R, := RQ,.

Denote by paa the distribution of QA for @ € O(r) and Ag ~ pa. We then have ||Aﬂgﬂ>k —R.||r/v/n =
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op(1), which implies W2(paqra,,Pr.) = op(1). Furthermore,

Wa(pr,, pa) <Wa(Pray, 1ia)
<Wa(prary, PA) + Wa(Pa, ia)

1 R
§7||R90 = Allp + Wa(pa, pa) = op(1).
Invoking triangle inequality, we have

Wa(uaraoa: #a) <Walpa,pr.) + Wa(Pr., Para.) + Wa(baara.  Hata.n)
=Wa(pa, Pr.) + Wa (DR, Paqia.) + Wa(Pa, 1a)-

Combining the above results, we see that Wa(ugra,a,#a) = op(l). Notice that the mapping €
Wa(ua, paa) is continuous on O(r), and Wa(u1, pue) = 0 if and only if gy = po. Therefore, by assump-
tion we obtain that | QI Qg — I,.|r = op(1), thus |[R. — A||r/v/n = 0p(1). Notice that R is a function of
the observation A, thus R, is a function of A as well. Therefore, we have constructed a consistent estimator
for A under the metric of vector mean square error. The rest parts of the proof again follow from a standard

truncation argument.

A.3.2 Proof of Theorem 2.3.2

Proof of claim 1
We first prove Eq. (2.6). Define Ag := (31, A;A] /n)~1/? € S, We note that under the assumptions of
remark 2.3.1, with high probability Ag is well-defined. For j € [d], we let Bé = ﬁAg S A e R

We denote by M, the set of symmetric invertible matrices in R™*". Let G ~ N(0,I,.), independent of
) ~ ug. We define the mapping fo : M, x R” — R” such that

[@exp (—%914*20 + BTA’QB) 116(d6)

fo(A,B) :=E[® | ©) + AG = B] = .
Jexp (~36TAT0 + BTA7%6) io(d0)

Let (:)f =E[®; | A,A] = fo(Ao, Bg), then (;);3 achieves Bayesian mean square error.

Dominated convergence theorem reveals that fg(-,-) is continuous. By the law of large numbers and
central limit theorem, we see that (Ag, B)) 4 ( X1/27®0 + QXUQG) as n,d — oo. Using Skorokhod’s
representation theorem, there exist (A,, B?) and (A, B’,) being random vectors defined on the same
probability space, such that (A,, B}) “3 (Ao, BL), (A, Bl) £ (Ag, BJ), and Ao, = Q; /%, B, £ @+

1/2G. Therefore, fo(Ag, B)) £ fo(An, BL) “S fo(As, BL). Since || fo(An, B[ < |E[O; | A, A2,
we conclude that the set of random variables {|| fo (An, Bi)|?:ne N, } is uniformly integrable. Therefore,
we have || fo(A,, B%)|]? 2\ | fo (Ao, BZ,)||?. This further implies that as n,d — oo

E[|©; ~ 73] = Eoyue 1€0%] — E (|l fo(An, BL)2] —E[©0]] - E[||fo(As, Boo)]
—E[|©o] - E [|E[©0Q}/*® + G|,

thus completing the proof of the first claim.
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Proof of claim 2

Next, we prove Eq. (2.7). For k, j € [d], k # j, notice that ®;, and ®; are conditionally independent condi-
tioning on (A, A). Then we have E[@]©, | A,A] =E[@, | A,A]"E[®, | A, A] = fo(Ay, BE)T fo(Aq, B)),
thus

E[(©;0, —E[©0; | A,A])?] = r¢3 — E[(fo(Ao, Bf)" fo(Ao, B}))].

By the law of large numbers and the central limit theorem, we have (A, Bé, B}) 4 (QXUQ, (SR +QX1/2G1, O,+

Xl/QGg), where 1,05 ~ ug, G1,G2 ~ N(0, I,) are mutually independent. By Skorokhod’s representa-

tion theorem, there exist (A,,, BJ, Bﬁ) and (A, B7_, B’;O) being random vectors on the same probability
space, such that (A,, B, B*) “3 (A,,Bi  B"), (A,,B’,B") = (Ao, B}, Bf), and A, = QXI/Q,
(Bl,,B") < (0, + Q,"*G1,0, + Q,"/*G,). Therefore, as n,d — oo

(fo(Ao, BY)" fo(Ao, BY))?
L(fo(An, BE)T fo(An, B1))? % (fo(Aw, BE)T fo(Aw, BL))%.

Notice that

(fo(Ao, BY)" fo(Ao, B}))? <||fo(Ao, BY) || fo(Ao, BY)?
<E[|©@x]* | A, AJE[|©;]* | A, A]
=E[||©.[1*]1©;]* | A, Al.

Therefore, the set of random variables {(fe (Ao, BE)T fo(Ao, Bg))2 :n € Ny} is uniformly integrable. This
further implies that (fo(Ao, BX)T fo(Ao, BY))? 13 (fo(Aw, BE)T fo(Aw, BL.))?, thus as n,d — oo

2
E[(©]®; ~E[0]®; | A,A))"] - red - [E [E©) | Q)*60 + GIEI®y | Q) *@0 + G| | .

which concludes the proof of the second claim of the theorem.

A.3.3 Proof of Theorem 2.3.3

By Theorem 2.3.1 claim 3, we see that there exists estimate A of A, such that |A — Al z/v/n £ 0. Notice
with high probability || Ao, < CV/d for some constant C' > 0 that depends uniquely on (ua, te), we then
conclude that

[Allop A= Allr

|ATA — ATA||r < NN = op(1).

—|
vnd
Since Z is independent of A, we immediately see that there exists g € R4¥" that has i.i.d. standard Gaussian

entries and is independent of (A, ®), such that

%H%ATAQT\”Q - 0@y~ g| =or1). (A.3)
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Proof of the first result

We let G ~ N(0,1I,), ©¢ ~ pe, independent of each other. Define the mapping F : R” — R", such that
1/2
F(y):=E[@o | Q) O+ G =yl

Dominated convergence theorem straightforwardly implies that F' is continuous on R". Therefore, for any
€ (0,1), we see that there exists a mapping F* : R” — R", such that F" is Lipschitz continuous. In
addition,

E[IF(Q*0 + G) - F*(Q)*60 + @)|?] < u?

We denote the Lipschitz constant of F' by L,, > 0. Let g, € R" be the i-th row of g. The law of large

numbers gives the following convergence:

&\»—\

d 2
>l - F@}’e. ) 5 Eljenl - & [0y @00 +al ]
Therefore, as n,d — oo

d
1 2
5> 10— FU(Q} @ + 9| ~ Ell[©0]*] +E[HE@O|Q”2 +G]M < Cw+ op(1),
=1

where C' > 0 is a constant depending only on pg. We denote by v; the i-th row of ATAQXUQ/\/E. By

assumption we have

&\H

d
w 1/2 w w 1/2
ZHF V0i+g,) - FU(v)|* < ZHQ @ + g, — vil%,

which is op(1) according to Eq. (A.3). Combining the above analysis, we conclude that for any w € (0, 1),
there exists n,, € N, such that for n > n,,, there exists estimator O, € R such that with probability

at least 1 —w
2
LS 60— Pl < Efjenl ~E|[210 | @460 + 61| + 20+ or(0),
i=1

Since w is arbitrary, the rest parts of the proof follow from a simple truncation argument.

Proof of the second result

By analyzing the second moment we obtain that

Z ©7e, - F(QY*0, +9,)TF(QY’6; +g,)”
i,5€[d]

—rgd — HIE [E[@o 1 Q%0 + GIE[®, | Q1?6 + G]T} Hi +op(l).



APPENDIX A. LOW-RANK MATRIX ESTIMATION WITH DIVERGING ASPECT RATIOS 87

Since F' is continuous, then for any w € (0,1), there exists Fv : R?" — R such that F¥ is iw—Lipschitz

continuous. Furthermore,
1/2 1/2 = 1/2 1/2
E[IF(Q)*0;i+9,) F(QY*®, +g)) — F*(Q)*0, +9,,Q)/*®; + g, < w?.
Again through analysis of the second moment we have

pe LY je7e, - F(QY*0: +g,QY?0; + g,
i,jE€[d]

<rgt & [E[00 | Q200 + GIE® | Q4200 + 7] || +Cu + 0p(1)

where C' > 0 is a constant depending uniquely on pug. By Lipschitzness we have

w 2 1/2 w
- Z F(QY*0: +9,,QY%0; + g;) — F* (v, v;)?

sz
L2 1/2 2 1/2 5
< Z {100 + g, —vil* +11Q*©; + g, — v;]I*},
i,j€[d]

which by Eq. (A.3) is op(1). Since w is arbitrary, again the claim follows by applying standard truncation

argument.

A.4 Proof outlines for the weak signal regime

A.4.1 Proof of Theorem 2.4.2

Assume A is given, then for any j € [d], the posterior distribution of ®; given (A, A) can be expressed as

- 1 «—
de;|A, A ———— ) (A,0)2+ — ) A (A;,0,)? | no(de;).
P( J‘ )ocexp( 2m;< J> \4/@; J< J>>/~LO( J)

From the above equation we see that the posterior of ® given (A, A) is a product distribution over R?, thus
greatly simplifies the analysis. The rest of the proof is similar to that of Theorem 2.3.2, and we skip it for
simplicity.

A.4.2 Proof outline of Theorem 2.4.3

In this section we outline the proof of Theorem 2.4.3. We leave the proofs of technical lemmas to Appendix
A.5. For the sake of simplicity, here we consider only » = 1. We comment that cases with » > 2 can be

proven similarly.
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Free energy density

Note that the posterior distributions that correspond to the symmetric and asymmetric models can be

expressed as follows:

eHen )R (dA)
dP(A=X|Y) = T el (dN)
e 0) 1, 89(d0) g™ (AN)

d ( )\;6 | ) f@H"()"e)Mgd(da)M%n(dA)’

where u§"(dX) (15%(d@)) is the product distribution over R" (R?) with each coordinate having marginal
distribution pa (pe), and H ,,, H, are the Hamiltonians that correspond to models (2.9) and (2.8), respec-
tively:

2 2
Hyn(A) = LA 02+ Lt — D054,
’ 2n 2 4n
(A4)

1 1 1
Hp (X, 0) = ﬁ<AyA><@,0> + ﬁ)\Tza - mHMFHe”Q'

Following the terminology of statistical mechanics, the free energy density is defined as the expected log-

partition function (also known as log normalizing constant):

1
¥® .= —Elog / e 0m(dN),
n

1
U, := —Elog / X0 7 (dAX) p§?(d8).
n
The lemma below connects free energy densities with the corresponding mutual informations.

Lemma A.4.1. The following equations hold:

. 2R A2 2
wy = BB g g6) + 0,(0)
2E[AZ]?
v, =% £1 i L (pa, o) + on(1).

Proof. By definition, the mutual information that corresponds to the symmetric model can be reformulated

as

dpi" (A) - exp(Hy n(A)) }
(A) - [ exp(Hon(N)dui™(N)

— 0

, 1
L (kasge) =B {log G
A

_ G3E[AG)?
1

The asymmetric mutual information is a slightly more complicated, which we write below

L (pas po)

_lg {10 dug" (A) - [ exp(Ha(A, 8))dug" (6) }
n X" (A) - [ exp(Hn (X, 0))dpg™ (X)dug™ (0)




APPENDIX A. LOW-RANK MATRIX ESTIMATION WITH DIVERGING ASPECT RATIOS 89

d
1 1 1 1
==Y "E{lo /ex ( AI?P©,0; + —(Z.;,A)0; — —— A29f> de;)  — ¥,
";:1 { g [ exp ﬁndll | 4ﬁnd< ) 2%” 1767 ) e )}

1 1
:g]E {log/exp (||A||2@191 + —

Vod (2, M6 =5

1
= ||A20%) u@<del>} ..

Define

F(q)=E {log/exp <q@09 + /4G — ;q92> ue(de)} ,

where the expectation is taken over @y ~ ug, G ~ N(0,1) that are independent of each other. Applying

Stein’s lemma, we obtain that for ¢ > 0, F'(¢) has second order continuous derivatives satisfying

F'(q) = 5E {E[@y | 70 + G}

1 1
F'(q) =E {21@[@3 [ V3o + GI* + SE[O0 | aOo + G]* ~ E[O | /700 + GI*E[O] | /4O + G}} :
Since pg has mean zero, we conclude that F' also has second order continuous derivatives at zero, and

F'(0) =0, F"(0) = g3 /2. These arguments imply that

asym d 1 B E[AZ)?
o (unone) = SE{F (S IAI?) | - w, = BERL w40,

which concludes the proof of the lemma.
O

From Lemma A.4.1 we see that in order to prove the theorem, it suffices to show that the free energy densities

agree asymptotically:

lim ¥} = lim W¥,. (A.5)

n—oo n,d— oo

Asymptotic equivalence of free energy densities

We then proceed to prove Eq. (A.5). We will start with the additional constraint that s has bounded
support. Later in Appendix A.4.4, we show that proofs for general pp can be reduced to the bounded case.

Assumption A.4.1. We assume that support(up) C [— K, K], with K > 0 being some fized constant that

is independent of n,d.

For h,s > 0, we define the perturbations

Vh

n

x'(s) = VsA+g,

Y'(h) AAT + W,

where W’ £ GOE(n) and ¢’ 4 N(0,I,). Furthermore, we require that (W', g’, A, ®, Z, W) are mutually

independent. We define the Hamiltonians associated with the perturbations Y'(h) and x'(s) respectively as
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follows:
. / L ﬂ 2 \/E T / _i 4
Hy(X Y (h) = (A A) + - ATWIA — A (A.6)
S
H,(\ 2/ () == V5(\, g') + s(A,A) — 5||>\|\2. (A7)

The posterior distribution of A given (A,Y’(h),z(s)) can be expressed as

p(dA) =

Zn(lh S)M%n(d)\)/exp (H, (X, 0) + Hy(A Y (R)) + Hy (A2 (5))) pE%(d6),

where Z,(h, s) is the normalizing constant:
Zal0s5) = [ exp (HA0. ) + Ha ¥ () + Ho (s ' (6)) G (0)45" (0N).

Note that Z,(h,s) is random and depends on (A,Y'(h),z'(s)). We define the free energy density that

corresponds to observations (A,Y”(h),z'(s)) as
1
®,,(h,s) ;== —E[log Z,(h,s)]. (A.8)
n

The next equation follows from Gaussian integration by parts and Nishimori identity (Lemma A.2.3):

0 1 T T / /
7 On(his) = B [(AAT.E[AAT | A Y (h),@ (S)M . (A.9)
Eq. (A.9) holds for all h > 0,s > 0, and is directly related to the MMSE in the perturbed model. The rest
parts of the proof will be devoted to proving convergence of ®,,(h, s) as n,d — co.

To this end, we first show that asymptotically speaking, the free energy density depends on pg only
through its second moment. More precisely, we can replace pg with a Gaussian distribution which has mean

zero and variance qg. This vastly simplifies further computation.

Lemma A.4.2. For k € [d], we let Po  be a distribution over RY with independent coordinates, such that
(017 027 T aad) ~ P@,k Zf and Only Z:fela T 79k Z}\‘quG and 0k+17 e 70d”’\€l N(qu@) We de.ﬁne

@%k)(h, s) = %E {log (/ exp(Hp(X,0) + H, (N Y'(h) + Ho(X; wl(s)))ﬂﬁn(d’\)dp@&(e))} :

In the above expression, the expectation is taken over (A, ®,Z , W' g'). Notice that by definition ®,,(h,s) =
@%d)(h, s). Then under the conditions of Theorem 2.4.3 and in addition Assumption A.4.1, as n,d — oo we
have ®,,(h,s) — q)%o)(h, s) = o, (1) for all fixed h,s > 0.

Lemma A.4.2 can be proved via a Lindeberg type argument, and we postpone the details to Appendix
A.5.1. According to Lemma A.4.2, in order to derive the limiting expression of ®,,(h, s), it suffices to compute

the limit of @%O)(h, s) instead, which can be done via Gaussian integration techniques.

Lemma A.4.3. For fived h,s > 0, we define

dqe

2v/nd

2 2
T q q q
A Y (), () =22 (A, X2 4+ 20 ZTA )2 — S x-S0

2v/nd
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+ H, (XY (R) + Ho(N 2/ (s)),

i]' [ . !/ !/ n
&,.(h, 5) .fg]E{log (/exp (Hn()\,Y (h), z (s)))uA (dA))]
Then under the conditions of Theorem 2.4.8 and Assumption A.4.1, as n,d — oo, we have én(h,s) -
3 (h, s) = on(1).

We defer the proof of Lemma A.4.3 to Appendix A.5.2. Under the asymptotics n,d — oo, d/n — oo, ac-
cording to [13], the matrix (ZZT - dIn) /v/nd behaves like a GOE(n) matrix. Replacing (ZZT - dIn) /V/nd
with a GOE(n) matrix in the definition of &, (h, s), we see that this allows us to approximate ®, (h,s) via
the free energy density of the symmetric model (2.9). Such heuristics can be made rigorous via the following

lemma:
Lemma A.4.4. Recall thatY is defined in Eq. (2.9). For h,s > 0, we define the free energy density ®Y (h, s)
that corresponds to the observations (Y,Y'(h),z'(s)) as
8 ()= 28 [t [ exp (Y )+ 1,0 () + Ha s (90) 500 ) (A.10)
n

2 2
q e q
HY (X) := im, A2+ 7>\TW>\ - ﬁ||>\||4.

Then under the conditions of Theorem 2.4.8 and Assumption A.4.1, as n,d — 0o, we have ®Y (h,s) —
&, (h, s) = on(1).

We defer the proof of Lemma A.4.4 to Appendix A.5.3. Combining Lemmas A.4.2 to A.4.4, we conclude
that as n,d — oo, for all fixed h,s > 0, we have ®,(h,s) — ®Y (h,s) = 0,(1). This relates the asymmetric
model to the symmetric model through their free energy densities. The following lemma summarizes this

result and lists several additional useful properties for future reference.

Lemma A.4.5. Under the conditions of Theorem 2.4.3 and Assumption A.4.1, for all fized h,s > 0, the

following claims hold:
1. Asn,d — oo, we have ®,,(h,s) = ®Y (h, s) + 0,(1).

2. The following mappings x + ®,,(h, ),  — ®,(x,s), x — ®Y (h,z), x — ®Y (z,5) are all convex on
[0,00) and differentiable on (0, 00).

3. limy, 00 @Y (0, 5) exists for all
(¢3,5) € {(tx, (1 — t)xq*(x)) : & > 0,¢" () ewists and is unique, t € [0,1]},
where F(-,-) is defined in Eq. (2.12) and

q"(v) = argmax o F(z,q). (A.11)

Remark A.4.1. By [125, Proposition 17], ¢*(z) exists and is unique for all but countably many = > 0.
Claims 2 and 3 do not rely on Assumption A.4.1.
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We delay the proof of Lemma A.4.5 to Appendix A.5.4. We note that Theorem 2.4.3 is an immediate

consequence of Lemma A.4.5.

A.4.3 Proof of Theorem 2.4.4

In this section, we will apply Lemma A.4.5 to prove Theorem 2.4.4. Using Lemma A.2.3 and Gaussian

integration by parts, for all h > 0 we have

0 o (h0) = ~E {(AAT,}E[AAT | A,Y’(h)]} :

9 v _ 1 T T / .
SO (h,0) = E [<AA E[AAT|Y,Y (h)])} .
Recall that F is defined in Eq. (2.12). We let
D :={s> 0| F(s,-) has a unique maximizer ¢*(s)}. (A.13)

By proposition 17 in [125], D is equal to (0,400) minus a countable set, and is precisely the set of s > 0 at
which the function ¢ : s + sup,>q F(s, ) is differentiable. Furthermore, by [125, Theorem 13|, for all h > 0,

lim ®) (h,0) = sup F(q5 + h, q). (A.14)
n—oo q>0
By the first claim of Lemma A.4.5, ®,,(h,0) = ® (h,0)+0,(1), thus lim, o ®,,(h,0) = sup,so F(¢4+h,q).
By the second claim of Lemma A.4.5, the mappings h ++ ®,,(h,0), h +— ®X (h,0) are convex and differentiable
on (0,00). Next, we apply Lemma A.2.4 to function sequences {h — ®,,(h,0)},>1, {h +— ®Y (h,0)},>1, and

conclude that for all but countably many values of h > 0,

. 0 ) 0
Jim =@ (h,0) = Tim =@ (h, 0) = ¢'(h + ¢3)- (A.15)
From the above equation we see that the mapping A — ¢’()\) is non-decreasing on D. Therefore, for all
but countably many go > 0, ¢’ is continuous at q%_) € D. For these qo, we immediately see that for any
e > 0, there exists he > 0 depending uniquely on (ge, ¢, 114 ), such that ¢'(¢3 + he) < ¢/'(¢3) + ¢, and ¢ is

differentiable at g2 + he. According to Eq. (A.15), there exists n. € N, such that for all n > n.,

0 ! 2
|5 @ulhe, 0) = ¢/ (he + g3)| < e.

According to Eq. (A.12),

9 1 T T
i >_
- @u(h,0) > E [(AAT,E[AAT | A])]
1
:m (nEAONMA [Aé] + n(n - 1>EA0~MA [*A(z)]2 - nQMMSEZSYm (/J'A7 M@)) :

Invoking Proposition 17 and Corollary 18 from [125], for all ¢3 € D

1. 1
¢'(48) = 70°(48)” = JEngmps [AJ]” =

’ lim MMSE?™™ (1153 o) + on(1).

1
4 n—oo
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Combining all arguments above, we obtain that

lim inf MMSEX™™ (p, po) > hm MMSE>™ (up; qo) — 8.

n,d—oo

Since € is arbitrary, we then complete the proof of the first claim of the theorem.
We then proceed to prove the second claim. For quqé +n € D satisfying 0 < n < ¢, by Egs. (A.12)
and (A.15) we have

lim  MMSES™ (1a, po:n) =Eagmpu, [AG]” — 4¢ (@4 + 1)

n,d— 00
<EAg~pa [Ag]z - 4¢/(q26)
= lim MMSE>™™ (ua; go)-

n— oo

Note that limy, gco MMSEL™ (11a, o3 n) > limsup,, 4, MMSE;™" (ua, pte;€), the proof of the second

claim immediately follows.

A.4.4 Reduction to bounded prior

In this section, we show that in order to prove Theorem 2.4.3 and Theorem 2.4.4, it suffices to prove the
theorems under Assumption A.4.1.

Since j15 is sub-Gaussian, for any € > 0, there exists K. > 0, such that if we let Ag := Ag1{|Ao| < K.},
then Epypu, [(Ao — Ag)?] < & and pp([—Ke, K.]) > 1 — 2. For all i € [n], we define A; := A;1{|A;| < K.}
and A; := N 1{|A] < K.}. Let A = (Ai)ign e R™ and \ = (S\i)ign € R™. We introduce the truncated

Hamiltonians:

_ 1
H:(\,0) = —— (A, \){(O,0 zZ0 — ——||\|?0]?
(A0) = = (A.3)(0,6) + =720 — [ A6l
2
Y5 (X ::qu*2 doxT *_qie*4.
) = (AN ATWA - By

Recall that W’ £ GOE(n) and is independent of (W', Z). For s,q,h > 0, we define the truncated versions
of @Y, &, and F as

dYE(h) = %E [log (/ exp (HZ’E(X) + i([&,jf +

B (h) = K
n

- hox v, Vhsto,s b ns
log (/ exp (HZ(A, 6) + %<A,>\>2 + TATW'A - @HAH“)M? (dk)ﬂgd(d@)} :
_ S _ — s — _
F(s,q) := —Zqz +EZoN(0,1),Ao~pn [log (/ exp (\/quA + sgA Ao — iq)\Z) uA(dA)ﬂ :

In the above display, 5 stands for the law of Ag. The following lemma states that ®¢ (k) is close to ®,,(h,0)

for small e.

Lemma A.4.6. Under the conditions of Theorem 2.4.3, there exists a constant Cy > 0, which is a function
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of (pa, ne) only, such that for n,d large enough, the following inequality holds for all h € [0,1]:
|(I)n(h,0) - (i)::z(h)’ < C(0\4/5

The proof of Lemma A.4.6 is deferred to Appendix A.5.5. Furthermore, according to Lemma 46 from

[125], F is also close to JF¢ for € small.

Lemma A.4.7 (Lemma 46 from [125]). Under the conditions of Theorem 2.4.3, there exists a constant

K’ > 0 that depends only on ua, such that

sup F (s, q) — sup F< s, q)‘ < sK'e.
q=>0 q>0

Invoking the convergence results of free energy density for the symmetric spiked model [125], we have

@Z’E(h) — sup]:'a(qz) + h,q)‘ =o0,(1).
q=0

Applying Lemma A.4.5 to the truncated distribution uz, we obtain that |®Y¢(h) — ®Z (h)| = 0,(1) for all
h > 0. Using this result and Lemma A.4.6, A.4.7, we derive that for all h € [0, 1],
<[ @0 (h,0) = &5, (h)] + |®5, () — @, (h)] + |@,°(h) — sup F=(¢& + h, q)|

920

+ | sup 7 (¢d + h.q) — sup F(qd + h, q)| + | sup F (g + h,q) — © (h,0)]
q=0 q2>0 q>0

<Cov/e + (¢3 + 1)K'e + 0,(1).
Since ¢ is arbitrary, we then have the following lemma:

Lemma A.4.8. Under the conditions of Theorem 2.4.3, for all h € [0,1], as n,d — oo we have

lim [®,(h,0) — @) (h,0)| = 0.

n,d— oo

Theorem 2.4.3 is a direct consequence of Lemma A.4.8. The remainder proof of Theorem 2.4.4 follows

exactly the same procedure as stated in Appendix A.4.3, and here we skip it for the sake of simplicity.

A.4.5 Proof outline of Theorem 2.4.5

We state the proof outline of Theorem 2.4.5 in this section. The proofs of supporting lemmas are delayed to
Appendix A.6. For the sake of simplicity, here we only consider the rank-one case r = 1. We comment that

proof for r > 2 can be conducted analogously.

Proof outline of Theorem 2.4.5 under condition (a)

Since pp is sub-Gaussian, there exists a constant Ky > 0 depending only on g, such that for all x > 0

P(|Ao| > z) < 2exp(—22/K2). (A.16)
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For all i € [n], we define A; := A;1{|A;| < 2Kov/Togn}, A := (Ay,--- ,A,)T € R” and A := A@" /v/nd +

Z € R™? The next lemma says that truncation does not decrease the MMSE too much.

Lemma A.4.9. Under the conditions of Theorem 2.4.5 (a) , as n,d — oo we have
1 2 _ 2
—E {HAAT _E[AAT | A]M < —IE {HAAT E[AAT | A]HF} +on(1).
n

We leave the proof of Lemma A.4.9 to Appendix A.6.1. By Lemma A.4.9, in order to prove the theorem,

it suffices to show that under the current conditions, for all but countably many values of qg > 0,

hmsup [HAAT AAT H } < lim MMSE?™™ (ua; go)- (A.17)

n,d—o0 n? n—00

We let ZO = ||©| - g, where g ~ N(0,1I,,) is independent of (®,A). We denote by Z’ an independent
copy of Z, such that Z’ is further independent of (®,A,g). Furthermore, we can choose Z' such that
(©,A,9,ZP5Z") = (©,A,g, Z'PéZ’T)7 where Pg denotes the projection onto the null space of ©.

We define Y := (AAT —dI,,)/v/d. Then Y admits the following decomposition:

e sir, Ol & 1 H [ L7T 1
L /124 1/2 % Tl T
—— (¢\?A ) ( A ) — (2’2" —dI,) +E.
NG ( +r,'g +r'g) + \/g( )+
In the above display, the n x n symmetric matrix F is defined as follows:
1 T, 1 (9] AT
E=—— 70072 + — ( —go | AA
vd|e|? v\ d

1 1 12 (% T 1
+7n1/4d1/4 <\/g do (Ag + gA )Jrﬁgg
We define the set

o = {[L161° - ge] < SUE, Ti(z'0)| < 1o, lal < Crogn for il i € n] |
where C7 > 0 is a constant depending only on pg. Since pug, pa are sub-Gaussian distributions, if we choose
(' large enough, then we have P(€;) = 1 — 0,(1). Using the definition of ©;, we conclude that there exists
a constant Cy > 0 that depends only on (C1, Ko, pe), such that on ©; we have |E;;| < Cslog n/\/g for all
i,j € [n]. For some absolute constant C3 > 0, we let g € R such that g; := g;1{|g:| < C5/logn} for all
i € [n]. Direct computation reveals that for C3 large enough, we have P(g # g) — 0 as n,d — oo.

Define

_ 2R 1/2 %
Y2.—ﬁ( A+r, g)( A+, g) +G,
where G ~ \/nGOE(n) and is independent of (A, A, ©, g,g). By [40, Theorem 4], under condition (a), there
exists a coupling such that as n,d — oo, with probability 1 — 0, (1) we have (2'Z'" — dI,)/Vd = G. We
define Qo := Q1 N{Y 2 =Y — E}, then we see that P(23) — 1 as n,d — 0.
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For X € R™"*", we define

Then for any i, j, k, s € [n], we have

aMn(X)ks 1 1/2 1/2 1/2 1/2 .
8Xij = n3/2E[( A +7’ )( A +T )( Ak+7’ )( A +T gs) | Y2 —X]

—S—/QEK & A+ 7,190)(a8 Ay +7,195) | Vo = XTE[(8 *As + 7' 90) (0 " As +7,190) | Vo = X

Note that on 2y we have |A;| < 2Kov/Iogn, |g;| < C3v/logn, and |Eij| < Cy logn/Vd for all i,j € [n].
Therefore, we conclude that there exists a constant Cy > 0 depending only on (K, ue,C1,Cs,C3), such

that on 25 we have

|IM (Y 1)ks — M, (Y1 — E)is| < W-

Therefore, we obtain that

C2n3(logn)°

E[|M.(Y1—E)— M,(Y1)|%1a,] < y

The right hand side of the above equation vanishes as n,d — oo under condition (a). Therefore, we derive
that | M,,(Y)—M, (Y1)||r = op(1). Note that Y is a function of A. Using standard truncation argument,
we conclude that in order to prove Eq. (A.17), it suffices to show

1. 2
limsup E [quan(Yg) - AATHF] < lim MMSE™ (4 o),
n

n,d— oo n—00
which we prove in Lemma A.4.10 below. The proof of this lemma is deferred to Appendix A.6.2.

Lemma A.4.10. Under the conditions of Theorem 2.4.5 (a), for all but countably many values of go > 0,

we have

_ 2
lim E ||lgg' M, (Y3) — LAAT | = tim MMSE>™™ (a5 go)-
© n F n

n—oo n— oo

Proof outline of Theorem 2.4.5 under condition (b)

Truncation

By assumption, there exists 0 < K; < oo such that support(us) C [— K7y, Ki]. Since pg is sub-Gaussian,
there exists Ko > 0 which depends only on ug, such that for all x > 0

Poy~puo (|®0] > ) < 2exp(—2?/K3). (A.18)

For j € {0}U[d], we define ©; := ©;1{|©,| < 2K»/logd}, ® := (©4,--- ,0,)T ¢ R?and A := A@" /V/nd+
Z. Note that A defined here is not to be confused with A defined in Appendix A.4.5. The following lemma

states that truncation does not decrease the asymptotic matrix MMSE.
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Lemma A.4.11. Under the conditions of Theorem 2.4.5 (b), as n,d — oo we have
1 T T 2 1 T T 21ll?
“E HAA _E[AA |A]HF < SE HAA ~ E[AA |A]HF +on(1).
n

We postpone the proof of the lemma to Appendix A.6.3. By Lemma A.4.11, in order to prove Theo-

rem 2.4.5 under condition (b), we only need to show for all but countably many values of gg > 0,

_ 2
hmsup [HAAT E[AAT | A}HF} < lim MMSE2™ (4 o).

n,d— o0 n—00

Model with extra perturbation

For s, h,a,a’ > 0 and {e, }n>1, {€), }n>1 € Ry, we introduce a perturbed model sequence, such that for each
n, we observe (A(s),z’(a’),Z(a),Y’(h)) defined as follows:

A3

A(s) = WA(:)T +Z, (A.19)
x'(a') == d /e A+ g, (A.20)
Z(a) == a \/Ee +g, (A.21)
Y'(h) := gAAT + W, (A.22)

where g ~ N(0,14), g’ ~ N(0,1I,,), W’ ~ GOE(n), mutually independent and are independent of everything
else. Note that A(l) = A. Furthermore, we assume that ¢, g/ — 0" as n,d — co. We can associate to the

observation (A.19) the Hamiltonian

AN, 0) = {SAi)\i@-Q + Y5 A, — 5}392}, A.23
n ( ) ie[%ﬂd] ﬁnd V) Mﬁnd J J 9 ﬁnd 1] ( )

where 0; = 6;1{|0;| < 2K»\/logd}. For the sake of simplicity, we let H, (X, 8) = all (X, 0). Similarly, we

can associate to the observations (A.20) and (A.21) the following Hamiltonians, respectively:

/2 &
(A Z{\/?a/\zgl—i—aﬂ LA~ ",\2}
i=1
_ _ d ne a’ne, -~ -~  a’ne
HYy0(0)=> {, /—"aej 9+ —; 0,0, - "02}
j=1

We then define the “total” Hamiltonian, which corresponds to all observations in the perturbed model as
H{*0(X,0) := YN, 0) + HIY(N) + 175 (8) + Hu (A Y (h),

where we recall that H,(X;Y'(h)) is defined in Eq. (A.6). The posterior distribution of (A,®) given
observations (A(s),z'(a’), Z(a),Y’(h)) can be expressed as

u(dA, d8 | A(s), 2 (@), @(a), ¥' (1) o exp(HL™ (A, 0))u5™ (AN S ().
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We define the free energy functionals corresponding to the total Hamiltonian as

1 _ _ _
Guls.0,0' 1) = o [ exp(H* (X, 6)u" (AN)ug (),

®,(s,a,a’,h) :=E [¢n(s,a,d’,h)],

(A.24)

where ugd is the product distribution over R?* with each coordinate distributed as ©.

Truncation does not change the asymptotic free energy density
Next, we show that truncation does not change the asymptotic free energy density.

Lemma A.4.12. For s,h > 0, we define the following unperturbed Hamiltonian and free energy density

HEI(X,0) = {SAi/\iG»B»—I—\/gZi»)\iO»— i A?ez},
n( ) ie[%e[d] ﬁnd 777 Mﬁ’nd J J 9 ﬁnd 1]

1
Bals0.0.) = 12 1o [ explHEIA0) + Hu Y 00D (a0 (00)|.
Then for all fized Sy > 0, under the conditions of Theorem 2.4.5 (b), as n,d — co we have

sup  |®,(s,0,0,h) — ®,(5,0,0,h)| = 0,(1).
h>0,50>s>0
The proof of Lemma A.4.12 is given in Appendix A.6.4. We further characterize the convergence of free

energy density in Lemma A.4.13, again postponing the proof to Appendix A.6.5.

Lemma A.4.13. Recall that F(-,-) is defined in Eq. (2.12). Under the conditions of Theorem 2.4.5 (b), if

we further assume that ey, el — 0T, then for all fived s,h >0, as n,d — oo

lim sup | D, (s,a,a’,h) —sup F(gds* + h,q)| = 0.
n,d—00 4 o/€[0,10] q>0
Recall that D is defined in Eq. (A.13). For all h + ¢4 € D, the mapping s — SUp,>o F(q4s® + h,q)
is differentiable at s = 1. Furthermore, for all fixed a,a’,h > 0, the mappings s +— ®,(s,a,a’,h),
s +— ®,(s,0,0,h) are convex differentiable on (0,00). By Lemmas A.4.12 and A.4.13, as n,d — oo,
P, (s,a,a',h) = sup,so F(qds’+h,q) and @, (s,0,0,h) = sup,>q F(qds*+h, q). Then we apply Lemma A.2.4
and conclude that for h + ¢4 € D, we have

Using Gaussian integration by parts and Nishimori identity, we further derive that for h + ¢3 € D

|

B (s,0.0 0|~ L (5.0.0m| | =o0.1)

S s=1

o5

s=1

1
lim

n,d—o00 2nv/nd

E[IE[A®T | A1), 2(a), 2 (a"), Y ()] - EIAGT | A(1),Y'(W)]|}] = 0. (A.25)
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By Jensen’s inequality, for all a,a’ € [1,2]

1 - A - 1o I - A !
s [IEIA®T | A1), 2(w), #'(«), ¥/ (k)] - EAST | A(1), Y ()]

]‘ - A = / ! - A !
<5 IBIAGT | A1), 2(2),2(2). ¥ (h)] - E[A®T | A1), Y (W)]H]

By Eq. (A.25), the last line above converges to zero as n,d — oo for all ¢4 + h € D. In this case, we have

: 2 ? 1 ol | A = 1y 1 / T | A / 2 ! _
lim //1 Pl [H]E[A@ | A(1),%(a), z'(a'), Y’ (h)] — E[A® |A(1),Y(h)]HF} dada’ = 0. (A.26)

n,d—oo Jq

We define

As,a,a/,h = E[A ‘ A(l)a j(a)a m/(a/)7 Y/(h)] € Rna
(:)s,a,a’,h = E[é | A(l)vi(a)7m/(a’/)aYl(h)] € Rd:
Ms,a7a’7h = E[A(:)T ‘ A(l)a i:(a)a wl(a’l)v Y/(h)] € RnXd'

Invoking Stein’s lemma, we see that the following equation holds:

0
prl

2} _ 2aney,

E[IM10.00 = Ataw 1O o 0l

Using the above equation, we obtain that

2 2
1 _
/ / WE [”Ml,a,a’,h - Al,a,a’,hgl,a,a , 2] dadd’
d1/2 2 /
_28 n5/2 / {E |A12a h” ] HlALl,a',hH ]}da
dl/QEAONHA [AZ]

Overlap concentration

The next lemmas show that if we draw two independent samples from the posterior distribution of ©
(A) given (A(1),Z(a),z'(a’),Y’(h)), then their normalized inner product concentrates. This phenomenon
is referred to as overlap concentration in the literature of statistical mechanics. In what follows, we prove
overlap concentration for ®. Since the proof is similar, in order to avoid redundancy, we skip the counterpart
proof for A. For the sake of simplicity, we denote by (-)s.q,q4/,n the expectation with respect to the posterior
distribution P(- | A(s),2(a’),z(a), Y'(R)).

Lemma A.4.14. For 6 € R%, we define

Let 8, 8 0 € R be independent samples drawn from the posterior distribution P(© = - | A(1),z(a), ' (d'), Y (h)).
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Then under the conditions of Theorem 2.4.5 (b), for all a,a’ € [0.1,10] and h > 0, we have

E[((6M)T0® /d —E[((8")T0) /d)1.0.0'.1])*)1,0,0' 1]
<40K3 1og dE[(|U(0) — E[(U(0))1,0,0".1] ) 1.0,0",1]- (A.28)

Using Eq. (A.28), we see that in order to prove overlap concentration, we only need to show that the

right hand side of Eq. (A.28) is sufficiently small, which is accomplished via the following lemmas:

Lemma A.4.15. Welet @ € R? be a sample drawn from the posterior distribution P(© = - | A(1),z(a),z'(a'), Y’ (h)).
For h > 0, we define
va(h) == sup  E[l¢n(1,a,a’,h) —E[¢n(1,a,a’,h)]]],
1/2<a,a’<3

where we recall that ¢, is defined in Eq. (A.24). Then under the conditions of Theorem 2.4.5 (b), if we
further assume that €, — 0% and nd='/?¢,, — oo as n,d — oo, then there exists a numerical constant

C > 0, such that for n,d large enough

/1 /1 E[(|U(8) — E[{U(0))1,a,a,0)])1,0,07,1]dada’ < CKQ\/(Un(h) +n1)e, logd.

Lemma A.4.16. Under the conditions of Theorem 2.4.5 (b), if we further assume e, e, — 0% asn,d — oo,

then there exists a numerical constant C; > 0 such that for all n,d large enough and 0 < h <1
v (h) < C1K2K2dY*n  log d.

We defer the proofs of Lemmas A.4.14 to A.4.16 to Appendices A.6.6 to A.6.8, respectively. Combining
Lemmas A.4.14 to A.4.16, we deduce that under the conditions of these lemmas, for 9(1), 6 € R that are
two independent samples from the posterior distribution P(® = - | A(1),z'(a’), Z(a), Y'(h)), there exists a

numerical constant C' > 0, such that for n,d large enough
2 42 o o )
n / / E[((0102/d — E[(0]02/d)1,0.01])*)1,0,0r,n]dada’ < CK 1 K3e; '/ (logd)*d® *n /2.
1 J1

Under condition (b), we see that there exists £, — 0™, such that en/? (log d)2d®/*n=3/2 — 0 and nd—/?¢,, —
oo asn, d — 0o. We summarize the overlap concentration results in Theorem A.4.1 below, which also contains

concentration argument for A (that we skip the proof).

Theorem A.4.1 (Overlap concentration). Let 9(1) 0@ e R be two independent samples drawn from the
posterior distribution P(© = - | A(1), (), Z(a),Y'(h)), and AV, AP € R™ be two independent samples
drawn from the posterior distribution P(A = - | A(1),2'(a'),Z(a),Y'(h)). Under the conditions of Theorem
2.4.5 (b), there exist £, €., — 07 such that for all h € [0,1], as n,d — oo

(log d)2d®/* 0 nén (log d)'/2d"/* ne!

Y VE R w0 @ilgd

— 00,

d 2 2 L L
] EU(6T02/d  EOTO/ )] )1 aldadda”
1 1
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2 2
/ / E[((Af X2/n — E[(A] A2/n)1a.ar.1])*)10.0r.n]dada’ — 0.
1 1

Corollary A.4.1. Under the conditions of Theorem A.4.1, for all h € [0,1], as n,d — oo we have

/ / ((610/d)1 a.ar.n — B[(0102/d)1 a.ar.1))*)1,0,ar,n]dada’ — 0,
/ / EL(ATA2/m s — BT A2/m1 i i])2) Laar ldada’ — 0.
1 1

Remark A.4.2. In Theorem A.4.1 and Corollary A.4.1, we can replace the interval [1,2] with [a, b] for any
fixed 0 < a < b < 0.

Proof of the theorem

In the rest parts of the proof, we always assume that {, }nen, and {€], }nen, are chosen as in Theorem A.4.1.
Under this assumption we have &, !(logd)*d®/?n=2 — 0 and d=2n%/?(logd)~* — 0, thus d*/?n=3/2¢;1 — 0
as n,d — co. Plugging this result into Egs. (A.26) and (A.27), we obtain that

2 42
1 _
lim / / ———E[|A1,0,0,0@1,0,07,0 — %] dada’ = 0. A.29

ndsoo J1 ) 2nm [” 1,a,a’,hF1,a,a’ ,h } ( )

By Lemma A.4.12 and Lemma A.4.13 we see that [®,,(s,0,0,h) —sup,sq F(gds* + R, q)| = 0,(1) for all
fixed s, h > 0. Notice that s — ®,(s,0,0, h) is convex and differentiable. Furthermore, for all but countably
many values of q% +h > 0, the mapping s — sup,> f(q%s2 +h, q) is differentiable at s = 1. Using Gaussian
integration by parts, Lemmas A.2.3 and A.2.4 we conclude that for these ¢ + h we have

L 0
li EA®T | A(1),Y'(h)]|%| = = sup F(s’¢3 + h : A.30
Jim fmr E[IEIAST | AW, Y (llit| = o sup F(s%ad + hva)| _ (A.30)
Define Dg(h) = supq>0 F(s%q3 + h q)‘ R For all but countably many gg > 0 the mapping s —

sup,>o F(¢45% q) is differentiable at s = 1, thus De(0) is well-defined. In this case, if Dg(0) = 0, then by
[125] we have lim,, oo MMSEZ™ (11a, go) = Eag~p, [Al]?, which is achieved by 0,,x,. Using Theorem 2.4.4
we deduce that lim,, g—0o MMSEZ™ (1a, p10) = Epg~pua [Af])?, which concludes the proof of the theorem.

In the following parts of the proof we will assume Dg(0) > 0. Let a1 < ag, a} < ab, and a ~ Unif|aq, as]

and a’ ~ Unif[a}, a}]. Similar to the derivation of Eq. (A.29) we have

lim
n,d—oo 2n\/n

where the expectation is taken over a ~ Unif[a, as] and o’ ~ Unif[a], a}]. By Eq. (A.30), Eq. (A.31) and

[||A1,a,a',h@1,a,a',h — M 0nll7] =0, (A.31)

triangle inequality, for all but countably many ¢3, ¢4 + h we have

lim sup

1
n,d— oo {2\/ 3d

1
§2m<1212i1£{E[|A1aa’h®1aa’h_MloohHF}} /2 +hmsup{E[\M1ooh—M1000||F]}1/2)

1/2
E [[|A100.5O1,0a7n — MLOJLOH%]}
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=(De(h) — De(0))"/*. (A.32)

The following lemmas establish several useful properties of Aj 4 4/, and (:)17a7a/7h.

Lemma A.4.17. Recall that D is defined in Eq. (A.13). For all fizxed a.,a, € (0,5], h € [0,1], under the
assumptions of Theorem 2.4.5 (b), if we further assume that h + q26 € D, then as n,d — oo we have

1/2
LE[ A | 4.2/ ()20, VO] =2 (s At + 1))+ oull),

—E[IE® | A1) '(a). B(a.). Y ()][2] = 2¢? <8 sup F(g3 + h, ))1/2—|—0 (1)
\/@ ) */9 */s do Ih p do q n .

The proof of Lemma A.4.17 is deferred to Appendices A.6.9 and A.6.10, respectively. By Lemma A.4.17
and Corollary A.4.1, we conclude that for all 0 < a; < az < 5 and 0 < a} < ab < 5, if we let a ~ Unif[ay, as]
and a’ ~ Unif[a}, a}], then for all h + ¢ € D we have

L |E® | AQ). 2/ (@), 2(a). V(W) = 263 ( 0

1/2
- ahsupﬂq@mq)) Fop(l).  (A33)

Let Co(ge,h) == 2¢3 ( 57 SUDg>0 F(qd + h, q)) 12 We define the mapping M : R"*" x RT — R™*"  such

that M (X;b);; = X;;1{|X;;| < b}. We further define Mg : R"*¢ — R"*" such that for X € R"*¢

My(X)=M(—=EAO®" | A= X|E[OA" | A = X]; 2K2Cy(ge,h)) .
nd

By triangle inequality

1 _ _ 1/2
~E [ Mo(A) — Colge, WEAAT | A, (h)]|}]
Colge, h . 1/2
< 0L Mg (1A, 0 4 AT s — EIAAT | A, Y ()]
1 T 112
+~E [[|Colde: M)A nAl o w n = Mo(A)|E] (A.34)

where the expectation is taken over (a,a’, A, ©, Z,g,g’, W'). Using Gaussian integration by parts we obtain

0

5 [[Arawnl’] = 0B [|EAAT | 4,2(a). 2 (), Y ()] = At nAT ool (A.35)

By Eq. (A.35) we have

1 _
SE [||A1.a w At~ E[AAT | A, (), @(a), Y (1)]|]

Aaa’ da’d
2(a2—a1 (abh — a}) / /a end) " 5 S E [[|A1a,0,n]%] da'da

< A 21d
~n2eld)(as —a1)(a’2 —a}) /a1 10,0517 da
2
<K (A.36)

n(dh — dy)eha



APPENDIX A. LOW-RANK MATRIX ESTIMATION WITH DIVERGING ASPECT RATIOS 103

which vanishes as n,d — co. For X € R"*", we define || X |1 :=>_ | Xj]. Then we have

i,jE€[n]

1 _
—E|ICo(a0: M) Avaw nAT o ar s — Mo(A) ]

()3K2Cy(qe,h A
S %E |:HCQ(C]@, h)Al,a,a’,h—AI’a,a’,h - MO(A) ||1i|

n
() 3K7Co(ge,h) 1
§ talnd't . 7E MC’o(Q(—), h)Alva=a',hAI,a,a’,h - \/@MLO’O*OMIQO»OHI}
uz )3K2C, , ® vl 2 1
< 1 ngq@ E |:’ || 1\,/’:7d,h|| Al,ava’,hA-ll—7a7a/7h — 7MM17070’0MI’0’0’0H :| (AS?)
(:) a,a’ 2

where in (i) we use the assumption that pa has bounded support, and (i) is by the fact that for all
|£E| < CO(q@ah)K%ﬂ ye ]Ra

|z — y1{ly| < 2K7Co(qo.n)}| < |z —y|-

Lastly, (4ii) is by triangle inequality. Applying Lemma A.2.6 and Holder’s inequality we see that

3K200(q®,h) Hél,a,a’,h”2 1
1 X EH m Al,a,a/,hAI,a,a’,h — \/ﬁMLO’OvOMIO»OvOHJ

2
6K C _ 1/2
1n\(}@7 ") x E [HMLO,O,O - Al,a,a’,h(')-lr,a,a’,h||i‘}
) 0 11/2
% (E [HMLO’O’OHF] +E [HAI a0 O] g0, h”F} ) (A.39)

By Lemma A.4.13, for all a,a’ € [0, 5], as n,d — oo we have ®,,(1,a,a’, h) — SUp, >0 F(gd+h,q). Notice that
the mapping h — ®,,(1,a,d’, h) is convex and differentiable, thus for g3 +h € D we can apply Lemma A.2.4

and conclude that

: L T | R 1N\ A / 2 0
Jim S EEAAT ] A, 2(0), 2(0), Y (W] = s supf(q@ +h,q). (A.40)

Leveraging triangle inequality, Eqs. (A.30) and (A.32), we obtain that for all a,a’ € [0,5], ¢34 + h,q3 € D

lim sup
n,d—oo M nd

E[||M1000|}3] =2De(0),

E[HALavalah@-lr,a,a’,h||i"] = 2D®(h)7 (A41)

lim sup
n,d—oo M nd

lim

n,d—00 n\/n,

By Theorem A.4.1 and Eq. (A.33) we have

[HMlooo At 1O aa hH ] =2(De(h) — De(0)).

1 _
limsupE || —[|®1.a.a1]|* — Co(ge, h H =0. A.42
B || 181l — Calao, 1) (242

n,d— oo
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We plug Eqgs. (A.39), (A.41) and (A.42) into Eq. (A.37) and obtain that

. 1 ]
limsup —; & [ICo(a6, M)At 0.0 AT g 00 = Mo(A)]I3
n,d— oo

<24K?Cy(go, h) x (Deo(h) — De(0))">.

(A.43)

Using triangle inequality

1 B _ 1/2
~E [IAAT = Colge, )~ Mo(A)|3]

1

<L E[IAAT - EAAT | A7) 3(0), Y )IF]

2 1 _ 1/2
+ 2B [ Ara0nAT o0 — Colgo, h) ™ Mo(A) |}

5, 11/2
7]

We plug Eqgs. (A.36), (A.40) and (A.43) into the above equation and conclude that

1 _
+~E [|E[AAT | 4,2/(0),(a), Y (1)] — Ataa AT oo

. 1 —1x7( A
limsup —E [HAAT —Co(ge, h) 1M(A)H%}

2
n,d—oo 1

B
A Sup Flad + hog) + 2K7 \/24K2Co (g0, 1)~} (Do (h) — Do (0))V/2
q=z

+24K7Co(ge, h) (Do (h) — De(0))"/?,

SIE/\O ~HA [Ag] 2 -

_ 2
which is an upper bound for limsup,, ;. E [HAAT _E[AAT | A}HF} /n?. Recall that De(0) > 0, thus

Co(ge,h)™t < Co(ge,0)~! < co. For all but countably many ge > 0 the mapping h — Deg(h) is continuous
at 0. For these go, if we take h — 0" while maintaining h + ¢ € D then we derive that

1 2
limsup — [HAAT _E[AAT | A]HF} < Epyos A2 — 42 sup F(@ + By q) .

)
n,d— oo Oh q>0 =0

thus concludes the proof of the theorem using Lemma A.4.11.

Proof of Theorem 2.4.5 under condition (c)

We define Y = (AAT — dI,)/vnd and Y' = qoAA"/n + (Z'Z — dI,))/v/nd. One can verify that as
n,d — oo we have ||Y —Y”||,, = 0p(1). We then run rotationally invariant AMP with spectral initialization
based on Y. According to [148], for large enough number of iterations this algorithm achieves Bayesian

MMSE, thus completing the proof of the theorem under condition (c).

A.5 Convergence of free energy density

A.5.1 Proof of Lemma A.4.2
For k € [d], we define

n

n d n d
HF (X, 0) ::%Z 3 AiAZ—@jeﬁﬁZ > Ziinejfr/l@Z 3 A

=1 j=1,5#k i=1 j=1,j#k i=1 j=1,j#k
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H, (N Y (R) + Hy (X 2/ (9)).
Furthermore, we introduce the following distributions
1
() _ ()
pBH) (AN, d6) = T O (H (A, 0)) "(dX) Po 1, (d6),
ZkH) = / exp (H;“(A,e)) 4E™(AA) Po 1 (d8),

1
(AN, d6) = 70 (H““(A 0)) S (AN) Po r—1(d6),
Zkh=) = / exp (H,(L’“)(A,O)) 4C™(dX) Po i1 (d6).

(k,4) | (k=

Note that w7, pn ), Zr(bk’” and ZT(Lk’_) are all random objects. The following lemma is a straightforward

consequence of the above definitions.

Lemma A.5.1. The following statements are true for oll k € [d]:

1.z =z,

2. We denote by Z.;, € R™ the k-th column of Z, then (un (k. +)7 5{“ ), Z,(Abk’+)7Z7(Lk’7)) are independent of
(Z .k, ©r).

3. Welet @ 4, = (01,03, 01,0141, ,04) € RITL For (X, 0) ~ /Ln ), we have 0 ~ g and is
independent of (0_k,A). Similarly, for (X, 0) ~ uslk’f), we have 0y, ~ N(0,qgo), and is independent of
Ok, A).

We define

hF(X, 0) = ZA Xi®y0) + ——

1 n
ZixhiOp — —— > 763,
\/ndl 7 vn ; r * 2 Z k

For some random variable X, we denote by ' +)[ X], M’”[X]

distributions ,u% ) and u( )

the expectations of X evaluated under

, respectively. Using Lemma A.5.1, we obtain that

— pk—1)

TL n

77151 [log exp(hF (X, 0)) (’”)(d)\,de)Zg’“*))] - -E {log (/ exp(hﬂ“)()\,e))p,(f’)(d)\,dO)Z,(Lk’))}

exp(h® (A, e))} )] : (A.44)

S

éfIE [log ( (k,+) {exp( (A, 9))})] - %]E [log (,ug“’_)

—

where (i) is by result 1 in Lemma A.5.1. We consider the following Taylor expansion:

> 1 =1
exp (DX, 8)) = 3 hP (A, 0)' = 1+§ :c““)e;c +R® l§ TP, 0)L (A.45)
1=0 =5
where
(k) _ 1
A = (A, N0, + Zi, ),
1 ﬁnd< ) Oy ﬁnd< ky A)
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2
) _1 1 ) 1
— (= (ANO 4 ——(Z4 X)) — ——(AN),
Cy 2( nd< ) Oy, m( ks A) 2\/@( )
c(k)__iu\ ,\><)\ )\>@ ¥<Z /\></\ /\>_|_1 L(A /\>® n 1 (Z )\> 3
3 T 2nd 2n3/Ag3/4 T AT G \ T a T )
(k) _ 1 1 1 1 2
=—— (A A)? — A <A7>\@-+Z.,)\)
o 8nd< ) 4\/@< ) \/@< 1Ok m< ko A)
1 1 1 4
+ - ANO, + Zi A,
24 <m< > k \/@< k >)
W AN e 1 2 1 1 s, 1 .
R 43(n d)3/29k+ nd<)\’>\> \/n77d<A7>\>®k+7\4/@<Z'k’>\> 0k+384n2d2<>")\> 6%
1 1 1 3
———— AN [ =(ANO+ ——(Z.,A) | 6,
12\/@< >(\/@< L \4/@< ’“ >> K
1 1 1 2
+)"’\2<A7)\@ +Z‘,/\>06
167”Lal< ) \/@< ) O W< ko A) k
—LO\ A)? L<A PNIC) +L<Z ) ) 67
48(nd)3/2 7 Vnd k Vd &> K

The next lemma characterizes convergence of power series:

Lemma A.5.2. For n,d large enough, the following quantities almost surely exist and are finite:
S L o) [ z S L) [0 !
=5 =5

Proof. We will only prove the lemma for uf(l =) Proof for uﬁf’“ is analogous and we skip it for simplicity.

By the power mean inequality we have

dzk, ‘+‘ WA)QO%’I}.

(k=)

Next, we take the expectation of the last line above with respect to ' 7, which gives

Sl [ o]

=5
O~ [ 3n'2K?|©), Ng? 33U Z L K gl 3l 22 (2) gk | ()
—; e 1di/4 114172 <%0

where (1) is by Assumption A.4.1 and the third result of Lemma A.5.1. In order to prove (i), we only need

to use the following fact: For n,d large enough we have

6o K2n'/?

7172 <1
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According to Lemma A.5.2, we can take the expectation of Eq. (A.45) with respect to u% +) , which gives

) [exp (hﬂ“)(& 9))}

1
=1+ 1 el go + uE D EOF] + RO+ w0 [ 37 ZhP (A, 0)1]. (A.46)
=5

In the above derivation, we use the fact that under u& +) , we have 6y, 4 e, which has zero first and third

moments. Using Assumption A.4.1, we conclude that c(k) > —5/%K?. Furthermore, notice that

2 4
3 1 1 1 1 1 1
A2 - A A (A,A@ +Z.,A> ( ANO, + Z.,A)
8nd< > 4m< > m< > k m< k > 24 m< > k m< k >
is non-negative, thus we have cflk) > —ﬁ()\ A2 > — K 4. Since 8}, has zero expectation under u%k’ﬂ, we
then conclude that p{F™ [hgc)()\, 0)] = # (k. +)[(/\ A)03] > —351/5K?qe. By Jensen’s inequality

pF ) [exp (MO (A,0)) | > exp () [B(X,0)]) = exp (—;\/EKQ%) :

Note that the function x — log(z) is concave. We next plug the lower bounds derived above into Eq. (A.46),

and obtain

’10g (5 [exp (n9 (A, 0)) ]) = 10g (1 + D[ la0 + S EIOf ) |

(k, +>[ R (X, 9)} + ue D[R] x

max {uﬁf’” [exp (hglk)()\, 0))} (1 + uE e (k)]QG + ulh +)[ ] [94]) 1}
(k, +)[ )\ 0) } %kHr) [R(k)] %

max {exp (;\/ZK%]@) , ( [1@ qe — K4IE[®4])1} : (A.47)

Since d > n and (K, qo,E[@F]) are independent of (n,d), we obtain that term II above converges to 1 as

n,d — oo. Next, we will provide an upper bound for term I. To this end, we upper bound E[m(k +) Doss %h%’“) X, 01
and ]E[|unk +) [R™]|] in Appendix A.5.1 and Appendix A.5.1, respectively, and combine them to finish the

proof in Appendix A.5.1.
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Upper bounding

B[

DI 2h (1, 0)1])

=51

108

Since pe is sub-Gaussian, there exists a constant C' > 0 depending only on pe, such that for all p € N4,

EG)ON#(—) [|®0|p]

< CPpP/? and Eguno,)[|GIP]

< CPpP/2. Then for n, d large enough, we have

o0 1 _ ,
E l DOFIZ A hé’”(A,e)l}
=5 )
@ilE (k) ‘ A NGB+ Ze 00— L x|
St ||| Nt g B 2nd
(i) & 1 1 20717 1/2
<Y ZE <kv+>‘ (A, 00,0, + Z. N0, — ——(A, )0
_;” Fn ﬁ KOk m( ks A) O 2ﬁnd( )
(4i4) 3l 1 2771/2 ) 01771/2
< Zx{E | pt) ’A,A@B (k) ’Z )0
=2 lun (A A 00 (Z .15, A0},
1 21 1/2
E | pdt) ’ A N)6?
|f%z 2m< > k

(iv) &, 3! K2 o2lpl/2 l Klo2ipl/4 . K2 o2pl/2 .
(1;) n5/4
<Fg.c X e (A.48)

where Fx ¢ > 0 is a constant that depends only on K and C. In the above inequalities, (i) is by triangle
inequality, (%) is by Holder’s inequality and (i) is by power mean inequality. Argument (iv) is via a
(1) Support(A) C [—K, K], (2) pe is sub-Gaussian, (3) the random
is independent of (Z ., Oy).

combination of the following facts:

distribution ,ug, )

For illustration, in the following parts of the proof we upper bound the second summand in the second
to last line of Eq. (A.48). The proofs for the first and third summands follow analogously.

(k4)

By Lemma A.5.1, we see that s, (k,+)

is independent of Z ., and 6} is independent of A under py,

Therefore, we have

/92— k,
— n—l/2q l/2E[M$L +)[>\31)\32"'

1
Td<Z7€7}‘>0

(A.49)

21 n n
k = Z Z E[Zsﬂczszk"'zszlk] Csi,s9,0 5205
81:1 Sglzl

where Cs, 5. Asy JJE[O2']. By sub-Gaussian property we have

21
|Cor s o] < EHCH (2001212,

Consider all terms that take the form of E[Zy,xZs,k -+ Zsoyk]-

positive. Using property of Gaussian distribution, we have

S oY EZawZosk Zogk) = B[(Zik + -+ + Zui)™] = 0! (20 — D < nC?(21)"

81:1 52121

If such term is non-zero, then it must be
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Therefore, the right hand side of Eq. (A.49) has value no larger than
nlch(zl)l % K2l02l(2l)ln_l/2d_l/2 _ [(2lcv4l(2l)2lnl/2d—l/27

which leads to the desired upper bound for the second summand. Finally, we use Stirling formula and the

assumption that d > n to prove argument (v).

Upper bounding E[|M$Lk’+) [R(k)]”

Similar to the proof in Appendix A.5.1, we conclude that for n, d large enough

kA RO < o T
Elfpy, W [R™]]] £ F o ¥ FZE (A.50)
where F' ]’( ¢ > 01is a constant depending only on K and C. The derivation of the above upper bound is
similar to the derivation of the upper bound for E[|u(k +)[ s h ()\ 0)"|] given in Eq. (A.48), and we

skip the details here for the sake of simplicity.

Combining the upper bounds
Combining Eqs. (A.47), (A.48) and (A.50), we obtain that for n,d large enough

ii {log ( (ky+) [exp <h(k)()\ 0))}) log (1 + pk e (k)]q + e (k)]E[@é})} ’

k=1
<2(Fg,c + Fg o) X Zi—;j (A.51)
In what follows, we show that the following quantity is small:
zd: [log (1 +uF e g0 + pE e ik)]lE[@‘S])} - zd: g [10g (1 + e ék)]qe)} | . (AB2)
=1 =1 "

Again we use the concavity of the mapping x +— log(z), which gives

k, Kk k, K,
PO (1 [P ge + P [P IEOR)) |
L+ e ge + ufl P [V |E[©4)]

k k
log (1+ [l ]ao ) + ullD [V |E[OF] -

o [e B[O
L+ P [)ge + il [V B[]

(k)
un El®
<log (14 [ef)ge + pil e i’”]E[@iﬂ) < log (1+ P [cf)go ) + 1+ <£ ) [] <k[>1 ;
Hn Cy "1qe

Ll SN 6o ElOY)]
RGN U

(1+

<log (14 uH[cf]go) +
(
os (A.53)

By Lemma A.5.1, u(k ) and Z ., are independent of each other, thus

E{pgfﬂ {8 SN - 4id<A,A>( A +ﬁ<z ,\>4”=o. (A.54)
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Next, we plug Eq. (C.9) into the definition of cflk), then apply Lemma A.5.1 claim 3, which gives
[l

[t [anaar2el]] Bt [anel]] Bl (A2 (242267
ISTEREE * 24n2d? + ISTEREIE

n3/2

S2d3/2

Ko + K®E[®j]. (A.55)

24d2

In addition, we have the following lemma:

Lemma A.5.3. There exist constants A1 (K, pe), As(K, ue) > 0, which are functions of (K, ue) only, such
that

2
n n
Bt (7] < Ar(K o) x 5o Bl (V) < As(K o) % 5

Proof. Straightforward computation reveals that there exist A} (K, po), A5(K, po) > 0 depending only on
(K, po), such that

1
Elul[|es”*]) <A} (K po)E [usf v deg< N5+ -

<Z,€,A>4+7;<A,>\>2”

1
Elul (e} 7)) <45 po)E [uﬁf” L2d2<A,A>4 SEANIAN O+ S AN 2N

L (ANe) 4 21d2<z.,€,)\>8” .

The rest of the proof follows from Lemma A.5.1 and the assumption that d > n.

O]
Recall that ¢! > K2 and ¢! > — K4 Then for n,d large enough, using Lemma A.5.3, we obtain
2 4 4d
k k), (kA4)r (k
|ﬂ( et )]qu[Gé]] < o E[Oy] < EfulE[| e 2R [ | o) 212
L e ae -3V
290 E[O5) A1 (K, po)'/* Az (K, pe)/*n?/
< T 7 (A.56)
k, k, k k, k
e EO8] (1 e g + e O] |
1 a1 g + i e B(O)
E@E[un i) El©glaeElun ("] *] Bl o (| R
T1- 55 K2ge — 15K *E[Og) 1-1/5K%0 — 5 K'E[6]
2E[O))2 Az (K, po)n® | 2E[Oj]ge A1 (K, ue)'/? As(K, #6)1/2 32
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Next, we plug Eqgs. (A.55) to (A.57) into Eq. (A.53), then sum over k € [d]. This implies the existence of
C (K, po) > 0, which is a constant depending only on (K, ug), such that for n,d large enough

C K7 He n1/2
o)) - g

M=~
S

b
Il
—

IA

(]~

3=
=

log (1+ (el g6 + uE [ EO]] )| (A.58)

o~
Il
—

C(K, pe)n'/?
log(Hu(H)[(k)}q@)h ( d/;tz)

IA

(]~

3=
=

ES
Il
-

Combining Egs. (A.51) and (A.58), we derive that

E [iog (1 + 10| - 32 L [log (460 [oxp (10, 0))])] =onlD). (59

k=

M=
S|

ES
Il

-
—

Similarly, we can prove that

[~
S|
=~
S|

E {mg (1 +pk e g’“)]q@)} ~Y CE {log (M;’H {exp (hg“()\, 9))m — on(1). (A.60)

>
Il
—
>
Il
—

Since c;k) is independent of 6, by Lemma A.5.1 we have ,u(k +)[ (k )] = u%k’f)[cgk)]

Egs. (A.44), (A.60) and (C.14), which gives P — ol = 0n(1). Thus, we have completed the proof of
Lemma A.4.2.

. Finally, we combine

A.5.2 Proof of Lemma A.4.3

In this section we prove Lemma A.4.3. Applying Gaussian integration by parts, we obtain that

80 (h.5) = B log ([ exp (LY (1), 2/(5) + HaN Y (1) + Ha (3 (5)) (0.
where

A)2[©]1%/(nd) + 2(A, A)(A, ZO) /(nd)*/* + || ZT X||*/v/nd
a5 + 2|\)12/vnd

~ o (1+ 22 ix2).

LY (), /() =2

By triangle inequality,

(A N]0]%/(nd)  gd

AN

M<K |2¢5" + 2||A|12/Vnd 2n< )

< s |AN2(IOIP — dgo) /(nd) G (A NN/ (/2

Tle<K | 25" +2|A)2/Vnd M<K | 2¢g" + 2| AlI2/Vnd
nK Q(a /2K

1©]* — dge| + (A.61)

2d1/2 :
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Furthermore, notice that the following inequalities hold:

AN N ZO d 3/4 3/4 K3
sup < ’ 7>1< ) >/(n ) < n g@i ||Z®||7
M<K | do" + IA2/Vnd d3/
2 2 9
(AR WAVCT I P2 /\/@Jr |27 102/ ) RS
sup _ — - < |
M<K | 206" + 2| A]12/v/nd 245" 245 2dv/nd op
d qe 2) dq@ 9 q% 1 q%n3/2K6
sup |5 log {1+ Z=I[IAI7) - AP+ Bopnye < SO
Az |2 g( \/@H I 2\/@” 17+ 2 1A ST
2 T 2 2 2 9 n
WBIZ AP~ 4 |y 4| ~ N6 K .
=5 o Al = zZZ" —dI
I\AﬁipgK 2nd 2n” )= 2d I nllops

where in Eq. (A.64), we use the fact that for all z € [0, 00), there exists y € [0, 2] such that

2 3

x
log(l4a)=a— g
og(l+z)=x 5 +3(1+y)3

Next, we combine Egs. (A.61) to (A.65), and conclude that

[0, 5) = du(h, )

<lg

n

nkK'qe |||®|? —dge| ¢dn®?KS n*lqeK?|ZO|  nPPKSGR||ZZT ||op
2d 2d1/2 d3/4 2d3/2

@32 K N N K4 ZZ" — dI,|op
6d'/2 2d '

Using Lemma A.2.1, we see that

E

L, T
~zZ" -1,
|3

n o dx?
§100\[—|—/ exp <— ) dz
0p‘| d 100 n/d 3200
[n 40 [ y?
<1004/ = + —/ ex (—) dy.
d  VdJo P 2 )%
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(A.62)

(A.63)

(A.64)

(A.65)

(A.66)

(A.67)

Finally, we combine Eq. (A.66), (A.67), the assumption that d > n, and conclude that as n,d — oo,

|<I>£LO)(h, s) — ®,(h, s)| = 0, (1), thus completing the proof of Lemma A.4.3.

A.5.3 Proof of Lemma A.4.4

Recall that W £ GOE(n). Then for all fixed orthogonal matrix O € R™*", O'WO £ W and O"(ZZ" —
dI,)0 4 (ZZ" — dI,). By orthogonal invariance, we can couple (ZZT — dIn> /vnd with W such that

they admit the following eigen-decomposition:

N

T_ _ T — T
m(zz dIn) Q75,0 W=078,0.

(A.68)

In the above display, Q is Haar-distributed on the orthogonal matrix group O(n), S and Ss are diagonal

matrices containing ascendingly ordered eigenvalues of matrices (Z Z' —dI n) /vnd and W respectively.
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Furthermore, S, S5 are both independent of €2. Direct computation implies the following inequality:

F Y 1 4o T 1 T
_ < 12 - _
b, (h, s) @n(h,s)‘_nE s [T (W \/@(ZZ dIn) A
g K?
<= —E[IS1 = Sallop]-

Let 04(S;) be the i-th largest eigenvalue of S; for j € [2], then [|S1 — Salop = max;epn |0:(S1) — 04(S2)|.
We denote by ESD(M) the empirical spectral distribution of matrix M. Then using random matrix theory,
ESD(S1) and ESD(S2) both converge almost surely to the semicircle law (see [13]). Furthermore, according
to the results in [11, 167, 115], asymptotically speaking, we have ¢1(S1),01(S2) “3 2 and 6,,(S1), 0, (S2) “5
—2. Therefore, we see that ||S; — Salop “3 0 as n,d — cc.

By Theorem 1.1 in [17], for all 0 < e < 1/2

E[||Wlop] < (1+¢) {2@_,_ \/loggili—i—g) 21(;gn}.

In the above equation, we first let n — oo then let ¢ — 0T, which gives limsup,,_, . E[||S2|lop] < 2. By

Fatou’s lemma, we further have liminf, _, E[||S2|lop] > 2, thus lim,, . E[||S2|lop] = 2. By Lemma A.2.1,
for any € > 0, there exists M > 0, such that for n,d large enough

E [1S1]l0p 1{IS1llop = M}] <.

Dominated convergence theorem gives lim sup,,_, oo E[||S1|lop 1{||S1|lop < M}] < 2, thus we have lim sup,,_, .o E[||S1]lop] <
2+¢. On the other hand, Fatou’s lemma implies lim inf,,_, o E[||S1]/op] > 2, thus lim,,_,o E[||S1|lop] = 2. Fi-
nally, notice that ||.S1/op+]/S2llop—[S1—S2|lop > 0. We then apply Scheffé’s lemma to both ||.S1—S2||op and
1S1]lop + [1S2llop — |51 — S2llop, which gives E[||S1 — S2]lop] — 0. This concludes the proof of Lemma A .4.4.

A.5.4 Proof of Lemma A.4.5

The first claim is a direct consequence of Lemmas A.4.2 to A.4.4. As for the second claim, it is straightforward
that the free energy densities ®,,(h, s) and ®Y (h, s) are well-defined on [0, 00) x [0, 0) and differentiable for
all h,s € (0,00).

By Nishimori identity (Lemma A.2.3) and Gaussian integration by parts, we see that for h,s > 0,

O o(hs) = LE [(AAT.EIAAT | A,¥'(h).2/(s))]

oh 4n?
L (h,s) = 5B [(AEIA | AY' ()2 ()]

Recall that h, s stand for the signal-to-noise ratios in the perturbed model. Therefore, we obtain that for
fixed s > 0, %fbn(h, s) is increasing in h and for fixed h > 0, %@n(h, s) is increasing in s.

As a result, for all fixed h,s > 0, the mappings x — ®,,(h,z), z — ®,(x, s) are convex on (0,00). Since
these mappings are obviously continuous, we obtain that they are convex functions on [0,00). Similarly,
we can show that for all fixed h,s > 0, z + ®Y (h,z), z — ®Y (7, s) are convex functions on [0,00). This

concludes the proof of the second claim.
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Finally, we prove the third claim. This proof is based on Guerra’s interpolation technique. For t €

[0,1],2,q € R, we define

xt \/E xt
HS (Xt 2,q) ::%<Aa )2+ TATW/)\ - EH)\”4 + V(1 —t)zqlg’, A)

(- tag(a, 3 — T,

1
U (t,x,q) :=—E [log/eXp (Hf(k;t,x,q))uf’"(dk)] :
n

By [125, Theorem 13], we see that lim,, ., ¥$(1,2,q) = sup,>o F(z,y). Using Lemma A.2.3 and Gaussian

integration by parts, we see that

iwf(t,x,q)_nﬁ{;m» AA‘*ﬁAATJFW’ V(1 —t)z A+g]
1

:Z]E{(TL(A)\ )‘\ﬁAAT—kW’\/l—t A+g] %
> _ 2
=77y

Direct computation reveals that
G x
\Ijn(oﬂxaq) = f(xaQ) + —
Therefore, for all z,q > 0,
UY(1,2,q) = VE(0,,q) / —\IIG t,x,q)dt > F(z,q). (A.69)

According to [125, Proposition 17|, for all but countably many > 0, F(z, ) has a unique maximizer ¢*(x).
For these x, we plug ¢ = ¢*(z) into Eq. (A.69), which implies for all but countably many = > 0 and all
t €10,1], limy, oo ¥E (¢, 2, ¢ (z)) = F(z,q*(x)) + ¢*(x)?(1 — t) /4. Notice that VG (t,z,¢*(x)) = ®Y (0, s) if
xt = ¢@ and (1 — t)zq*(x) = s. This concludes the proof of the third claim of the lemma.

A.5.5 Proof of Lemma A.4.6

For t € [0,1], we define the interpolated Hamiltonian as

(0 == (A 3(0.0) + Y LATz0 - NP0l
Ltane.0+ YNz Lo
;L:Lm, A2 4 @ATWA _ %n/\uu
h(12; DA, x4 YLD 5rps 11(147;15)”5\”4.
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where Z' = (Z{j)ie[n] ,jeld) is an independent copy of Z and is independent of everything else. We empha-
size that Z,Z’', W, W’ A, ® are mutually independent. Notice that Hy, ;(X,0;h) is the Hamiltonian that

corresponds to observations (A1, A3, Y 1,Y5)

Vi

A= ——AO® " +Z = Ay="—AO" +Z,
nd nd
Vht h(l—1) - -
Y= —AAT + W, Y, = QAAT + W'
n n

We define the corresponding free energy density

o5 ,(h) = %E [log ( / exp (HZ (X, 0;h)) u%"(dx)ugd(da)ﬂ .

At the endpoints, we have ®5 ((h) = ®%(h) and @ ;(h) = ®,(h,0). For simplicity, we denote by (-)c
the expectation with respect to the posterior distribution P(A =-,© =-| A1, A2, Y 1,Y ). Using Gaussian

integration by parts and Nishimori identity (Lemma A.2.3), we have

0 1

A h T2 AT )2
— % ,(h) = E [(AXxi — AiX)O;0)hci] + —E[((ATA)) )] — —E[(ATA))5c
5 2t (D) %Mie[%e[d} [(( )9;05)nc] + T BUAT N Dned] = 1 SEUATN)n e,
1 . h o
_mE {<(A1)\1—A1A1)<®,9>>h’57t} + 1z S E (AN = AAAA ) pea]

i€[n],j€[n]

Next, we provide upper bound for the above partial derivative. Invoking Holder’s inequality, we see that

a £
’a‘bn,t(h)‘
1 _ h o
<5—E (A = AA?), 7, ((0.0)),7 | + 55 D El(AA, — AA,)?)2E[AZAZ)
v i€[n] j€ln]
1 Ay \2 1/2 2 1/2 413/4 A \411/4
ST (A= An?), | E[(©,0)2), ] + rEIATPIEIA - A

We denote by (-)5, ¢+ the expectation with respect to the posterior distribution
PO=-|A;,A5, Y, Y2, A A).
Direct computation gives the following inequality:

E[((0.0)2),.,.| =E[(e%6}), ., | +dd-1)E[(©,0:0.62),,..]

<dE[®%] + d(d — 1)E [(@1929102%7&“} . (A.70)
Recall that 7, = d'/*n~'/*. We define the mapping

Fo(0) :=r2E[E[O | r,' 6O, + G]?],
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where @y ~ g, G ~ N(0,1) and © L G. Notice that

E[(©:0:0,6:),.....] < “E[Fo (\/tAI3 + (1 —0AI3)/) ] (A7)

Direct computation gives

d
dé

=(200¢ + G) Var[® | §©, + G| — 6E[@] | 6@, + G] + SE[O] | 6@, + GIE[@¢ | 6© + G|,  (A.72)

E[© | 600 + G]

Next, we apply triangle inequality to upper bound the right hand side of Eq. (A.72), which gives
d
s
<r, ' x {(2r,'6|®¢| + |G|) Var [@q | 1, 15O + G]
+7, B[O | 7,16@0 + G] + 1, SE[OF | 7, 6O + GIE[|O¢] | 7, '6O0 + G]} .

E[© | ;160 + G|

Leveraging the above formulas and Hélder’s inequality, we obtain that for n,d large enough

@0\7“ Ji@o—FG]‘dl‘)

2
dx]

0
<40E [ / 47222 @2 Var (@ | 1y 2@ + G]” + G Var [0 | r;; 120y + G]

®0|7’ x®0+G]

22%E(|©0|? | 7, t2@0 + G + 1, 22E[O] | r,, 2@ + GI’E[|Oy| | r,, 2O + G]*dx]
<Cle (54 +1). (A.73)

In the above display, C},, > 0 is a constant that depends only on pe.

We define the set S = {||A[|3 < nE[AJ] + n||Af||w, }, where | - ||y, is the sub-exponential norm of Ag.
Then by Bernstein’s inequality [192, Theorem 2.8.1], we can conclude that there exists a constant C},, > 0
depending only on ua, such that for all s > 1,

P (| AlI3 > nE[AG] + sn|[Af|lw, ) < 2exp (~Cpyns).

Therefore, for n,d large enough we have

“g |Fo (¢<t||A§+<1—t>|A|%>/nﬂ
S (\/(tIIA%+(1—t)|f&|%)/n)2ﬂs + 5 | Ry (wtnAn%w—t>||A||%>/n)2nsC]
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»4C? n 202 n 4 2nC?_ 4
<—hes  —her (B[AT) + [AFle,)" + —"2E [(1AI3/n) " 1s:]
4C% n 2C* n 4
<t ho— (EIAS)+ A3llw,) " + (A.74)
2”03@ o0 9 2 2 2 2 3 2
=2 | AP (AN /n = EIAG) + slAFlw,) (BIAF] + s[ATllw.)” A ]lw,ds
4C2 n  2C2 n 4 2nC? oo 3
el el (EAY) + A3 w) =2 [ Sexp (<Cins) (BIAY + 5143 ]w,) [AFa,ds
<an (A.75)

where Cy > 0 is a constant depending only on (ue, ia), and in (i) we use Eq. (A.73). Furthermore,

E [<(A1>\1 - 1_\15\1)2>h7€,t} <2E [AT{((A1 = A1) D nen] +2E [(A1 — A1)>(AD)n e

OB [AY B (0 - A0)22.] P + 2B (A — AN PE[(AD2,]?

<9 [AY]PE[(Ay — A + 2B [(Ay — A)Y] P E[AY]
<Cye, (A.76)

1/2

where Cy > 0 is a constant depending only on . Finally, we combine Egs. (A.70), (A.71), (A.75) and (A.76),

and conclude that

—

0
at n,t

<h>\ <oz

for all t,h € [0,1], where Cy > 0 is a constant depending only on (ue, a). This concludes the proof of the

lemma.

A.6 Achieving the Bayesian MMSE

In this section we prove the technical lemmas required to prove Theorem 2.4.5.

A.6.1 Proof of Lemma A.4.9

We define the set

0= {\Al| < 2Ko\/logn : i € [n]}

By Eq. (A.16) we see that P(Q°) < 2n~3. Furthermore, on { we have A = A. For matrix X € R"*? we
define the mapping M : R"*¢ — R™*" such that M(X) = E[AAT | A = X]. Then we have

1/2 ()1
<

%E [HAAT _E[AAT | A}Hi] <-

E MAAT _M(A)Hi} v

(i) 1 o 2712 I o 1/2
<°E [HAA —M(A)H } +-E [HAA —AA H } . (AT
n F n F
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where (i) is by the fact that the posterior expectation achieves Bayesian MMSE, and (i) is by triangle
inequality. Applying triangle inequality and Hdélder’s inequality, we have

1/2

1 o B 2712 o B 5 1 o B 5 1/2
“E MAAT - M(A)H } <°E [HAAT - M(A)H 119} +-E [HAAT - M(A)H 11QC]
n F n F n F

1 o BT - B
<°E [HAAT - M(A)H } 4 E {HAAT H ] P(Q°)H/1. (A.78)
n F n
Direct computation reveals that E[|| AAT—=AAT||2]/2/n = 0,(1) as n,d — oo, and E[| AAT =M (A)|4]Y/*/n <

8K2logn. As a result, we conclude that E[|[AAT — M(A)||4]Y4P(Q°)/*/n = 0,(1). Combining these anal-
ysis with Egs. (A.77) and (A.78) concludes the proof of the lemma.

A.6.2 Proof of Lemma A.4.10

Let W, W’@GOE(n) that are independent of A. For ¢ € [0,1], s > 0, we define

. gor/(1 —t)sAAT
YY) = +W,

B} \/; — A -1
Yl(yt) = T( 1/2A+T )(q1@/2A+Tnlg)T+W’.

For &,y € R", we define the corresponding truncated vectors &,y € R™ such that z; = z;1{|z;| <
2Kpv/logn} and g; = y;1{|y;| < C5y/logn} for all i € [n]. The Hamiltonian that corresponds to (Yffz, Y! t))

can be expressed as

HY) (2, y)

ts _ 1 Vits _ _ 1o ts _ 1
=5 (& *A+ry g>T<q“2m + rnly»? 5 (0 ) W e e ) — g e
n (1-— t)sq@ \/ )sqe 2TWe ( )SQO £ ”
2n an

The corresponding free energy density can be written as
1 S mn n
Gu(ts) = ~E {log </ exp (H)(@,y)) PR" (da) B, 1)(dy)ﬂ :
where PN(O 1 is the distribution of N(0, I,,). Invoking Lemma A.2.3 and Gaussian integration by parts, we

obtain that

0

S s
S Gn(ts) =B [ [E[* A+ 179 *A+17'9) T | YEL Y]

2

Sqg s

R [JE[AAT Y S Y] -
n

Leveraging Holder’s inequality, we see that

‘%Gn(t,s)‘
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< E[4E (0 Ar + 770 g0) (@ Az + 7" )\Yffz,Y(s)} 7”—91&[1& A Y S Y| ”+on(1)
071/2
< E|(qoA1As +r; ¢ ?A YV2Rog1 + 1726150 — go A1 A
<1 qoN1Ag + 1, 192 + 1, QQ 201 +7,°9192 — qo A1\ X
o 1/2
E {(%Aﬂb +r, / Aigo+ry, / Asgr +1,%5192 +QGA1A2) ] + on(1). (A.79)

The upper bound given in the last line of Eq. (A.79) is independent of ¢ and converges to 0 as n,d — oo.

Therefore, we conclude that as n,d — oo

sup an(ta s)

— 0,
t€(0,1),5€[0,2] ‘3?5

which further implies that |G, (1,s) — G(0,s)] = 0,(1) for all s € [0,2]. Recall that F(-,-) is defined in
Eq. (2.12). Using [125, Theorem 13|, we have G, (0, s) = sup,>¢ F (¢35, q)+0n(1). Observe that s — G, (1, s)
is convex differentiable on (0, 00), and converges point-wisely to sup,>q F (¢3s,q) as n,d — oo, the later is
differentiable at s = 1 for all but countably many values of gg > 0 according to [125, Proposition 17|. Invoking
Lemma A.2.4, Lemma A.2.3 and Gaussian integration by parts, we conclude that for all but countably many

ge >0

lim LK {Hqéan(Yg)—q@ (¢/*A + 1, 'g) (qg/QAH,;lg)THﬂ — lim MMSE>™ (11 go).

n—oo n2 n— 00

Notice that lim,, .~ E[||(¢g YIN + r,9)(qg V2N + r1g)T /n— qoAAT /n||%] = 0, then the proof of the lemma

follows immediately from triangle inequality.

A.6.3 Proof of Lemma A.4.11
We define the set
Q= {10 < 2Kz \/logd: j € [a)}.

By Eq. (A.18) we have P(2¢) < 2d—3. Furthermore, on the set Q we have A = A. For X € R"*? we define
the mapping M (X) := E[AAT | A = X]. Leveraging triangle inequality and Hélder’s inequality, we obtain
that

2712 N 12 5 1/2
“E [HAAT—M(A)M <°E [HAAT—M(A)H 19] +-E U’AAT—M(A)H nQC]
F n F n F
1 T |1 1 T ey1/4
< E HAA fM(A)H +-E HAA H P(Q°)
n F n

Since the posterior expectation minimizes the expected [? risk, we then have

%IE U’AAT - M(A)Hi] > %]E {HAAT — E[AAT | A]Hi] .
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By the bounded-support assumption, we see that E[|AAT — M(A)||4]"/*/n < 2K?. Thus, as n,d — oo,
1 T c\1/4
"E |[|aAT - M H P(Q)/4 - 0,
n

which completes the proof of the lemma.

A.6.4 Proof of Lemma A.4.12

For t € [0,1], we define the interpolated Hamiltonian as

ts \/t>s ts
HE (X, 0;h) = {Aixi®-0-+zi->\ie-—>\§92}+
n,t( ) Z J \/@ 270 m J J 2\/@ J

i€ln].j€|

s(1—1) 5 B s(I—t),_, . = S(1—1) (g9ng ,
g Qi+ T A X202 |+ Hu (XY (),
ié[n]zje[d]{ Vnd " Vnd T oynd T (A Y (R))

where Z' = (Zgj)ie[n]_je[d] is an independent copy of Z and is independent of everything else. Note that
HY nt(A 0;h) is the Hamiltonian corresponding to the observations (Ags’t),Ags’t),Y’(h))7 where Ags”f) =
\F AT //nd+ Z, A = \ /(1 —1)sA®T /¥/nd+ Z' and Y'(h) = VRAAT /n+ W', Here, we recall that
~ GOE(n), and W' Z,Z' are mutually independent. We define the free energy density corresponding

to the Hamiltonian H ()\ 0;h) as

ol (h) = %E [log (/ exp( 16 h)) " (A (da))] .

At the endpoints, we have (I)S,]o(h) = ®,(s,0,0,h) and <I>£f7]1(h) = ¥,(s,0,0,h). We denote by (>£SL the
expectation with respect to the posterior distribution P(- | A", A ¥/(h)). Then we have

‘ ol (n) @|_S ]E[(A-)\‘(@'B‘—(:)‘@))[S]H
+ nt - 17 A 17371t,h
0 2V s et
(i) g §71/2 s 11/2
< B[] E (0,0, - 0,000 ] (A.80)
Vd e et

where (i) is by Gaussian integration by parts and Nishimori identity (Lemma A.2.3), and (%) is by Holder’s

inequality. For all j € [d], using power mean inequality and Holder’s inequality, we have

E[((©;6; - ©,0,%)0] <2E[03((6; - 0,)2)}'}] + 2EI(©; — ©,)%(8})1']

<2E[©!]'/2E[((8; — 0;)*)17]V/? + 2E[(©; — ©,)Y]/2E[(6?)\")]"/?

s

<2E[®1]'E[(©; — ©,)*]'/* + 2E[(©®; — ©,)*]'/*E[©]]"/2. (A.81)
Notice that

E[(©; —©;)] g/ 42°P(|®¢| > x)dx < 4/ yexp ( _ %)dy
2K>+/Togd 4K2logd K2
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oo B 4K3 +16K31logd
AK2logd d '

=~ 4(yK3 + Ki)exp - Kig) ] (A.82)

Combining Eqgs. (A.80) to (A.82), we obtain that sup,c( 1)n>0,5,>5>0 ‘%fbn‘ii(h)‘ — 0 as n,d — oo, thus

completing the proof of the lemma.

A.6.5 Proof of Lemma A.4.13

Using Lemma A.4.12, we have lim,, 40 ’i)n(s, 0,0,h) — ®,(s,0,0, h)‘ = (. Similar to the proof of Lemma A.4.8,
we can conclude that lim,, 40 [®1.(5,0,0,h) —sup,>g F(q4 s>+ h,q)| =0 as n,d — cco. Therefore, in order

to prove the lemma, it suffices to show

lim sup |<f>n(s,a,a/7h) — @R(S,O,O, h)‘ =0.
n,d—o0 a,a’€[0,10]

Using Gaussian integration by parts and Nishimori identity (Lemma A.2.3), we obtain that for all a,a’ €
[0, 10],

Du(s.a,a'.h) = TE [OTE[® | A(s),a'(a), 2(a), Y'(h)]] < 50Ee,~pa[OF]:
/2 (A.83)
%@n(s,a,a’,h) = Z—nE [ATE[A | A(s),m'(a’),:i‘(a),Y’(h)]} < 50Epq~pn [AG)-

n

den

Notice that if ¢, = ¢/, = 0, then ®,,(s,a,a’,h) = ®,(s,0,0,h). Therefore, by Eq. (C.11), we conclude that

as n,d — 0o,

sup ‘Cf)n(s, a,a’,h) — ®,(s,0,0, h)| < 50(]EAONHA [AZ] + Eeo~uo [(:)g])(an +e)—0,
a,a’€[0,10]

thus completing the proof of the lemma.

A.6.6 Proof of Lemma A.4.14

Since |@0\ < 2Ks+/logd, we then have

E[U(OM)(0N)T0P /d)1 .00 1] — E[(0D)T0P /d)1 g0 n]ELUOD))1,0,0.1]

<4K3 log dE[(|U(8) — E[(U(8))1,0,0',0]))1,0,07,1]- (A.84)
Using Gaussian integration by parts and Nishimori identity (Lemma A.2.3), we have

E[((0™)T0® /d)1 0,0 JE[U(0D))1,0,07,] = aB[(6D) 70 /d)1,0.07,n]7, (A.85)
E[(U6W)(6W) 6P /d)1,0,01] = aB[((6) 6P /d)*)1,0,0,1]- (A.86)

Next, we combine Egs. (A.84) to (A.86), and conclude that for all a € [1071,10],

E[((6)70® /d —E[{(8™)T6 /d)1.a.0r.1])*)1.0,0,1]
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<40K3 log dE[{|U(8) — E[U(0))1.0.0' 1] ])1.0.07.1]-

A.6.7 Proof of Lemma A.4.15

One can verify that ¢, (1,a,a’,h) is twice differentiable for a,a’ € (0,10). Using Gaussian integration by

parts and Nishimori identity, we can compute its partial derivatives:

%én(l,ma’,h) = en{U(0))1.0.0 .1, (A.87)
2
@én(l’ a,a’ h) =ne (UO) — (U(O1.a.01))1.a.arh +60(2070/d —070/d)1 g0 1- (A.88)

Notice that |@g| < 2Ksy/logd, then ’E[%(ﬁn(l,a, a, h)| = £naB[(©70/d)1 q.0r.n) < 40e,K3logd for all
a,a’ € (0,10). Using these results, we further obtain that

_ 1 [ 9?
—(UO))1,0,0'0)") 10,000 < — (qu (1,a,a,h) + 12K25nlogd>

/ / ({U(0))1,0.07.0)°)1,0,07 1) dada’

1 o - /
§/1 E{nfi (8 Gl ad )|~ G100 1)

<CK3in 'e;'logd, (A.89)

+ 12K3¢, log dﬂ da’

a=2

where C' > 0 is a numerical constant. Leveraging Eq. (A.88), we conclude that the following two functions
are convex for all fixed a’ € (0,10) and h > 0:

a > ¢n(1,a,d’,h) + 6e,K3a*logd,
a = E[(Bn(la a, alv h)] + 65nK22a2 log d.

By Lemma A.2.5, for all a € [1,2], b € (0,1/2),a’ € [1/2,3] and h > 0, we have

o - 9 -
E Haaﬁﬁn(l,a, a, h) — E[aa(bn(lva’a/’h)]u

E Lfacén(l, a+b,a' h)— %(ﬁn(l, a—b,ad, h)} +24¢,K3blogd + 3Unb(h) ) (A.90)

Again we use the fact that |E[%¢3n(1, a,a’, h)]| < 40e,K3logd for all a,a’ € (0,10), and conclude that

/2E ié (1,a+b,d h)—ﬁé (1,a —b,a’,h)| da
1 aa n 9 9 9 aa n ’ ) )

=E [¢y(1,b42,a',h) — ¢, (1,b+ 1,a',h) — ¢y (1,2 = b,a’, h) + ¢ (1,1 — b,a’, h)]
<C'K3be, logd, (A.91)

where C’ > 0 is a numerical constant. Then we combine Eqgs. (A.90) and (A.91) and obtain that

/ / H bn(1,a,a’ h) — [aaaq_ﬁn(l,a,a’,h)]u dada’ < C” <b€nK22 logd + vnéh)) , (A.92)
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where C” > 0 is another numerical constant. Later in Lemma A.4.16 we will see that under the current
conditions, for n,d large enough we have v, (h) < $K3e, logd. Since b is arbitrary in (0,1/2), we can then
take b = \/v,(h)/(e,K3logd) in Eq. (A.92) and apply this to Eq. (A.87), which gives

/1 /1 E [[{U(®)) 10001 — E{U(8))1.0.00][] dada’ < 20" K Jon (h)en log d. (A.93)

Finally, we combine Holder’s inequality, Eqgs. (A.89) and (A.93) and concludes the proof of the lemma.

A.6.8 Proof of Lemma A.4.16
Conditioning on (A, ®), we consider the mapping
f:(Z.9,9',VnW') = ¢u(1,a,d", h).
For n,d large enough, the following inequality holds for all a,a’ € [0, 10].
IVfI?> < CK{K3d"*n=*/? log d,

where C' > 0 is a numerical constant. By Gaussian Poincaré inequality [189], we conclude that for n, d large

enough
n n 2 -
Ez.g.q w’ [(¢n(1,a,a',h) —Ezg.g.w(¢n(l,a,d 1)) ] < CK{K3d"*n=logd. (A.94)

In the above display, the expectations are taken over (Z,g,g’, W').
Next, we show that Ez 4 o w[¢n(1,a,a’,h)] (as a function of (A, ®)), concentrates around its expec-

tation. Notice that for n,d large enough, for all ¢ € [n], j € [d] we have

’(;ZEZM,,W, [fn(1,a,d, h)]‘ < O'K K2dY*n =3/ og d,
’agEz,g,W [cznu,a,a’,h)]‘ < C"KiKzd V0" (logd)'/?,
J

where C’,C"” > 0 are numerical constants. By Efron-Stein inequality [189], we see that there exists a

numerical constant C"” > 0, such that for n,d large enough
E [(Ezygyg,,w, [fn(1,a,a’,h)] — E[p,(1,a,d, h)})z} < C"Ki{Kjdn ?(logd)?. (A.95)

Finally, we combine Egs. (A.94) and (A.95) and conclude that for n, d large enough, there exists a numerical
constant C > 0, such that for all a,a’ € [0, 10]

E {(&)n(La,a’,h) —E[pn(1,a.d, h)])z} < C2K4KYdn~2(log d)?,

which concludes the proof of the lemma using Cauchy—Schwarz inequality.
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A.6.9 Proof of the first claim of Lemma A.4.17

Invoking Lemma A.4.13, as n,d — oo we have

sup

®,,(1,a,a',h) — sup F(q3 + h, q)‘ = 0,(1). (A.96)
a€[0,2a.],a’€[0,2a’,]

q>0

By Jensen’s inequality, for a ~ Unif|a. /2, a.] and o' ~ Unif[a /2, a!] we have

LE[|EIAAT | A(1), Y (h)] - EIAAT | A(1). 2 (a), 2(a), ¥ ()] 2]
1

<—E [HE[AAT | A(1),Y'(h)] — E[AAT | A(1),x’(a;),@(a*),y’(h)]m : (A.97)

Notice that the mapping h + ®,,(1,a.,a’,h) is convex and differentiable, and h > SUp,>0 F(qg + h,q) is
differentiable for all ¢4 + h € D. Therefore, using Gaussian integration by parts, Lemmas A.2.3 and A.2.4,
we conclude that for h+¢3 € D, as n,d — oo the right hand side of Eq. (A.97) converges to 0 as n,d — oc.

Furthermore,

0

5B 1AL awal?] = La'E [[EAAT | A1), 2(a). @' (@), Y/ (h)] = Avawnd] o0 nlf] < 4Kin%a"

Therefore, for a ~ Unif|a, /2, a.] and o/ ~ Unif[a) /2, al], using the above equation we have

SE [HE[AAT A&/, 30, Y ) - TSR S

A a,al da'd
nQa* l*/2/ 5 Oa’ E [1As.0aal] do'da

4K1

— A.
“nel(al)?’ (A.98)

which converges to zero as n,d — oo under the current assumptions. Egs. (A.97) and (C.24) imply
1 T % ’ 2 1 4
2 IE[AAT[AQ), Y (W]I[F = Sl ALea sl +op(1).
By Corollary A.4.1 we have
Al = B [|Aawrl? ] 0] +op()
n ,@,a’, n ,a,a’, ) .
By Jensen’s inequality, for all a € [a./2, a.] and d’ € [a] /2, a] we have
E [||A1,a,a’,h||2 | a7a’} S E [”Al,a*,a;,h”ﬂ .

Next, we combine the above equations and obtain that as n,d — oo

1 - 1 2
EIIE[AAT | A1), Y' ()] < —E [[[A1,0. 02,0 ]1] " + 0p (D).
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Similarly, if we consider a ~ Unif[a,, 2a.] and @’ ~ Unif|a’,, 2a], then we have
1 T 3 / 2 1 212
LIEAAT | AQ).Y ()13 > E [1Ar e 7] + 0p (D).

Since support(Ag) C [—K, K], by Lebesgue dominated convergence theorem we have

. 1 ) 1 _
lim —E [JAve.anl?]® = lim —E[JEAAT|AQ), Y W) (A.99)

n,d— o0 n2 n,d— oo n2

By Lemma A.4.13, as n,d — oo we have ®,(1,0,0,h) — SUp,>0 F(gd + h,q). Furthermore, the mapping
h+— ®,(1,0,0,h) is convex and differentiable. Therefore, if g4 +h € D, then by Lemma A.2.4 and Gaussian

integration by parts we have

T T| A Wz = 2 2
pim o EUEAATTAQL), Y I(WIlE] = 57 sup Flae + s q)- (A.100)

The proof of the first claim follows immediately from Egs. (A.99) and (A.100).

A.6.10 Proof of the second claim of Lemma A.4.17

We let a ~ Unif[a./2,a.] and o’ ~ Unif[a, /2, a,], then by Corollary A.4.1, we have

1 1

EHAl,a,a’,h”z = H]E [”Al,a,aﬁhn2 ‘ a, a/] + 5n,17
1 1

vnd vnd

1©1,0,00.0]1> = E (81,007l | @ 0] + 6n2,

where E[67. ;] and E[6? ,] are random variables that converge to 0 as n,d — oo. By Eq. (A.31) we have

1 1 )
o IMi00nli = = A aar al1@1 a0l + o

In the above equation, d, ¢ is a random variable satisfying E[|d,,0|]] — 0 as n,d — oo. Therefore, for all

a € [as/2,as] and o’ € [d!,/2,a’]

1
M 2
2n\/mﬂ 10,0,/
1 ~ 1
SmE AL 0w nl?] E[1©1,0,0,017] + §|5n,1||5n,2| (A.101)
1 |5n,1| E [”@1 wal th} + |67L,2|]E [HAl o h”ﬂ + 5n 0, (A102)
2m 1) 2n &y ’ )
Notice that
. 1 = 9 . 1 9
limsup ——=E [[©1,4, a7 1] < o0, limsup —E [||A1 4, a.n]°] < o0. (A.103)
n,d— oo nd n,d—oo T
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We plug Eq. (A.103) into Eq. (A.102) then take the expectation, which implies that as n,d — oo we have

2 - 2

Lﬂgjg n\/i E [ A1a.,00l7] E[[1O1,0. 0z 17
> lim M 21 = Do(h). A.104
 lm 2mﬁ E [[[M100.1]1*] = De(h) ( )

Similarly, if we let @ ~ Unif[a., 2a.] and a’ ~ Unif[a’,, 2a’], then we can conclude that

lim sup E [[|A1a.a.bl?] E[1©1.a,.a.07]
n,d—oo 27’L nd

< 2 = . .
M 2mﬁ E[[|M1001]*] = De(h) (A.105)

Notice that Deg(h) = 2¢3 % Sup,>o F(qd+h,q), then the proof of the second claim follows from Eq. (A.104),
Eq. (A.105) and the first claim.

A.7 Proofs for the Gaussian mixture clustering example

A.7.1 Proof of Proposition 2.5.1 claim (a)

We define the pairwise overlap achieved by estimator A as
. 2 N .
PairOverlap,, := o Z 1 {]I{Ai =A;} =1{A; = Aj}} .
1<J
We notice that
. 2 A A A A
PairOverlap,, = >~ (]l{Ai —AJ{A; = A} + (1 - 1{A; = A, (1 — 1{A; = Aj}))

i<j

=20verlap? 4 1 — 20verlap,, 4 0, (1). (A.106)

According to [125, Section 2.3], under the symmetric model (2.9), if go < 1, then we have lim,,_,oc MMSEY™™ (ua; o) =
1. This is also the mean square error achieved by the constant estimator 0,x,. For an estimate of the la-
bels A € {=1,+1}" and a € (0,1), we define the rescaled vector A, := \/aA € {—\/a,+/a}". Then by

Theorem 2.4.4, we have

1k [HAAT — ALAT

2
F] =E [(1 — a)*(PairOverlap,, + n™") + (1 + a)*(1 — n~ " — PairOverlap,, )]

=MMSE;™™ (i, o).

Theorem 2.4.4 implies that lim,, g—0o MMSEX™(pa, pte) = 1, thus

2
2

lim sup E [PairOverlap,,] < ot a7

n,d— oo 4a
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which holds for every a € (0,1). Let a — 0%, we then conclude that limsup, ;4 ., E[PairOverlap,] <
1/2. Next, we plug this result into Eq. (A.106) then apply dominated convergence theorem, which gives

Overlap,, K] /2. In summary, partial recovery of component identity is impossible in the current setting.

A.7.2 Proof of Theorem 2.5.1 part (a)

Let A € R™*¥ be any estimator of the cluster assignments constructed based on data matrix A. For a > 0,

we define A, = \/&A Under the current conditions, as n,d — oo we have

MMSET"™ (pa, pio)
=k72(k —1) + 0,(1)

1 -
<—E [[|AAT =k L — AdAT ]

k- + L S E[1A = A - 2 S B [1A = AdA(A = Az} 7)) +ou(D)

i,jE€[n] i,j€[n]
2 « N
<kk-1+a?- 5 Y E [1{As = A, H1{A = Az} — k7Y +oa (D).
i,5€[n]

Using the above equation we can conclude that

. 1 - P 1 a
limsup - > E (1A = A3 ({As = A} - k)] < 2.
’ i,j€[n]
Since a > 0 is arbitrary, we then have
1 N .
limsup— > E [n{Ai = A }(I{A; = A} — k*l)] <. (A.107)
n,d—oco0 N~ %
’ i,j€[n]
For s,r € [k], we define
I &
Osr = - 1 Ai = saAi = €ry. A.108
DILNERRE (108

We immediately see that Cy, > 0 and Zse[k] Zre[k] C,, = 1. Furthermore, notice that

1 1

ﬁ Z ﬂ{j&l:A],AzzA]} :ﬁ Z Z ]l{Ai:Aj:es,Ai:Aj:eT}
©,j€[n] i,j€[n] s,re(k]

> (A rA=enri=e) (A.109)

s,r€[k] 1€[n]

>,

s,r€[k]

L S U/ VY G LI i oY) V17 o

i,j€[n] i,jE€[n] s€[k]
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G2 (X St et e) (a1

i1€[n] relk]

Z sl+"'+csk)2~

€[k]

Next, we subtract Eq. (A.109) by Eq. (A.110) and apply Eq. (A.107), which gives

lim E[ S (Ca -0 =0
Tt ek 1< <ra<k
Note that for all s € [k], there exists rs € [k], such that [k] = {rs : s € [k]} and Overlap, =, ;; Cor.

Combining the above results, we conclude that Overlap,, = k~! + op(1), thus completing the proof of part

(a)-

A.7.3 Proof of Theorem 2.5.1 part (b)

Suppose the statement is not true, then for any A and any subsequence of Ny, there further exists a
subsequence {n;}ien, € Ny of the previous subsequence, such that n; < n;;1 and lim;_, o E[Overlapm] =
k=1, Therefore, Overlap,,, B k1. In the following parts of the proof, we will restrict to this subsequence
{ni}i€N+'

We assume A € R™F such that A < (A = - | A). Recall that for s,r € [k], Cs is defined in
Eq. (A.108). Furthermore, notice that AL A, then by the law of large numbers, for all s,r € [k] we have
1

, Clr+cgr+~--+cmf>%. (A.111)

=

Csl+cs2+"'+csk£>

For 6 > 0, if C17 > k=2 + 4, then by Eq. (A.111) Zz<s r<k Csr > (1—k=H2+ 6+ o0p(1). As a result, we
conclude that there exists a permutation 7 of {2,3,--- , k}, such that Cor(2) +Car(zy+- - -+ Chrr)y = k™ 2(k—
1)4(r—1)"'6+o0p(1). Therefore, Overlap,, > C114Car(2)+Carz)+- -+ Chrry > k™ +k(k—1)"15+0p(1).
For s,r € [k], we define the set SJ. := {C,, > k™2 + 6}. Since Overlap,,. £ k!, using the above analysis
we derive that lim; .. P(S9;) = 0. Indeed, we can repeat such analysis for all s, € [k] and conclude that
lim;, 0o P(S%,) = 0, thus Cyr < k™2 4+ 6 + op(1) along the subsequence {n;};en,. Since ey Csr = 1
and J is arbitrary, we deduce that Cl, B k-2 along the subsequence {n;};en,. This further 1mphes that
Cor 5 k2.

However, according to [18, Theorem 2] and Theorem 2.4.5, we see that under the conditions of this part

lim inf — Y E []l{A AjJI{A; = A} — liminf — > E[E[I{A; = A;} | AP] > k72

n,d—o0 n? - n—oo n2 -
i,j€[n] i,7€[n]

Finally, we plug Eq. (A.109) into the formula above, which leads to liminf,, 4_, E[Zs’kem C?%] > k2. This

is in contradiction with the previously established claim that Cl, B k2 for all s, € [k], thus completing
the proof of part (b).



Appendix B

The estimation error of general first

order methods

B.1 Technical definitions and lemmas

We collect some useful technical definitions and lemmas, some of which we state without proof. First, we

recall the definition of the Wasserstein metric of order 2 on the space &, (R¥):
Wa (. pi)? = inf Ea ol A — A7),

where the infimum is over couplings IT between p and p/. That is, [T € Z25(R*F x R¥) whose first and second
marginals are p (where a marginal here involves a block of k coordinates). It is well known that Wa(u, 1)
is a metric on P,(RF) [193, pg. 94]. When a sequence of probability distributions s, converges to y in the
Wasserstein metric of order 2, we write u, W . We also write A, W A when A, ~ pn, A ~ p for such a

sequence.

Lemma B.1.1. If f: R" — R and g : R” — R are pseudo-Lipschitz of order ki and ko, respectively, then
their product is pseudo-Lipschitz of order ki + ko.

Lemma B.1.2. If a sequence of random vectors X, W X, then for any pseudo-Lipschitz function f of
order 2 we have E[f(X,)] — E[f(X)].

Lemma B.1.3. Consider a sequence of random variables (A, By) N (A, B) with values in R x R* such
that (A, By,) <4 (A,B) and A, 44 for all n. Then, for any bounded measurable function f : R x RF = R
for which b+ f(a,b) is continuous for all a, we have E[f(A,, B,)] = E[f(A4, B)].

Further, for any function ¢ : R x RF — R¥ (possibly unbounded) which is continuous in all but the first
coordinate, we have ¢(A,, By,) 4 ?(A, B).

Proof.[Proof of Lemma B.1.3] Without loss of generality, f takes values in [0, 1]. First we show that for any
set S x I where S C R is measurable and I C RF is a rectangle whose boundary has probability 0 under B
that

,LLATL,BH(SXI)—),LLA,B(SXI). (Bl)

129
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First, we show this is true for S = K a closed set. Fix € > 0. Let ¢% : R — [0,1] be a continuous function

which is 1 on K and 0 for all points separted from K by distance e. Similarly define ¢ : RF — R. Then

El¢% (An)o7(Bn)] = pia,,B, (K x I) > E[¢% (An)¢7(Bn)] — € — pp, (spt(¢7) \ 1) .

Because the boundary of I has measure 0 under pg, we have lim._,o limsup,,_, pB,, (spt(¢$)\ I) = 0. Also,
lime_,0 limy, 00 E[5% (An) 05 (By)] = lime_y0 = E[¢p% (A)d5(B)] = pa,g(K x I). Thus, taking e — oo after
n — oo, the previous display gives pa, B, (K X I) — pa g(K x I). For S = G an open set, we can show
pa,.B, (G x1I)— pap(GxI)by asimilar argument: take instead ¢% to be 0 outside of G and 1 for all
points in G separated from the boundary by at least €, and likewise for ¢$. By Theorem 12.3 of [35], we can
construct K C S C G such that K is closed and G is open, and pa(K) > ua(S) — €, pa(G) < pa(S) + e.
The previous paragraph implies that

paB(SxI)—e<pap(K xI)< 1irginqumBn(S x I)

<limsuppa, B, (S xXI) <pap(GxI)<pap(SxI)+e.
n—oo

Taking € — 0, we conclude (B.1).

We now show (B.1) implies the lemma. Fix ¢ > 0. Let M be such that P(B,, € [-M, M]*) > 1—¢ for all
n and P(B € [-M, M]¥) > 1 — ¢, which we may do by tightness. For each a, let 6(a,¢) = sup{0 < A < M |
[b—b"| < A =|f(a,b)—f(a,b')| < €}. Because continuous functions are uniformly continuous on compact
sets, the supremum is over a non-empty, bounded set. Thus, d(a, €) is positive and bounded above by M for
all a. Further, d(a, €) is measurable and non-decreasing in e. Pick d, such that P(§(4,€) < d.) < €, which
we may do because 6(a, €) is positive for all a. We can partition [—M, M]* into rectangles with side-widths
smaller than ¢, such that the probability that B lies on the boundary of one of the partitioning rectangles
is 0. Define f_(a,b) := >, 1{b € I,}infy¢;, f(a,b’) and fi(a,b) := >, 1{b € I,}supyc; f(a,b), and
note that on {§(a,€) < §*} x [-M, M]¥, we have f_(a,b) < f(a,b) < fi(a,b) and |f(a,b) — f_(a,b)| < ¢
and |f(a,b) — f+(a,b)| < e. Thus, by the boundedness of f and the high-probability bound on {d(a,€) <
§*} x [-M, MF

E[f-(An, By)| — 2¢ < E[f(An, Bn)] < E[f4(4n, Bn)] + 2¢,

(B.2)
E[f_(A, B)] - 2¢ < E[f(A, B)] < E[f+ (A, B)] + 2¢.

We show that E[f_(A,,B,)] = E[f-(4,B)]. Fix £ > 0. Take 0 = zp < ... < zx = 1 such that
zj1 —x; <& forall j. Let Sj, = {a | infpey, f(a,b’) € [xj,2j41)}. Then

ijl{a €Sj,bel,}+£> f_(a,b) > ijl{a €Sj,bel}.
L,j tJ
By (B.1), we conclude E[}’, ;2;1{A, € S;,, B, € L}] = E[}_, ;2;1{A € S;,,B € I,}]. Combined with
the previous display and taking £ — 0, we conclude that E[f_(A,, B,)] — E[f-(A, B)]. Similarly, we may
argue that E[f (A, By)] — E[f+(A4, B)]. The first statment in the lemma now follows from taking ¢ — 0
after n — oo in (B.2).
The second statement in the lemma follows by observing that for any bounded continuous function

f: R* — R, we have that fo¢is bounded and is continuous in all but the first coordinate, so that we may
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apply the first part of the lemma to conclude E[f(¢(An, Byr))] — E[f(¢(A4, B))].
O

We will sometimes use the following alternative form of recursion (3.5) defining the lower bound in the

high-dimensional regression model.

Lemma B.1.4. Consider a family, indexed by x € R, of bounded probability densities p(-|x,u) with respect

2
b
1_0>
iid

where Gy, G1 ~ N(0,1) and Y|Go, G1,U had density p(-|cGo+7G1,U) with respect to py . In particular, the
derivatives exist. (In this case, we may equivalently generate Y = h(cGo + 7G1, W) for (W, U) ~ pw v ).

to some base measure py . Then for 7 >0 and o > 0 we have that

1 d
EE[]E[GHY, Go,U)Y = Eq,v [(dx logEq,p(Y|z + 0Go +7G1,U)

The preceding lemma applies, in particular, for p as in R4. It then provides an alternative form of the
second equation in recursion (3.5).
Proof.[Lemma B.1.4] We have

T 1 — L (s—x)?
Eg,p(Y|x +0Go +7G1,U) = | p(Y|oGo +5,U) e 272 dg,

2T
so that
d _ 1 S—T) _ 1 (g a2
£Eglp(Y|1’ +0Gy+7G1,U) = = /p(Y|0G0 +5,U) (m%) e~ 73z (s—2) dg,

where the boundedness of of p allows us to exchange integration and differentition. Thus,

d 1
a logEglp(Y|x + oGy + TG, U) = ;E[GHK GQ,U] .

The result follows.
O

Finally, we collect some results on the Bayes risk with respect to quadratically-bounded losses ¢ :
RF x RF — R>p. Recall that quadratically-bounded means that ¢ is pseudo-Lipschitz of order 2 and also

satisfies

1009, d) — £(¥',d)| < C (1 + 009, d) + /L, d))) 9 — 9. (B.3)

We consider a setting (©,V) ~ ug v € Z2(RF x R¥), Z ~ N(0,I},) independent and 7, K, M > 0. Define
e by @EK) = 0;1{|6;| < K}. Denote by pgu) v the joint distribution of ©) and V, and by
Heu)|v R* x B — [0, 1] a regular conditional probability distribution for ©%) conditioned on V. Define

the posterior Bayes risk

1 1
Ry roo KM= ot [ 0@, w0 gy (0, d0). (B.4)



APPENDIX B. THE ESTIMATION ERROR OF GENERAL FIRST ORDER METHODS 132

where Z = fefzr%”y*ﬂ“rzu@(x)lv(v,dﬂ) is a normalization constant. It depends on y,7,v, K. When

required for clarity, we write Z(y, T, v, K).

Lemma B.1.5. The following properties hold for the Bayes risk with respect to pseudo-Lipschitz losses of
order 2 satsifying (B.3).

(a) For any 7, K, M, with K, M possibly equal to infinity, the Bayes risk is equal to the expected posterior
Bayes risk. That is,

inf E[¢(©Y9, 0@ + 72, V)] = E[R(Y) 7,V , K, M)], (B.5)
o)

where Y5 = @5 4 77 with Z ~ N(0, I) independent of ©%) and the infimum is taken over all

measurable functions (R¥)? — [~ M, M]¥. Moreover,

E[RO) +7Z 7,V K,00)] = lim E[ROF) +7Z 7,V K, M). (B.6)

M —o0

(b) For a fivzed K < oo, the posterior Bayes risk is bounded: R(y,T,v,K, M) < R(K) for some function
R which does not depend on y,T,v, M. Further, for K < oo the function (y,7) +— R(y,7,v, K, M) is

continuous on RF x Rg.

(c) The Bayes risk is jointly continuous in truncation level K and noise variance 7. This is true also at
K = oo:

E[ROF) +7Z 7,V K, 00)] = Jim EROF) ++7'Z 7'V, K, )], (B.7)
S
where the limit holds for any way of taking K, 7' to their limits (ie., sequentially or simultaneously).

Proof.[Proof of Lemma B.1.5(a)] For any measurable 8 : R¥ x RF — [—M, M]F,

E(@©%) 90" + 7z V)] =EE[LOF) 0% +rZ V)0 + 77 V]
>E[ROY) +7Z 7V, K, M)]. (B.8)

For M < oo, equality obstains. Indeed, we may define

) 1
0" (y, v 7) :arg”dﬁnigM/24(19,d)e—ﬁ”y—ﬂ“zu@mlv(v,dﬁ), (B.9)

because the integral is continuous in d by dominated convergence. Then E[¢(@) 6P (y v;7))] =
E[R(Y,7,V,K,M)] when Y = ©%) 4 +Z. Observe R(y,7,v,K,M) | R(y,7,v,K,00) as M — oo with
the other arguments fixed. Thus, E[R(O@) +7Z 7.V, K, M)] | E[R(O®Y) + 72,7,V K, 00)] in this limit.
Because E[R(O@) + 72,7,V K, 00)] is a lower bound on the Bayes risk at M = oo by (B.8) and we may
achieve risk arbitrarily close to this lower bound by taking M — oo in (B.9), we conclude (B.5) at M = oo

as well.
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Proof.[Proof of Lemma B.1.5(b)] The quantity R(y, 7, v, K, M) is non-negative. Define R(K) = max .. <x £(9,0).
Observe that R(y,7,v, K, M) < R(K) for all y,7,v, K, M. Let p*(0ly,7,v,K) = %e_z%zl\y—ﬁlﬁ. For any

fixed d, we have

Hvy / ﬂw,cop*wy,m,K>u@(mw<v,d0>H < [ 1@, 91y, 7.0) 19y Jog " 91y, 7,0l gy (0,09)

2Kk .
/ (9, dyp* (9y, 7, v)peopy (v,d9)

<
T2

where we have used that ||V, logp*(9y,7,v)|| = (9 — Eou [@%)]) < 2KVk/72, and the expectation
is taken with respect to e
7,d, v satisfying [ £(9,d)p* (9|y, T, v)puev (v,d¥) < R, the function y — [ £(9,d)p*(I|y, T, v)uev (v,dd)
is 2K \/ER/TQ—Lipschitz. Because the infimum defining R can be taken over such d and infima retain a
uniform Lipschitz property, R(y,7,v, K, M) is 2K\/kR/7?-Lipschitz in y for fixed 7,v, K, M. By a similar
argument, we can establish that R(y, 7, v, K, M) is 2(K?k+2||y||Kvk) /73-Lipschitz in 7 on the set 7 > 7 for
any fixed 7 > 0 and any fixed y, v, K, M. We conclude (y, ) — R(y,T,v, K, M) is continuous on R¥ x R+.

Lemma B.1.5(b) has been shown.

having density p*(d|y, 7, v) with respect to ,u@u()lv('v, -). Thus, for fixed

Proof.[Proof of Lemma B.1.5(c)] Finally, we prove (B.7). For any K > 0, we may write!

peuw v (v,) = pev (v, )_k ki + teyv (v, (=K, K1*))do(-) . (B.10)

Choose K, € > 0 such that |7/ — 7| < € implies

1 1 _y—2? 1 1 1 {912
[KK]k m@ 7oz ly—"9 /L@|V(vad19) > Q/Z(yT’lMOO)e oz lly=2| M@\V(’U,dﬁ)»

Fix € > 0 and K’ > K > 0 with K’ possibly equal to infinity. By (B.4), we may choose d* such that

1 w\ — L ||ly—0I2
/mﬁ(ﬁ,d Ye 22 ly—2| u@(m‘v(v,dﬂ) <(1+¢)R(y,7,v,K,00). (B.11)
By the definition of K, there exists 9* € [~ K, K|* such that

((07,d") <2(1+ €)R(y, 7,0, K, 00) .

By (B.3), we conclude that

(9,d")<C (1 +v2(1 + €)R(y,7,v,K,00) + \/5(197d*)> (|9 —97|,

whence

09,d") < (1 + 201+ OR(y, 7, v, K, 00) + 3C[9 — 0*||)2 . (B.12)

1Precisely, for any regular conditional probability distribution pe|v for © given V, this formula gives a valid version of a

regular conditional probability distribution for o) given V. We assume we use this version throughout our proof.
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Then
] / 09, d")e =W ey (0, d9) — / 6(19,d*>e-¥2'y—ﬂ'2u@(mV<v,dz9>\
< ‘ Juw.ae =2 g (v.a0) - | w,d*)e—af/z'y-’?'zu@mw(v,dﬂ)]
| [ew.dre = gy (0,00) - [ 69 d)e T gy (0, d0)

< / 09, d")e” 52 IV gy (v,d0) + €(0,d")e =7 I gy (v, (- K, K)F)°)
([-K,K]*)e

+ / 0@, d")e” =7V gy (0, d9) — / (@, d)e 570 g 0 4 (v, d0)
< &K, 7)1+ Ry, 7, v, K, ).

for some {(K,7') — 0 as K — oo, 7/ — 7 because the conditional measure peg|y (v,-) has finite second
moment and ¢ is bounded by (B.12). Then, by (B.11),

Z(y77'/7’l),K’)R(y7T/7'l)’K/,OO) < /6(197d*)e_#Hy_ﬁl‘ziu‘@(K'HV(vadﬁ)

<(1+e)Z(y,7v,K)R(y, 7,0, K,00) + £(K,7")(1+ R(y, 7,v, K,0)) .

By dominated convergence, we have that Z(y, 7, v, K') = Z(y,7,v,00) as 7/ — 7, K’ = c0. Also, R(K) =
max|g| . <k £(¥,0) cannot diverge at finite K. Thus, applying the previous display with K, e fixed allows us
to conclude that R(y, T, v, K’, 00) is uniformly bounded over K’ > K and 7’ in a neighborhood of 7. Then,
taking K’ = co and K — oo, 7/ — 7 followed by ¢ — 0 allows us to conclude that

lim R(y,7',v,K,>) = R(y,T,v,00,00). (B.13)

K—oo
7' —T

for every fixed y,v. Moreover,

1
Ry ro k0= it [ o0, gy (0,00)

1 1 |y—02
S/Eﬁ(ﬂ,O)e =2 1901 g ey (0, d09)
1 L (y—9)2
< [ ZC0+18F ) =0 ugy (0,49)

= C(1+E[eW 210 4G =y, V = v]).

Thus, R((-')(K) +7Z,7,V,K, M) is uniformly integrable as we vary 7, K, M. Because the total variation
distance between (@) + +/Z V) and (© 4+ 7Z,V)) goes to 0 as K — oo and 7/ — 7, for any discrete
sequence (K,7') — (00, 7), there exists a probability space containing variables Y(K’T/), V.Y such that
(?(K77/), V) = (Y, V) eventually. Thus, Eq. (B.13) and uniform integrability imply (B.7).
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B.2 Proof for reduction from GFOMs to AMP (Lemma 3.5.1)

In this section, we prove Lemma 3.5.1.

B.2.1 A general change of variables

For any GFOM (3.1), there is a collection of GFOMs to which it is, up to a change of variabes, equivalent.
In this section, we specify these GFOMs and the corresponding changes of variables.
The change of variables is determined by a collection of 7 x 7 matrices (&, )i>1,1<s<ts (Gt 5)t>1,0<s<t-

We will often omit subscripts outside of the parentheses. Define recursively the functions (f)i>0, (¢¢)i>1
S By w) = BV 006y w), (b By )iy )
BB W) = 0+ S LB by )T (B.14a)
+ G (10 g ), dea (b BTy )y ),

initialized by fo(y,u) = Fél)(y, u) (here b°,u € R"), and define recursively the functions (g;)i>1, (¥¢)i>1

¢

1 1 1 1 1 T

oir1(at, ... a ) =a'" +ng(a s al T u)E
s=1

B.14b
+ FP(¢1(a'sv),..., ¢u(al, ... al50);v), (B.140)

gi(al,...,a5v) = G (pi(ahiv), .., pilal, ... akv);0),

initialized by ¢1(a';v) = a' + FO(Q)(U> (here a®,v € R"). Algebraic manipulation verifies that the iteration

= XTft(b17 .. .,bt;y,’U,> - ng<a’1a . '70’3;”)52—,5;
= (B.15)

bt:th(a17"'7at;v)_Zfs(bla"'7 Y, u )Cts

initialized by a' = X" fo(y, u) generates sequences (a');>1, (b');>1 which satisfy

v =giat,... alv), t>1,

ut:¢t(b1a-"7bt;y7u)a t21

Thus, (§; ), (¢ ) index a collection of GFOMs which, up to a change of variables, are equivalent.

B.2.2 Approximate message passing and state evolution

We call the iteration (B.15) an approximate message passing algorithm if the matrices (§, ;), (¢, ;) satisfy
a certain model-specific recursion involving the functions f;, g;. The state evolution characterization of the
iterates (see Eq. (3.17)) holds whenever the matrices &, ;, ¢, , satisfy this recursion. In this section, we

specify this recursion and the parameters (o), (T's,s) in both the high-dimensional regression and low-rank
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matrix estimation models.

High-dimensional regression AMP

In the high-dimensional regression model, » = 1 and & s, (;.s, o, and T o will be scalars (hence, written
with non-bold font). The recursion defining &, s, (; s also defines (ay), Ts s as well as a collection of scalars
(3s,t)s,t>0 which did not appear in the statement of Lemma 3.5.1. The recursion, whose lines are implemented

in the order in which they appear, is

gt,s:E[aB*‘ft(Bla"'aBt;h(Bovw)7U)]7 1§s§t7
aip1 = E[0po fi(BY,..., B (B, W), U)],
Toi1441 = E[fs(BY, ..., B5h(B°,W),U) fi(B*,..., B h(B°,W),U)], 0<s<t,

1
Co = 5BlO7100(010 + 71, @+ Z5 V)], 0<s<t—1, (B-16)

)

1
ot = SEOg (1O + 2", 0,0 + 25 V)],

1
Es,t = SE[QS(OQ@ + Zla i '7at@ + ZS;V)gt(alc—) + Zla N '7at@ + Zt;V)]a 1 S S S ta

where © ~ e, U ~ py, V ~ py, W ~ pw, (B,...,B") ~ N(0,X[0.4), (Z*,...,Z") ~ N(0,T[1.4), all
independent. We initialize just before the second line with g o = E[©?].

Eq. (3.17) for (), (Ts,s) defined in this way is a special case of Proposition 5 of [104], as we now
explain. We fix iteration ¢ design an algorithm that agrees, after a change of variables, with iteration (3.16)
up to iteration ¢ and to which we can apply the results of [104]. Because we take n,p — oo before t — oo,
this establishes the result.

We view the first ¢ iterations of (3.16) as acting on matrices @* € RP* (1) and b° € R"*(+1) as follows.
Define @* to be the matrix whose first column is @ and whose i column is a*~! for 2 < i < s+ 1 and
is 0 for i > s+ 1; define b° to be the matrix whose first column is X6 and whose i*® column is b*=! for
2<i<s+1andisOfori> s+ 1. The following change of variables transforms (3.16) into equations (28)
and (29) of Proposition 5 in [104]. Our notation is on the right and is separated from the notation of [104]
by the symbol “<-".

A+ X,
X0 i=1, ,
) ) ) a 'l —a; 10 2<i<s+1,
ui(i) b 2<i<s+1, and v (4) +
otherwise,

0 otherwise,

v =1, u =1,
y(i) << 80 i=2, and w(i) «—<Sw =2,

0 otherwise, 0 otherwise,



APPENDIX B. THE ESTIMATION ERROR OF GENERAL FIRST ORDER METHODS 137

y(2) i=1,
e(v,y;8)(1) < € gi1(0(2) + ary(2), ..., v(i+1) + ay(2);y(1) 2<i<s+1,

0 otherwise,
~ ‘ fici((2),...,u(i+ 1);h(u(l),w(2),w(l)), 1<i<s+1,
h(u,w; s)(3) +
0 otherwise,

where the “(7)” notation indexes columns of a matrix. The Onsager correction coefficients (&, s) and ((; s)

correspond, after a change of variables, to entries in the matrices Dy and B in [104].

= ]E[aijlfl—l(Bla'"aBi;h(B()?W)?U)] 1S]_1SZSS+17
(Ds)ij = E[0ujyh(U, W3 5)] ¢ ' ,
0 otherwise,

0 i=1lorj=1,
1 N . .
(Bs)i,j = EE[a’L)(j)e(‘/?Y7Z)] — %E[azj—lgi(a1@+Zl,...,ai6+Zl;V” QSJ §Z+1 §S+2,

0 otherwise.

The Onsager coefficients and state evolution coefficients are arrived at through the change of variables:

(Bs)s+1,s’+2 — Cs,s’v (Ds)s+1,s’+1 — gs,s’ (Ds)s-i-l,l — Q.

We remark that in [104] the quantities (Bs)st1,s/42, (Ds)s+1,s/+1, and (Ds)s+1,1 are empirical averages.
Because they concentration well on their population averages, we may replace them with their population
averages, as we do here, without affecting the validity of state evolution. This observation is common in the
AMP literature: see, for example, the relationship between Theorem 1 and Corollary 2 of [32]. The state

evolution matrices now correspond to

E[V*H (s + 1)V (s + 1)] = E[A(U, W3 s)(s)h(U, W 5)(s")]
—E[fs_1(B',..., B> L h(B°,W),U) fo_1(B',...,B¥ "5 h(B°,W),U)]
- Ts,s/z
1
E[U* (s + DU T!(s' +1)] = glE[é(M Yis+1)(s+1)e(V,Y;s+1)(s + 1)]
1 ,
. EE[gs(c)q@ + 2,004 2% V)ge(a1©® + Z1, .. a0 4+ Z° V)]

=Yg s

From these changes of variables, Eq. (3.17) holds in the high-dimensional regression model from Theorem 1
and Proposition 5 of [104].
Low-rank matrix estimation AMP

In the low-ank matrix estimation model, the recrusion defining (), (¢; s) also defines (), (T'st)s¢>1 as

well as collections of r x r matrices (7,)i>1, (2s,t)s,¢>0 which did not appear in Lemma 3.5.1. The recursion,
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whose lines are implemented in the order in which they appear, is

€t,s = E[vszt(71A+ Zlv YA+ Zt;O’U)]’ l<s<t,
Qi1 = E[ft(’YlA + Zlv' .. a7tA+ Zt;OaU)ATL
T5+1;t+1 = E[fs(’YIA + 217' .. >’YtA + ZgaO7U)ft(71A+ Zl’ s 7’7tA + Zt;oa U)T]7 S S ta
1
Ct,S: EE[VZ5+lgt(a1@+Zl)"')at®+zt;v)]7 OSSSt_l, (B17)

1
Yi = EE[gt(Oq@ +Z'.. 00+ Z V)GT]’

o= %E[gs(oq@ +Z .., 00+ Z5V)g(a1®+ Z', .. @+ Z V)T, 1<s<t,
where A ~ ppa U ~ py, © ~ e, V ~ v, (Z*,...,Z") ~ N(0,X1.), and (Z",..., Z") ~ N(0,T|1.4), all
independent. Here V denotes the Jacobian with respect to subscripted (vectorial) argument, which exists
almost everywhere because the functions involved are Lipschitz and the random variables have density with
respect to Lebesgue measure [83, pg. 81]. As with T'[;.y, we define Xp;.4) to be the rt x 7t block matrix with
block (s,t) given by X, ;. We initialize at the second line with a; = E[fo(0, U)AT]. In addition to (3.17),

we have
n

> Wby, bk u, A) BEW(v, A+ Z .y, A+ 25U A)),
i=1

1
n

where we remind the reader that ¢ : R"(+2) — R is any pseudo-Lipschitz function of order 2.
We now show Eq. (3.17) for (as), (Ts,+) defined in this way. We consider the r = 1 case, as r > 1 is

similar by requires more notational overhead. Because X = %A@T + Z, we have
1 t
a’t+1 - E<Aa ft(b17 L) bt707u)>0 = ZTft(bla ey bt707u) - th,sgs(ala ey a,s,”l)),
s=1

t—1
1
bt — ﬁ<0,gt(a1, a V)N = Zg(a',... a"v) — E Q,st(bl, b0y ).
s=0

We introduce a change of variables:

ft(dla"'adt7u’)\) é ft(dl +’>/1>‘7 adt +7tAaOau)7 dt = bt 77tA € Rna

ai(cty ..., 6) 2 gi(ct + a8, ..., c +a,0,v), ¢ =a’ — a0 € RP.

Because f;, g; are Lipschitz continuous, so too are f;, ;. We have

t
1 £ £ ~ s
altt — E(A,ft(dl,...,dt,u,A)w =Z'fi(d',....d"u,A) =D & ags(c ... e, 0),
s=1
t 1 ~ 1 t ~ 1 t = R 1 5
b —E<0,gt(c s CLVONA = Zgi(c, ..., v, 0) — Csfs(b,...,0% u,A).

s=0
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Define
o t
ét+1:ZTft(d17" thsgs PRI ét7’lj’0),
s=1
R t—1
d'=Zg @& ..., cv,0) = CGofd, ... d uA).
s=0

We can analzye this iteration via the same techniques we used to analyze AMP in the high-dimensional
regression model in the previous section [104]. In particular, for any pseudo-Lipschitz function 1 : R™*2 — R

of order 2, we have

7Z¢ e, 05) B ER(ZY, ..., 2 V,0),
(B.18)
- de}, dbu N) BER(ZY,. 2N U )]
Now, tgestablish (3.17), it suffices to show
Lot a2 P Lose 2 P
—|le" —¢'|l3 = 0, —|d" = d'||3 = 0. (B.19)
n n
We proceed by induction. By the weak law of large numbers, we have that %(A, fO(A, u)) = ( fo( w)) >
ay. Therefore, ¢' = Z7 fo(A, u)+0,(1)8 = &' 40,(1)8. Since %H@H% 2, E[©2?], we have that %Hc etz 2o.

Because §; is Lipschitz and %||0||2 = O,(1), we have |1(0,g:(c',0,v)) — 1(0,4:(c",6,v))| 2 0. By
(B.18), we have that (8, g1(¢", 6, v)) 2 41. We have

1 1
7”@1(61’”79) - g1<61’v>9>||§ < *LZHCl - élH% £> 0,
n n
wehre L is a Lipschitz constant for g;. By [12], the maximal singular value of Z* Z is O,(1). Therefore,

LZg1 (! v,0) — Zgi (e, v,0)|3 2 0. As a result, and using that LYIA|% converges almost surely to a

constant,
Lo 12 _ Lo <01 Loy 1 2 P
~ld” —d'llz = —11Z4:(¢",v,0) = Zgi(c',v,0) + ({0, 91(c", 8,v)) = 1) Az = 0.
Now assume that (B.19) holds for 1,2, ... t. For the (¢ 4+ 1)-th iteration, we have

1 1, 4 - L L
‘g<A7ft(d17"-adt7u7A)>_E(Avft(dla"wdtvurA)H S gHAHQZ”d —-d H2£>0

s=1
where L is a Lipschitz constant for f. By (B.18), we have 7( ft( oo db A, u)) 2 1. As a result, we
have %(A, ft(dl, coodbu, ) B at41. Furthermore, for any 1 < s < t, we have

L2 . 75 EQ ¢ i Ji

1 R . - .
5llgs(cl7~--,cs,v,9)—gs(cl,--wcs,vﬁ)lliS tZHC &3 =



APPENDIX B. THE ESTIMATION ERROR OF GENERAL FIRST ORDER METHODS 140

Again using that the maximal singular value of Z'Z is 0,(1), we have
1 PN N ~
ﬁHZTﬁuf,.wdﬂurAy—ZTﬁ@f,.wdﬂuwAmgf§0

As a result, we have

At+1 t+1 2
—|le Il2

ICOA Fd o, A) = )0+ 2T (@@, A) = fd s A)) -

t
3 s (@s(@.. ., v,0) — gu(cs... %, 8,v)]3 B 0.

Similarly, we have

t+1
1 1
—(0,Gi41(&" ..., v,0)) — —(0,G11(c ... e <=6 et -, B
|40, gea (e, €7, 0,0)) — —(6, Gt (€, 0))] thﬂ 2
where L is a Lipschitz constant for §;,1. By (B‘18), we have that 1(0, g1 (e', ..., ¢!, v,0)) B g1 As
a result, we have that <0 Gir1(ct, ..., v, 0)) 2 4441, Furthermore, for any 1 < s < ¢, we have

L ; s £ . i i
ﬂﬂwwwmmM—ﬂwm.duAm<—§]u d'[3 0.
Also, for any 1 < s <t+ 1, we have
1 ~ 1 s A oral A5 2 L2 . 7 ~1112 P,
EHQS(C,...,C,U,H)—QS(C,...,C,'U,O)HQSFZHC _c||2_>0
i=1

Then 1| Zgi1(e',....e" 1 v,0) — Zgiyi(ct, .., e ,v,0)[3 5 0. As a result, we have

1. -
- dt“nz

- 7”( <0 gt+1( 17"'vct+17v,0)> _’YtJrl)A

+Z(gt+1(él7' "aét+17’ua0) _gt+1(c17"'7ct+17050))

t
- th,s(fs(&la . 'aasvuaA) - fs(dla . 'ads,U’A))Hg £> 0.
s=0

Thus, we have proved (B.19). Therefore, for all pseudo-Lipschitz function ¢ of order 2, we have that there

exists a numerical constant C such that

NE

’L/)(é]l —+ 0619]‘, .. ,é; + atﬂj,vj,ﬁj)

SRR

1 p
2;Z¢)(le + alﬁj, .. .,C;- —+ at9j,vj,9j) —
Jj=1 J

e —c®la 2 0.

M- I

t
<Ly +)_llallz + 18]z + ]2

s=1 1

@
Il
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By (B.18),
1 At D 1 t
=N W+ by, 8+ a),05,0) DB Ep(@®+ Z', .., 0,©® + Z',V,0)).
j=1
P
Therefore, % w(a}, oo, ab,v,05) 2 Ep(0,® + Z',..., 0,0 + Z',V,0)]. Similarly, we can show that

Jj=1
LS by, bl u A) B ER(v A+ ZY, ...y, A+ Z', U, A)]. Thus we have finished the proof.

B.2.3 The AMP change of variables

To prove Lemma 3.5.1, all that remains is to show that for any GFOM (3.1), at least one of the change-of-
variables in Eqgs. (B.14) generates an iteration (B.15) which is an AMP iteration. That is, in addition to
satisfying Eq. (B.14), the matrices (&, ;), (¢, s) and functions (f;), (g¢) satisfy Eqgs. (B.16) and (B.17) in the
high-dimensional regression and low-rank matrix estimation models respectively.

To construct such a choice of scalars, we may define (&, ), (¢, ), (ft),(g¢) in a single recursion by
interlacing definition (B.14) with either (B.16) or (B.17). Specifically, in the high-dimensional regression
model, we place (B.14a) before the first line of (B.16) and (B.14b) before the fourth line of (B.16). In
the combined recursion, all quantities are defined in terms of previously defined quantities, yielding choices
for (&, 5),(Ci.s)s (ft), (g¢) which simultaneously satisfy (B.14) and (B.16). Thus, in the high-dimensional
regression model every GFOM is equivalent, up to a change of variables, to a certain AMP algorithm. The
construction in the low-rank matrix estimation model is analogous: we place (B.14a) before the first line of
(B.17) and (B.14b) before the fourth line of (B.17).

The proof of Lemma 3.5.1 is complete.

B.3 Proof of state evolution for message passing (Lemma 3.5.2)

In this section, we prove Lemma 3.5.2. We restrict ourselves to the case r = 1 and k = 1 (with &k the
dimensionality of W) because the proof for r > 1 or k > 1 is completely analogous but would complicate
notation.

Let Toosy = Voss, Fosy, Evy) be the tree consisting of edges and nodes in 7 which are separated
from f by v. By convention, 7,_,; will also contain the node v. In particular, f ¢ F,_ and (f,v) & E,— 7,
but v € Vyop, and f' € Fyy and (v, f) € Eyyp for f/ € v\ f. We define Ty_y, Visu, Frow, Ef v
similarly. With some abuse of notation, we will sometimes use Ty_sy, Vv, Ff—uv, Ef—o to denote either the
collection of observations corresponding to nodes and edges in these sets or the o-algebra generated by these
obervations. No confusion should result. Which random variables we consider to be “observed” will vary

with the model, and will be explicitly described in each part of the proof to avoid potential ambiguity.
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B.3.1 Gaussian message passing

We first introduce a message passing algorithm whose behavior is particularly easy to analyze. We call
this message passing algorithm a Gaussian message passing algorithm. We will see that in both the high-
dimensional regression and low-rank matrix estimation models, the message passing algorithm (3.19) ap-
proximates a certain Gaussian message passing algorithm.

Gaussian message passing algorithms operate on a computation tree with associated random vari-

iid

ables {(6y,vy)}oey ~ po,v, {(ws,us)}rer % pw,r, and {2p b f0)ee £ N(0,1/n), all independent, where
pe.v,pwu € P4(R?).2 Gaussian message passing algorithms access all these random variables, so that all
are considered to be “observed.” Thus, for example, V_,, contains 6,, v, for all nodes v’ separated from f
by v (including, by convention, v).

Gaussian message passing algorithms are defined by sequences of Lipschitz functions ( ft (RS R)¢>0,
(G : R™™2 — R);>0. We initialize the indexing differently than with Gaussian message passing algorithms
than with the message passing algorithms in Section 3.5 in anticipation of notational simplifications that
will occur later. For every pair of neighboring nodes v, f, we generate sequences of messages (af f)t217

(@5 f)e>0, (E’}Hv)tzo, (7%_,,)t>0 according to the iteration

éf}i‘f = Z Zf/vfj”ﬂm fg‘%v = ft(boam"'vb}amwf’uf)v (B.20a)
freov\f

Bt*}’u = Z va’@i/a,u q~'f)~>f :gt(dzl)ﬁfw"7af)af§9v7vv)7 (B‘20b)
v’ €D f\v

with initialization ¢°_, = 90(0y, vy). For ¢t > 0, define the node beliefs

~ 41 - bt ~
attl = Z . bt — Z Zpod - (B.21)
feov vedf
To compactify notation, denote al, = (ay,...,al,)", and likewise for al,_,;, @}, b, b s T, (where

the first two of these are ¢-dimensional, and the last three are (¢ + 1)-dimensional). We will often write
ft(i)?_w; wy,uy) in place of ft(i)gﬁv, el b}ﬁv; wy,uy), and similarly for §;. The reader should not confuse
the bold font here with that in Section 3.5, in which, for example, af |, ¥ denotes the vectorial message at
time ¢ rather than the collection of scalar messages prior to and including time ¢.

Gaussian message passing obeys a Gaussian state evolution, defined by covariance matrices
Sew = E[§(A%0,V)3u (A 0.V)], Toprwin = E[(BS W, U)o (B WU)l, (B22)

where S,S' >0, AS ~ N(OsaT[l:s])v BS ~ N(Os+172[0:s])7 and (@7V) ~ Ho,V, (VV7 U) ~ Hw,Uu independent
of A, B®. The iteration is initialized by 0.0 = E[g0(0, V)?].

Lemma B.3.1. If we choose a variable node v and factor node f independently of the randomness in our

model, then for fized t and for n,p — oo, n/p — § we have

(@, 0y, 00) > N(0y, Thry) @ po,y and (@, 5,600,0,) 5 N(Oy, Tprg) @ o,y (B.23a)

2We believe that only 1o, v, pw,u € P2 (]R2) is needed, but the analysis under this weaker assumption would be substantially
more complicated, and the weaker assumptions are not necessary for our purposes.
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(63‘7 wg, U’f) V_V> N(0t+1ﬂ E[O:t]) ® Hw,u and (53‘%1}’ wg, uf) V_V> N(Ot+17 Z:[O:t]) & Hw,U - (B23b)

Further, all the random variables in the preceding displays have bounded fourth moments and E[||al —
2] = 0 and E[||b} — 2] - 0.

a

vaf” f—>v||

The analysis of message passing on the tree is facilitated by the many independence relationships between

messages, which follow from the following lemma.

Lemma B.3.2. Forall (f,v) € £ and allt, the messages f}ﬁv, I;?Hv are Ty—-measurable, and the messages

@y >l 5 18 Ty p-measurable.

Proof.|Lemma B.3.2| The proof is by induction. The base case is that ¢¥_, = go(0y, vy) is T, p-measurable.
Then, if cjf;ﬁf are T, p-measurable and BSHU are T;_,,-measurable for 0 < s <t and all (f,v) € £, then
bt

f—v
measurable for 0 < s < ¢ and all (f,v) € &, then @'t} ,#it! are 7,_, j-measurable by (B.20). The induction

f%v’rfﬁv

rf_w are Ty_,,-measurable by (B.20). Similarly, if i, are T;—o-measurable and ay_,; are To—srm

is complete.

We now prove Lemma B.3.1.
Proof.[Lemma B.3.1] The proof is by induction.
W
Base case: (0,,v5) — po,v -

This is the exact distribution in finite samples by assumption.

Inductive step 1: Eq. (B.23a) at t, bounded fourth moments of al, v_>f,
Eq. (B.23b) at t, bounded fourth moments ofbf,bf_,u, and IE[Hb? f_,u|| ] —
The o-algebras (7T,—f)vecos are independent of (zf,)vesf, Which are mutually independent of each

and E[de) —al_|I’] = 0 imply

other. Thus, by (B.21), conditional on o((7y—f)vecayr) the beliefs B;c are jointly normal with covariance
E[O3t] = %Zveaf &f}—nf(qi—”‘)T That is,

by | o((Tomsp)veay) ~ N(Ops1, Ejo.)-

Because (avﬂf, Ou,v0) > Gs(@y_, 4500, 00)Gs (a5, vﬁf, 60y, vy) is uniformly pseudo-Lipschitz of order 2 by Lemma
B.1.1, we have E[X; &] = E[qufqv_}f] = E[gs(a;_, ;; 0v, v0)ds (~U_>f,9v7vv)] — Y, by the inductive hy-
pothesis, Lemma B.1.2, and (B.22). The terms in the sum defining E[O:t] are mutually independent by
Lemma B.3.2 and have bounded second moments by the inductive hypothesis and the Lipschitz continuity
of the functions (gs)o<s<¢. By the weak law of large numbers, 2[0~t] Ly 3 (0:4, whence by Slutsky’s theorem,
5’} KN N(0¢11, Xjo.4). Further, E[IN);(IN)}) = E[E[O 4] = Bjo.g. Convergence in dlstrlbutlon and in second
moment implies convergence in the Wasserstein space of order 2 [193, Theorem 6.9], so b’ 7 W N(Os41, Xjo.47)-

To bound the fourth moments of 5;, we compute

- 1 - ~
E[Uﬁ‘) ] Zt2t = 2 Z E Qvﬁf ﬁ Z E[(quafy]E[(qfﬂ%f)ﬂ - Zt,t’
veIf v#V' €O f

where the first term goes to 0 because the fourth moments of ¢’ _, 7 are bounded by the inductive hypothesis

and Lipschitz continuity of g¢, and the second term goes to E[(¢!_, f)z] by the same argument in the preceding
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paragraph. The boundedness of the fourth moments of I;‘} holds similarly (and, anyway, will have been
established earlier in the induction).

Finally, observe by — b}, = z7,¢'_,; and E[(z.q,_,,)?] = E[¢'_;)?/n — 0, where E[¢!_, )?] is

)?] =0

for s < t holds similarly (and, anyway, will have been established earlier in the induction). The Wasserstein

bounded by the inductive hypothesis and Lipschitz continuity of g;. The convergence E[(l;gc — b

f—v

convergence of (b, . +0u,v,) now follows. The bounded fourth moments of b .  hold similarly.

Inductive step 2: Eq. (B.23) at t, bounded fourth moments of b’ ,l;’}_m, and E[||l~7; - lN)'}_wHQ] — 0 imply
Eq. (B.23) at t + 1, bounded fourth moments of al, df}:lf, and E[||attt — &Z:lfHQ] — 0.
This follows by exactly the same argument as in inductive step 1.

The induction is complete, and Lemma B.3.1 follows.

B.3.2 Message passing in the high-dimensional regression model

We prove Lemma 3.5.2 for the high-dimensional regression model by showing that the iteration (3.19) is well
approximated by a Gaussian message passing algorithm after a change of variables. The functions ft, gt in
the Gaussian message passing algorithm are defined in terms of the functions f;, g; of the original message

passing algorithm (3.19) and the function h used to define the high-dimensional regression model.

Fe(00, - bt w,w) = fi(bh, - ,Bt;h(?)o,w),u), t>0,
90(9,’1}) = 67 gt(dlﬂ“' ,dt;971}) = gt(a19+dla"' >a19+dt;v)a tZ 1.

Define (!, ;)i>1, (@)i=1, (@, p)e0, By, im0, (B9)e=0, (74_,, )i>0 Via the Gaussian message passing algo-
rithm (B.20) with initial data 6,,v,, ws,uy and with zy, = zy,. Because fi, g¢, and h are Lipschitz, so too
are f; and ;. Under the function definitions f;, §; given above, the definitions of ¥, s and T o in (B.22) and
(B.16) are equivalent. Thus, Lemma B.3.1 holds for the iterates of this Gaussian message passing algorithm
with the T[4, Xio. defined by (B.16).

We claim that for fixed s > 1, as n — oo we have
E[(asav + df}*}f - af}*}f)2] — 0 and ]E[(~;~>’U - j‘ﬂv)2] — Oa (B'24a)

and
E[(af,_nc)ﬂ and E[(b%_,)?* are uniformly bounded with respect to n, (B.24b)

f—v

where (o) are defined by (B.16). These are the same coefficients appearing in the AMP state evolution
(Lemma 3.5.1), as claimed. We show (B.24) by induction. There is no base case because the inductive steps

work for t = 0 as written.

Inductive step 1: If (B.24) holds for 1 < s <'t, then (B.24a) holds for s =t+ 1.
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We expand
10, + &f}-;lf - al;-llf = 16y + Z Zf’v(ft(gi“—nﬁ UJf/,Uf') - ft(bi“—nﬁyf’vuf’))

freov\f

= apy16y + Z Zf’v(ft(bg“—w; wf”uf’) - ft(bg)”—wv btf’—)v;wf’vuf/))
freov\f

+ Z Zf’U(ft(b(}’am bﬁ”—w; wgr, uf') - ft(b(}H bﬁ"—w; wgr, uf'))
freov\f
= Oét+10U + I + Il.

(Note that l;;, _y 18 (t + 1)-dimensional and b’}, _,, 18 t-dimensional). First we analyze |. We have

t
|ft(b}’ﬁv;wf’ﬂuf’) - ft(b?‘/ambtf’ﬁwwf’?uf’)‘ < LZ ‘bs’av - ;’Hv"

s=1

where L is a Lipschitz constant of ft The terms in the sum defining | are mutually independent, and
D%/ b3

b are independent of z/,,. Thus,

—v

n—1 P ~ o~
E[IQ} = n ]E[(ft(btf’—)v?wf’vuf’) - ft(bg“—w’b?’—w;wf/vuf/))Q]

L2(TL — l)t - Is s
< S B, b))
s=1

by the inductive hypothesis.

Next we analyze |l. Note that all arguments to the functions in the sum defining Il are independent of
zf1, and 0, except for E(}, = zproly + Zv'eaf/\u Zfry10y. Because ff is Lipschitz, we may apply Stein’s lemma
(ie., Gaussian integration by parts) [184] to get

Eloe 10y + 1| 0y, 0((Tor— g )orcopio)]
= at+19v + (TL - 1)E[Zf/v(ft(l~)(}/ﬁv,b}/ﬁv;wf/,’LLf/) - ft(i)?c/,b}/ﬁv;wf/,uf/)) | 91,}

n—1 -
=0, (am - TE[ﬁgoft(bo/, bl Ly wprugp) | ev]) ,

where J;, ft is the weak-derivative of ft with respect to its first argument, which is defined almost everywhere
with respect to Lebesgue measure because ft is Lipschitz 83, pg. 81].

We claim the right-hand side of the preceding display converges in Ly to 0, as we now show. The random
variable E[@goft(i)(},, b wer, g )0y, (Tor 51 )uvreafv] is almost-surely bounded because f; is Lipschitz.
It converges in probability to a;y1. The random vector (553,, bl}/ _,,) has a Gaussian distribution conditional

on o((Tor—p)vreapv) and 0,5 in particular,

i ~

(E?”%v + Zflvev7 b]}/—m)wv? U((,]TU"*UN)U”Eaf/\v) N(Oa E)a
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where we define & € R(t+DX(#+1) 1y

o« 1 ) o« 1 :
Yo,0 = - Z 07, and X4 = - Z Qg1 g fors >1ors >1,

v'ef! v’ €D f\v

where for the purposes of the preceding display we set ¢°, s = 0. By the Lipschitz continuity of the
functions (g,), Lemmas B.1.1 and B.1.2, and the inductive hypothesis, we have E[X] — 3y.4. The terms in
the sums in the previous display have bounded second moments by the inductive hypthesis (B.24b) and the
Lipschitz continuity of the functions (gs). By the weak law of large numbers, we conclude R Yi0:t41]-
Observe that E[@l;gft(?)?c,,b;,ﬁv;wff,uf/)wv, (Torr =5 )vreafnol = E[@B(]f;(il/QZ; W,U)], where on the
right-hand side the expectation is with respect to (W,U) ~ pw,y and Z ~ N(O41, I;41) independent. Be-
cause ;o ft is almost surely bounded, by the dominated convergence theorem, the right-hand side is continu-
ous in 2. By the continuous mapping theorem and (B.16), we conclude E[agoﬁ(i)?,, bzc,ﬁv; Wy wp )|y (Tor =g )vreaf\v) 2
at+1. Then, by dominated convergence, E[a1160, + I | 6, L2 . Moreover, because the terms in the sum

defining |l are mutually independent given 6,

Var(az16, +11]0,) < (n —1)E Z)%’v(.ft(l;?”ﬂmb}’%v;wf’auf’) - Lft(g?‘/vb}’ﬁv;wf”uf’)y | 01}}

< L*(n— 1)E[z?,vt9§ | 6,] < 36%/n,

where L is the Lipschitz constant of f;. We conclude that E[Var(a; 16, + Il | 6,)] — 0. Combined with

Elo 416, +11 | 6,] L 0, we get Var(as4160, + 1) = Var(Elagy10, + 1116,]) +E[Var(az 416, +1110,)] — 0, so that

10, + 11 = Combining | L2 0 and 10, + 11 =) gives E[(a¢416, + df:}f — af]:lf)Q] — 0, as desired.
We now expand

b?ilﬂ — b?iv = Z Zpor (g (0tp 4100 + ﬁf,ﬂf; Vyr) — gt(aﬁif;vu'))-
v’ €D f\v

~t+1 t4+1

The terms in this sum are mutually independent, and a,;", FrQy s ps 0, are independent of z¢/,. Thus,

- -1 -
B4, — 042 = o Bl(gi(an i+t ) — gulalt o)

f—v f—v vl f
LAp—1)(t+1) <= )

< P T S El(0uby + g - al —0.
— n yet [(O‘ ta —f a —>f) ]

This completes the proof of (B.24a) at s = ¢+ 1.

Inductive step 2: If (B.24) holds for 1 < s <t, then (B.24b) holds for s =t + 1.
By Lipschitz continuity,

GZ:lf— Z Zf’vft(gg)”emb?’—w’uf"wf') < L[0,| Z 2570,
freov\f freov\f

where L is a Lipschitz constant for ft. The right-hand side has bounded fourth moment, so we must only show

that the sum in the previous display has bounded fourth moment. The quantity ft(a())c/ Lo b’}, Ly Upr, W)
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has bounded fourth moment by the inductive hypothesis and Lipschitz continuity of ft Because zy/, is
independent of the argument to f; and has fourth moment 3/n2, the product szvft(gg-,%v, bscr_>,u, Upr, W)

has mean 0 and fourth moment O(1/n?). Because these products are mean zero and independent across f,

t+1

their sum has bounded fourth moment. We conclude a,’,

f has bounded fourth moment as well.
Recall b?r_}v = weof\w zfvfgt(af)f“_l)f; v}). The terms in the sum are independent, and zf, is indepen-
f}',g £ vl . Using the Lipschitz continuity of g; and the inductive hypothesis, we conclude b?jv has
bounded fourth moment by the same argument as in the preceding paragraph.

We conclude (B.24b) at s = ¢+ 1.

The induction is complete, and (B.24a) holds for all s > 1. Lemma 3.5.2 follows by combining Lemma

B.3.1 and Eq. (B.24a).

dent of a

B.3.3 Message passing in the low-rank matrix estimation model

Like in the preceding section, we prove Lemma 3.5.2 for the low-rank matrix estimation model by showing
that the iteration (3.19) is well approximated by a Gaussian message passing algorithm after a change of
variables. The functions in the Gaussian message passing algorithm are defined in terms of the functions

ft, g+ of the original message passing algorithm (3.19).

ft(goa e 75t7w7u) = ft(i)l +’Vlw>' o ;Bt +’7tw;07u)7
gi(@t,---,a%0,v) = g(@" + a6, --- ,at + af;v).

Note that here f; does not depend on #° is never used, and we may define jo arbitrarily without affecting
later iterates.® Define (al,_, ;)i>1, (al)i>1, (@), ;)0 (Bzcﬁv)tzo, (0% )1>0, (7, )i>0 via the Gaussian message
passing algorithm (B.20) with initial data 6,,,v,, uy, 25, and wy = Ay. Because fi, g;, and h are Lipschitz, so
too are ft and ;. Under the function definitions ft, g+ given above and the change of variables w; = Ay, the
definitions of ¥ ; and Ty ¢ in (B.22) and (B.17) are equivalent. Thus, Lemma B.3.1 holds for the iterates
of this Gaussian message passing algorithm with the T'[;.4, 3o, defined by (B.17).

We claim that for fixed s > 1, as n — oo we have
]E[(asav + &Z%f - af}ﬁf)z] — 0 and E[(’YS)‘f + E;HU - j‘av)ﬂ - 07 (B'25a)

and
E[0;(a;_,;)?] and E[A7(bj_,,)?] are bounded for fixed s. (B.25b)

We show this by induction. There is no base case because the inductive step works for t = 0 as written.

Inductive step: If (B.25) holds for 1 < s <t, then (B.25) holds for s =t + 1.
We expand

aeify +att —aty = abo + Y zpu(fib L, + vehgs 0up) = fo(Bi 03 0,up0))
freov\f

3The iterate b° only played a role in approximating the high-dimensional regression message passing algorithm by a Gaussian
message passing algorithm.
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1
— > Apfulbhi L, 0,up)
Jredv\f

=: Oét+10v + | -+ ”,

where E’?qv = (l;}/_w, ce 55"—”1) and v, = (71,...,7) (note that l;?c,ﬁv is excluded, which differs from the
notation used in the proof of Lemma 3.5.2).
bS

fl—uv

/\f/,

First we analyze |. The terms in the sum defining | are mutually independent, and l;}i, Lo

uy are independent of zf,,. Thus,

n—1 ~
E[] = E[(fe(BY sy +eApr5 0,up) = fo(Blr 0 0,up0)?]
L?(n— 1)t i - s
< . ZE[( = +ysAp = bf’%v)2] -0,
s=1

by the inductive hypothesis, where L is a Lipschitz constant of f;. Moreover, because 8, is independent of |
and has bounded fourth moment, E[62I2] — 0 as well.

Next we analyze Il. By the inductive hypothesis and Lemma B.3.1,
(bsc’—)v? )‘f'a U’f’) ﬂ (’YtA + Bt7 A7 U)a

where (A,U) ~ ppp and Bt ~ N(0;, X}1.4)) independent. Because (b', \,u) — Afi(b';0,u) is uniformly
pseudo-Lipschitz of order 2 by Lemma B.1.1, we have E[)\f/ft(b},_w; 0,us)] = 41 by Lemma B.1.2 and
the state evolution recursion (B.17). Moreover, because f; is Lipschitz, for some constant C

t
)\2/ <1 + Z(b;'—ﬂj)Q + U?/>‘|

EAF fi(b% 5 0,up)%] < CE

s=1

t
= C (E[A2/} + Z]E[)\Ql( ;/_)U)Z] + E[A?/U?‘/]) s
s=1

which bounded by the inductive hypothesis and the fourth moment assumption on ps 7. Because the terms
in the sum defining Il are mutually independent, by the weak law of large numbers the preceding observations
imply

1 t Ly

n Z )‘f’ft(bf’av; 0,up) =5 aqr.

freov\f

Because 6, is independent of this sum and has bounded second moment, we conclude that

1 L
Oét+1ev+|| :9v Ayl — E Z )\f/ft(b];u;w;()/ljlf/) 40
Jreov\f

Moreover, because 6, is independent of the term in parentheses and has bounded fourth moment, E[02 (s 4 16,+
2] — 0.
Combining the preceding results, we have that E[(a; 160, + a5, — abt})?] = 0 and E[07 (110, +

&f):lf - af}:lf)z] is bounded. Because 6, is independent of df}:lf, the term E[6? (&f}:lf)ﬂ is bounded, so also

E[Gg(af):lf)?] is bounded, as desired.
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The argument establishing that E[(y;41Af + b;:lv bﬁf_}v) ] = 0 and that E[A} (btffv)2] is bounded is

equivalent. The induction is complete, and (B.25) holds for all s.
Lemma 3.5.2 follows by combining Lemma B.3.1 and Eq. (B.25).

B.4 Proof of information-theoretic lower bounds on the computa-

tion tree (Lemma 3.5.3)

In this section, we prove Lemma 3.5.3 in both the high-dimensional regression and low-rank matrix estimation
models. We restrict ourselves to the case r = 1 and k = 1 (with & the dimensionality of W) because the
proof for r > 1 or k > 1 is completely analogous but would complicate notation.

For any pair of nodes w, v’ in the tree T, let d(u,u’) denote the length (number of edges) of the shortest
path between nodes u and v’ in the tree. Let Ty = Vuks Fuks Eu k) be the radius-k neighborhood of node
u; that is,

Vi ={v eV |du,v) <k},
Fur ={f € F|d(u, f) <k},
Eur ={(f,v) € &| max{d(u, f),d(u,v)} < k}.

With some abuse of notation, we will often use 7y k, Vi ks Fu, ks Eu,k to denote either the collection of ob-
servations corresponding to nodes and edges in these sets or the o-algebra generated by these obervations.
No confusion should result. Note, our convention is that when used to denote a o-algebra or collection of
random variables, only observed random variables are in include. Thus, in the high-dimensional regression
model, 7, is the o-algebra generated by the local observations s, ¥s, vy, and uy; in the low-rank matrix
estimation, it is the o-algebra genreated by the local observations z#,, v,, and uf. We also denote by ij f
the collection of observations associated to edges or nodes of 7 which are separated from f by v by at least k
intervening edges and at most ¢ intervening edges. For example, ﬂ)ljf contains only (ys/) s cov\ s, and 7; ot
contains additional the observations v,s and z ¢, for v’ € 9f"\ v for some some f’ € dv '\ f. The collections
(or o-algebras) Véi 5 ]-"f)i 2 &, bk ", are defined similarly, as are the versions of these where the roles of v and

f are reversed.

B.4.1 Information-theoretic lower bound in the high-dimensional regression
model
In this section, we prove Lemma 3.5.3 in the high-dimensional regression model.
Note that conditions on the conditional density in assumption R4 are equivalent positivity, boundedness,

k
and the existence finite, non-negative constants ¢, such that % < g for 1 <k <5. We will often use

this form of the assumption without further comment. This implies that for any random variable A

pa(da) < gp, (B.26)

|05 E[p(y|z + A)]| /\ “p(yle +a)l plylz + a)
Elp(y|z + A)] (ylr +a) Elp(ylz + A)]

because p(y|z + a)/E[p(y|x + A)] is a probability density with respect to u4, the distribution of A.
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Denote the regular conditional probability of © conditional on V' for the measure pg v by pe|v : RxB —
[0,1], where B denotes the Borel o-algebra on R. The posterior of 6, given 7, o, has density with respect to

pe|v (vy, -) given by

/ H p(ys | Z Vo X f,0¢) H po|v (Vyr, ddyr).

fEFy 2t v’ E€DSf v E€Vy 2t \v

Asymptotically, the posterior density with respect to pe|y (vy,-) behaves like that produced by a Gaussian

observation of 6§, with variance 77, where 7; is defined by (3.5).

Lemma B.4.1. In the high-dimensional regression model, there exist T, or-measurable random variables

Tut, Xo,t Such that

po(9]To20) ox oxp (—2

v,t

(o — 0 + op<1>) |

where 0,(1) has no ¥ dependence. Moreover, (Xv.t,Tv,t,0v,Vv) 4 (© 4+ 1G,1,0,V) where (0,V) ~ pe.v,
G ~ N(0,1) independent of ©,V, and 1 is given by (3.5).

Proof.[Lemma B.4.1] We compute the posterior density p,(¢|7y.2¢) via an iteration called belief propaga-
tion. For each edge (v, f) € &, belief propagation generates a pair of sequences of real-valued functions

(m!_, +(9))=0, (M}, (9))e>0. The iteration is

mf‘%v(ﬁ) OC/P(?Jf|va79+ Z Xpo o, ug H mays (9 H po|v (Vyr, ddyr),
vEdf\v vedf\u vedf\w
s+1
v:f H mf’—)v
f’Gav\f

with normalization fm’}ﬁv(ﬁ)uew(vv, dv) = fmf)ﬁf(ﬁ)ugw(vv,dﬂ) = 1. For any variable node v,

po(9|To2e) o< ] mil, (@) (B.27)
feov

This equation is exact.

We define several quantities related to the belief propagation iteration.

,Uzﬁf = /ﬁmzﬁf(ﬁ)ﬂ(—ﬂ\/(vvydﬂ)a (7’:’5~>f)2 = /192m24f(19)/1'(~)|V(Uvad19) - (Miﬁf)Qv
H;—w = Z va’ﬂf)’aﬂ (7:;—>v)2 = Z va ( —)f)Qa
v’ €df\v v'€0f\v

R 1 d s 1 d? s
U= = zp, AV IOgmfﬁvw)‘ﬁ:O’ Jov _JUvaw IOgme”(ﬂ)‘ﬂ:o’

S d S S d2 S
ay ;= @logmv%f(ﬁ)’ﬁzo, = _ﬁbgmvﬂf(ﬂ)‘ﬁ:o’
Xzaf = a’f}*}f/bf)ﬁf7 (Tiﬁf)z = 1/bf)ﬁf'

Lemma B.4.1 follows from the following asymptotic characterization of the quantities in the preceding display
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in the limit n,p — oo, n/p — 0:

E[(Mf}%f)ﬂ - 602’ E[(%saf)Q] - 6~52’

(o) SNO 0D @ o, (7o) B 72 (B.28)
(evvvvvafjef/bi%f’bf}—)f) —> (@7‘/7@ + Tst 1/732)5

where in the last line © ~ ug, G ~ N(0,1) independent, and 02,72 are defined in (3.5). By symmetry, the
distribution of these quantities does not depend upon v or f, so that the limits holds for all v, f once we

establish them for any v, f. We establish the limits inductively in s.

Base case: E[(u)_, ;)*] = dog and E[(7)_, ;)*] = 675

Observe that pf_,; = [Jpe|y(vy,dd) = Ee v[O|V = v,]. Because v, ~ pyv, we have E[(u,_, ()?] =
Eov([Ee,v[O|V]’] = E[O7] — mmseg v(c0) = dof. Similarly, (7),;)* = Varev(O|V = v,), so that
E[(%&_}f)z] = mmseg v (c0) = §72.

Inductive step 1: IfIE[(ufj_}f) | = o2, then (u5_,,, uy) N N(0,02) ® puy -

The quantity uy,_, , is ’7;, 7 f—measurable whence it is independent of x f,» and uy. Moreover, (b, T fv)
are independent as we vary v’ € df \ v. Thus, uj_,,| fZifjl LN N(O,%ZU,Eaf\U(uf),_)f)z). Note that
E[L Zv/eaf\v(uf},_}f)Q] = (p — VE[(15_,;)?]/n — o2 by the inductive hypothesis. Moreover, uj_, ; has
bounded fourth moments because it is bounded by M. By the weak law of large numbers, % Zv’eaf\v (,uf),_”c)2 LN

3. We conclude by Slutsky’s theorem and independence that (15, uy) 4 N0, 02) ® pp.

Inductive step 2: If IE[(“ )2] — 872, then (T30 )2 L 72.

The quantity 7, _, ; is T, _, p-measurable, whence it is independent of z ¢,,. Therefore,

E[ D> @i (Fop)’l= (- DE(F,,)]/n— 72

v’ €df\v

Moreover, (7, f, T ,) are mutually independent as we vary v" € df \ v, and because 7, _, ; is bounded by M,

the terms nx?,, (05, ;)* have bounded fourth moments. By the weak law of large numbers, (77_,,)? 272

S S S d
Inductive step 3: If (UG, up, Tf_,) RN N(0,02) @ puy ® 0z, then (0,, vy, vilf/bvilﬁbvilf) — (6,V,0+
7s+1G,1/72,1) where G ~ N(0,1) independent of (©,V) ~ pe,v.
For all (f,v) € £ and s > 1, define

p?%(y;x)=/p(ylx+ S wpetoug) [ miss;00) [ rev (e, ddw).

v'€df\v v'€df\v v’ €D f\v

More compactly, we may write p}_w(y; T, up) = E{@U,}[p(y\x—i—zv,eaf\v Ty Oy, ur)], where it is understood
that the expectation is taken over ©,/ independent with densities my,_, , with respect to pe|v (vyr, ). Note

that for all z, we have

/p?%(y; r)dy =1
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everywhere. That is, p} _»(;) is a probability density with respect to Lebesgue measure. We will denote
by p}_,, (y;2) = g—gpjc _w(y;a:)’ . and likewise for higher derivatives. These derivatives exist and may be
taken under the integral by R4. Define

2

S d S S S
aj_,(y) = e logpf%(y;x)’ and $o0(Y) = =5 logp}_,, (y; )

=0 dz? =0

For fixed y, the quantity a},_,, (y) is independent of z s, and (a;,HU (y), ) are mutually independent for
f'€dv\ f. Observe that

E E 1 E
a}—w = a}—w <yf) and afj:f = Z x.f’va}’—w (y.f')’
freov\f
fou =binulyy)  and  BEL = Y G b (yp).
Jreov\f

We will study the distributions of a%_,y af}:lf, b%

introduce. Define P, y to be the distribution of the regression model with 6, forced to be 6 and v, forced

%0 and bf]:lf under several measures, which we now

to be 0. That is, under P, g, we have (6,/,v,) id peo,v for v # v, v, = 0 and 0, = 0, the features are
distributed independently z s, id N(0,1/n) for all f,7’, and the observations y; are drawn independently
from p(-|>_,1cos Tforbur) for all f. We will consider the distribution of a}_,,, af}ilf, b3, and bf}:lf under
P, for 0 € [-M, M].

We require the following lemmas, whose proofs are deferred to Section B.4.1.

Lemma B.4.2. Under P, g for any 6 € [—M, M|, we have for all fized y that

0)
PF (95 0)
0

)

P (Y5 Eg, [p(ylpf_y + Ti o0 G1yup)] = op(1),

- EGl [p(y‘:uj‘—)v + 7:;—>’UG1) Uf)] = 010(1)7

p’;ﬁv (y; Eq, [p(y‘/f}ﬁv + %;Hle’ uf)] = 010(1)7

where the expectation is over Gy ~ N(0,1). Further, for any u, the functions (u,7) — Eq, [p(y|lp + 7G1,u)],

(1, 7) = Eg, [p(ylp + 7G1,u)], and (1, T) = Eg, [B(y|lp + 7G1,u)] are continuous.

Lemma B.4.3. Under P, g for any 0 € [-M, M|, we have for any fized s

s+1
mv%fw) s+1 I o s+1 —1/2
log mz:lf(o) = 19a’v—>f - 519 bv—>f + Op(n / )»

where Op(n~1/2) has no ¥ dependence, and the statement holds for 9 € [—M, M].

s+1 bs+1
v—=>fr v f

for all f’ € v, its distribution is the same under P,y for all § € [-M, M] and is equal to its distribution

First we study the distribution of a under P, o. Because p1%, is independent of 6,, v,

~s
—>U’Tf’—>v

under the original model. Thus, the inductive hypothesis implies (1}, 77_,,) PL> N(0,02) x §5,.
v,0



APPENDIX B. THE ESTIMATION ERROR OF GENERAL FIRST ORDER METHODS 153

By Lemma B.4.2, the inductive hypothesis, and Lemma B.1.3, we have for fixed y

Eq, [p(y|u;—>v + 71?—>le7 uf)] Eg, Lp(y|USGO + 7sG, U]

. s d . .
Ecu [p(ylnG o0 + 7550Group)l | 5= | Eau [p(ylosGo + 761, U)] |
Ee, [p(yluj—, + 77, Gy up)] Ec, [p(ylosGo + 7:G1,U)]

where and Go, Gy ~ N(0,1) and U ~ py independent. Applying Lemma B.4.2 and Slutsky’s Theorem, we
have that

Pi—0(y:0) Ec, [p(ylosGo + 7G1,U)]
. d . ~

p‘}—w(y;o) P Eg, [p(y|05G0 + TsleU)]
p;‘—w(y?O) EGl [ﬁ(y|o-SG0 + 7iSG’lvvv)]

By the Continuous Mapping Theorem,

s d -
pf—)v(y7 0) P—0> IEG1 [p(y|UsG0 + TSG17 U)L

s a d . .
05oro0) 5 3 108 EG, [3(4l0Co + 7. G, U] _

2

d ) -
2 log Eq, [p(y|osGo + 7sG1,U)]

d
b3 0 (y) T

x=0

Because the quantity p(y|z) is bounded (assumption R4) and the quantities a}_,,(y),b%_,,(y) are bounded
by (B.26), we have

EPU,O[p:;‘—)U(y|O>] — EGO,G’hU[p(mUSGO + TG, U)]7

d . -
]EPU,O [a;—w (y)2} - ]EGO,U [(dﬁ log EGl [p(y|USG0 + TSle U)]

2 B

s d . .
Ep, [0 0] = ~Ecou {dﬁ log Ec, [p(y|osGo + TG, U)]‘”_O} :

Under P, ¢, we have for all f’ € Qv that the random variable y; is independent of x ;/,,. Thus, conditional
on T25+2’1, the random variable Zf’eav\f TprpQ_y, (ysr) is normally distributed. Specifically,

v—>f

1
S 25 2,1 S
> wpaholue) [ TP o N[0 = DT (ah ()

Pv,O
Jredv\f fredu\f

Because (a}_,,(yy))? is bounded by (B.26), if we show Ep, ,[(a5_,,(ys))?] = 1/77;, then the weak law of

large numbers and Slutsky’s theorem will imply that

s s d
atl= Y g;f,vaf,%(yf,)WN(OJ/TS?H). (B.29)
fredv\f '

We compute

Ep, o[(a% ()] = Ep, o[Ep, o [(a ., ()2 |o(TEE (@po ) copo) ]
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=Ep,, [ / a5y (Y)* P (y;0)dy

/EP 0 I:af%v(y)2p;'~>v(y;0)j| dy.

where the second equation holds because under P, o we have y; | o(T25H5 (250) 0o f\v> uf) has density
P} _,,(-;0) with respect to Lebesgue measure, and the last equation follows by Fubini’s theorem (using the
non-negativity of the integrand). Because a}_,, (v)? < (¢})* and Ep, , [pF_,,(y;0)] are probability densities
which converge pointwise to Eg, [p(y|osGo + 7sG1)], we conclude that

Eg, [p(y|osGo + 7sG1,U))?
Er,o[(a}0 () H/ B v [Egl[p@wscoﬁsch oy | Y

— ]E |:/ EGl [p(y‘O—SGO +7:SG13 )]2d :| 1
U] Ee, [plylosGo + 7,G1,U)]

)

2
s+1

where we have used the alternative characterization of the recursion (3.5) from Lemma B.1.4. We conclude
(B.29).

Now we compute the asymptotic behavior of bfj:lf under P, o. Under P, g, xf/, is independent of ysr, and

(10, b5, (ysr)) are mutually independent for f* € dv\ f. Thus, Ep, ,[z}.,b% ., (s )] = Ep, o[0% ., (ys)] /0.
Because b}, _,,(y) is bounded by (B.26), if we can show that Ep, ,[b%, ,,(ys)] = 1/77, then b;:lf %)

1/72,, will follow by the weak law of large numbers. We compute

Ep, o030 (¥1)] = Ep, o [Ep, o070 ()lo(TEE (@10 )wreaios )]

=Ep,, [ / b% o (Y)PF 0 (y;0)dy

where the last equation follows by Fubini’s theorem (using that the integrand is bounded by the integrable

function g:Ep, [ y;0)]). The integrands converge point-wise, so that
v,0 W f—v

Ep, o070 (y5)]

Eg, [p(ylosGo + 7:G1,U)J? } / y N
— Eg, L E dy| — [ Eg,.c, 0sGo + 7,G1, U)|d

G 7U |:/ EGl [p(y'osGO +TSG1,U)] y G 7G 1U[p(y| 0 1 )] y
1

2 )
Ts+1

where we have concluded that the second integral is zero because z — Eq, ¢, v[p(y|losGo + 7sG1,U)] pa-

rameterizes a statistical model whose scores up to order 3 are bounded by (B.26). Thus, we conclude that

bs+1

v—>f —> 1/TS+1

Now we compute the asymptotic distribution of (aT!;,55*!) under P, for any 0 € [-M,M]. The

vﬁf’ v—f

log-likelihood ratio between P, ¢ and P, ¢ is

s+1 .
Z 1 pf/—W yf/‘xf/ _1 mv:f(e) +10g p;’—w(yf|vae)
fege | Proourl0) my L (0) i (y£10)
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1
= 0a°Tl, — Z0%b°
2

v—=>f v

ilf + Op(n71/2)7

where we have used Lemma B.4.3 and that ‘log pij‘;”(yim‘ < Mqi|z o] = Op(n~'/2). Thus,
f—v

P, 1 1 62
s+1 bs+1 1 v,0 p VA 07 — —
(a’v—>f7 v— f og Pv,O) Pv,0> ) 7_32+17 D) 7_52+1 5
where Z ~ N(0,1/72, ). By Le Cam’s third lemma [188, Example 6.7], we have
s+1

s+1 s+1 d 1
(a+ b+ )P—><Z/,2>.

v fr v f 6 T2

where Z' ~ N(6/72,4,1/72,.,). By the Continuous Mapping Theorem [188, Theorem 2.3|, we conclude

d
(a3t /bt o0t Poo N(,701) ® d1yr,, -

Denote by P* the distribution of the the original model. Consider a continuous bounded function

f:(0,v,x,0) = R, and define f,(0,v) = Ep, ,[f(0,v,a55) /b5, 055))]. Under P*, the random variables
s+1 bs+1

v—=>fr v f
particular, we may write

a are functions are 6, and random vectors D := T, 2; \ {0y, v, }, which is independent of 6,,v,. In

]EP* [f(evav’wa/s-‘rl /bs+1 b8+1 )] = E’P"[f(elnUU?X<91UD)’B(9U7D))]’

v=>flYv—=frYv—f

for some measurable functions x, B. We see that

Ep- [f(ov’@maerl NN ) | 91,7111,} = fn(evavv)

v=>fl Vo= frYv—f

where

fn(G,V) = ED[f(97V’X(97D)’B(97D))]7

with D distributed as it is under P* (see e.g., [76, Example 5.1.5]). Because D has the same distri-

bution on P* as under P, g, we see that in fact fn(6,v) = Ep, ,[f(0,v, a5t} /051, 655, Because

s s s d ~ B
(avilf/bvilf’bvilf) H) N(b,72,,) ® 8172, we conclude that fa0,v) = Eg[f(0,v,0 + 751G, 7.3)] for

all 6, v. By bounded convergence and the tower property, Ee v[fn(©,V)] = Eo v.g[f(0,v,0 + 711G, )]
where (0,V) ~ pe v independent of G ~ N(0,1). Also by the tower property, we have
]E97V[fn(®’ V)} =Ep- [f(evv Uy, X(QU, D)v B(va D))] = Ep- [f(avv Uy, attl /st it )]

v—=>fl Yv—=frYv—f

We conclude
Ep-[f(0y, vo, st /651 05110 = Eo v, [f(©,V,0 + 141G, 7.%)]-

v—=fl Vo= frYv—f

Thus, we conclude that (6, v, af;ilf bj:lf, bi:lf) %) (0,V,0 + 7,11G,1/72,,), as desired.

Inductive step 4: If (04, vy, a1 /b5t b5 tL) 4 (0,V,0 + 741G, 1/72, ) where G ~ N(0,1) independent

v=>fl Yv—=frYv—f

of (©,V) ~ pe.v, then E[(u_, ;)*] = 02 and E[(7]_, ;)*] — mmsee v (72).

v—>f
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Define

ms_ (V)
log —2= "7 9 192
og mf,_”f(o) ( avﬁf 'u—)f

where because all the terms are continuous in 9, the random variable €;_, I8 measurable and finite. We
have that

J 9 exp( ﬂavﬁf 0205, /2 = €5, ;) e (v, dV) oo
> > e v s b; vy 1/05
:u'v—>f = fexp 190, ﬂzbéﬁf/2+e %f)MO(Uvadﬁ) Ze 7]®7V(av—>f/ v fs U / v—>f)

where ne v (y,v;72) = Eov.g[0|© + 7G = y;V = v] where (0,V) ~ peyv, G ~ N(0,1) independent.
Likewise,

Hysp < e? Uﬁfn@) v(a vaf/bvﬁf’vv’l/bv—’f)

Because ne,v takes values in the bounded interval [-M, M| and €,_,; = 0,(1) by Lemma B.4.3, we conclude
that

ﬂi—)f = 77®,V(aqs;—>f/bqs)—>f’vv; 1/b151—>f) + O;D(l)'

For a fixed v,,, the Bayes estimator ng - is continuous in the observation and the noise variance on R x Ryo.t
Thus, by the inductive hypothesis and the fact that v, ~ py for all n, we have E[ne,v (a;_, ; /b5, ¢, vo; 1/biﬁf)2] =
Elne,v(aj_, /b5 5w 1/05_, 1)* V M?] = Ee v.glnev(© + 7.G,V;72)] = E[O%] — mmseo v(77) = do? by
Lemma B.1.3. By the previous display and the boundedness of 1 _, ; and ne v, we conclude E[(y5_, ;)?] —
§o2, as desired.

Similarly, we may derive that

€721 5g y (a1 /U5 vei 1/65 ) < / 9, 5 (9) e ()
< GQEi”fS%,V( gy /U5 003 1/ p),

where s3, (y,v;7%) = Eo v.¢[07|0 + 7G = y,V = v] where (0,V) ~ pe v, G ~ N(0,1) independent. For
fixed v, the the posterior second moment is continuous in the observation and the noise variance. Further,
it is bounded by M?2. Thus, by exactly the same argument as in the previous paragraph, we have that
E[(?{fﬁf)z] — E@7V7g[8%,v(@ + 717G, V712 —ne v (0 + 715G, V;72)?] = mmseg v (2), as desired.

The inductive argument is complete, and (B.28) is established.
To complete the proof of Lemma B.4.1, first observe by (B.27) that we may express logp, (97T 2:) as,

t—1
up to a constant, log ”_’fiﬁ)) + log f"f’ EO)) Note that
fau
t—1 o1
my ., (0y) P (Yr; )
logif_w < M|z s,|sup {_;U < Maqi|zs| = 0p(1).
mi 5, (0) 2€R | Py, (Yr; @)

2
By Lemma B.4.3, we have that, up to a constant, log Z:i((g; ;bf}ﬁf (af}_ﬁ/bf}ﬁf - 19) + 0p(1). The

lemma follows from (B.28).

O

4This commonly known fact holds, for example, by [124, Theorem 2.7.1] because the posterior mean can be viewed as the
mean in an exponential family paramterized by the observation and noise variance.
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We complete the proof of Lemma 3.5.3 for the high-dimensional regression model. Consider any esti-

mator 0 : To,2t — [—M, M] on the computation tree. We compute

E[((0,,0(Ty,2¢))] = E[E[¢(6,, (T 2t))|To,2t]]
=FE {/ﬁ (9, 9 To.2t) (7_ J exp (—Q:Qt(xw —9)% + 0,,(1)) u@V(vv,dﬁ)}

>E [exp(—Zev) /6(19, 0(To2t)) ! j exP (—Q:at(xv,t - 19)2) M@V('vadﬁ):|

Z(Xv,ta Tv,t; Uy
> E [exp(—2¢y) R(Xv,2¢, To,2t5 Vo))

where Z(%,Qt) = fexp (iﬁ(){v,t - 19)2 + Op(l)) N‘@\V(vmdﬁ)a

1 1 2
R(x,7,v) :== ég&/?g(énd)eiﬁ()(iﬁ) ,U(~)|v(’l)7d79),

and

P To,2t)

1
% p(0[To0)

+ 19Xv,t/7—37t - 192/(2T3,t) .

€y = sup
JE[—M,M)]

Because O is bounded support, by Lemma B.1.5(b), R(x, 7,v) is continuous in (x,7) on R xR+ o. By Lemma
B.4.1, €, = 0,(1). The quantity on the right-hand side does not depend on é, so provides a uniform lower
bound over the performance of any estimator. Because (vy, Xv,2t, Tv,2t5 €0) — 4 (V,0+7G,74,0), v, LV for all
n, and 7, > 0, we have E [exp(—2¢,) R(Xv,2t; Tv,2t, V)] = E[R(O+7,G, 7, V)] = infy E[¢(©,0(0+1,G,V))],
where the convergence holds by Lemma B.1.3 and the equality holds by Lemma B.1.5( ). Thus,

lim inf inf E[0(0,, (T, 2:))] > inf E[¢(, (0 + 7,G))].
O 4(.) 0(-)

The proof of Lemma 3.5.3 in the high-dimensional regression model is complete.

Technical tools

Proof.[Lemma B.4.2] By Lindeberg’s principle (see, e.g., [51]) and using that peg is supported on [—M, M],

we have

N M? sup, g [05p(ylz, uy)|
P50 (130) = Ba, [p(ylf, + 770G, up)]| < e L S T i

3 v’ €D f\v
. . - M3 sup, g |03p(y|z, u
9700 (0:0) — B (30115 + 7 Gy < PR OB ULy
v’ € f\v
.. M3 sup p(y|x, u
70 050) — B [0l + 7)) < 2 Pe Py
v'€df\v

Using the sup,cg |0%p(y|z, u)| < g, sup,er [p(y|z,u)| < oo for k = 3,4,5 by R4, we have that for fixed y the
expectations on the right-hand side go to 0 as n — oo, whence the required expessions are o,(1).

Further, [Eq, [p(yli + 7Gr, )] — Be, [p(yl’ + Gyl < (= ] + | — 7|y/2/7) sup e iy, ),
whence Eg, [p(y|u +7G1,u)] is continuous in (i, 7) by R4. The remaining continuity results follow similarly.
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O

Proof.[Lemma B.4.3] Fix any ¢ € [-M,M]. By Taylor’s theorem, there exist ¥; € [-M,M] (in fact,
between 0 and 9) such that

) my Ly (0) o M=o (V)
%) T 2 B
v f freov\f frow

) 1y, 1 a3 .
= oty — S0 + o0 > <dl% log B |, [p(yyr |z + Gpryup)]
redu\f

19_19,;>

where it is understood that expectation is taken with respect to G'f/ 4 Zv'eaf'\v T fro O pr Where T g1y
is considered fixed and ©,/_, ¢/ are drawn independently with densities m},_, 2 with respect to pgy (ver, ).

We bound the sum using assumption R4:

) <gs Z |xf’v|3zop<n_1/2)~
9=19;

a4 .
) (dﬁg logBe, |, [p(ysle ot + Gpryup)]
freov\f

fredv\f
The proof is complete.

O

B.4.2 Information-theoretic lower bound in the low-rank matrix estimation

model

In this section, we prove Lemma 3.5.3 in the low-rank matrix estimation model.

Recall that conditions on the conditional density in assumption R4 are equivalent positivity, bounded-
ness, and the existence finite, non-negative constants g, such that % < g for 1 < k < 5. In particular,
we have (B.26) for any random variable A.

Denote the regular conditional probability of © conditional on V' for the measure pg v by pe|v : RxB —
[0, 1], where B denotes the Borel o-algebra on R, similarly for 5. The posterior density of 6, given T, 2:—1

has density respect to pev (v, -) given by

n 1
pv(ﬁv|7:),2t71) X /Hexp <—2((Ef/,ul — n(f/'lgvl)z) HMA(Uf»dgf) H/’L@(U’U’vdﬁv’%

where the produces are over (f',v') € &, 2i-1, f € Fp21-1, and v/ € V,, 94_1, respectively. Asymptotically,

the posterior behaves like that produced by a Gaussian observation of , with variance 77.

Lemma B.4.4. In the low-rank matriz estimation model, there exist Ty 2:—1-measurable random variables
Qu.t, Xv,t Such that for fized t > 1

1
Po(9| T 20-1) o exp (2(><v,t — 0,70 + o,,<1>> ,

where 0,(1) has no ¥ dependence. Moreover, (0., Vy, Xuv.tsqv.t) 4 (@,V,qtl/Q@ + G,q) where (0,V) ~

to,v,G ~ N(0,1) independent of ©,V, and g, is given by (3.7).
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Proof.[Lemma B.4.4] As in the proof of Lemma B.4.1, we compute the posterior density p, (9| Ty 2:—1) via

belief propogation. The belief propagation iteration is

m(])‘—w (f) =1,

1
(eXp < (T o — nff'0)2> m?_w(ff')MAU(Ufudff')) ,

i@ [ ]

freov\f

m;—w / H (exp( va’ - *&9 ) ) z’af(ﬂv/)ﬂ(%v(vv’adﬁv’)> 5

v'€df\v

with normalization [m3%_,, (€)pajw(uyp, df) = [m3_, (9)pev (ve, dd) = 1. For t > 1

Po(9]To,20-1) /H

(eXP ( (Tf0 — *ffﬁ) ) m;jy(gf)uMU(ufvdzf)) ;
feov

This equation is exact.

We define several quantities related to the belief propagation iteration.

M;—w = /ém?—w(g)uA\U(ufv d€), Si‘—w = /Z2mj“—)v(€),u/\\U(ufa dﬁ)a
S S 1 S
v:lf = Z ,Uf/ﬁv/\f' (thgf)2 = ﬁ Z (/[f/*w)Q7
f’Gav\f freov\f
S d S d2 S
Ays5 = @IOgmvaf(ﬁ)‘ﬂzoﬂ v—f = _wlo«gmvﬁf(ﬂ)’ﬁzo’
ooy = [ 0me Do (v, o). i = [ Pmi s Onery (vu,d0),
s 1 s ~S 2 1 s 2
Af oy = E Z U’u/—>fgv/7 (Tf—w) = E Z (:uv/—>f) >
v €Df\v v'€0f\v
X d ) i 2 )
Af sy = diél()gmfﬁv(g)‘ezd fov = _diéglogmfav(g)‘lzd

Lemma B.4.4 follows from the following asymptotic characterization of the quantities in the preceding display

in the limit n,p — oo, n/p — 9§:

E[‘LL;*UAJC] = Qs+1; E[(Mf"—n;)z} — Qs+1,

( s+1

s+1 P
av_>f — Qs+1, Tv_yf) _> ds+1,

S S d
(ovyvvvav—ﬁ; bv—>f) — (0,V,4:0 + q;/2G2a qs),

. ) R (B.30)
E[N’f}—ﬁav] — 04, ]E[(/ifo) ] = d4ds,
Wy Bdn  (FL? B4,

s s d A A ~
(>\f7uf7a’f—>v7 bf—)v) — (A7 Ua QSA + q;/ZG’ qs)'

As in the proof of Lemma B.4.1, the distribution of these quantities does not depend upon v or f, so that
the limits hold for all v, f once we establish them for any v, f. We establish the limits inductively in s.
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Base case: E[u$_, \f] = ¢ and E[(}_,,)%] = 1.
Note p§_,, = E[Xf|ug]. Thus E[u$ ,,Af] = E[E[Af|us]?] = Vao,u(0) = g1 exactly in finite samples, so
also asymptotically. The expectation E[(u?c _,)?%] has the same value.

s+1 P, s+1
(

Inductive step 1: If E[u;_w)\f] — gs+1 and E[(u‘}_w)z] — st1, then Oy = st and Uﬁf) LN Qst1-

By the inductive hypothesis, E[a*t1] = (n— DE[u}_,Af]/n — gs+1 and E[(7, STLY?] = (n— I)E[(uic%v)ﬂ/n —

'u—)f vﬁf

@s+1. Moreover, o _,,Ap are mutually independent as we vary f’ € 0v\ f, and likewise for K§r_y,- We have

E[(u% . Ap)?] < M* and E[(p5,_,,)"] < M* because the integrands are bounded by M*. By the weak law

of large numbers, avﬁf LN gs+1 and ( 5i1f) LN Gs1-

Inductive step 2: If af}:lf 2 ger1 and (. jilf) 2 ger1, then (Hv,vv,af):lf,bfjilf) 4 (©,V,qs+10 +
qs+1Ga qs+1)-

We may express

1
logmiilf(ﬁ) = const + Z logEy [exp <—2nA2,192 +xf/UAf/19>} ,
freov\f

with respect to paju(ugr,-). We compute

—v

where Ay has density mi,

d s
d’ﬂ]EAf, |:6Xp <—A2/192 +£Cf/ Af/’l?):| ‘1920 :EAf/ [xf"uAf’] = xf/vuf’ﬁ'm

d2 2 2 1 2 2 1 s
d’&QEAf, |:eXp (_Af/'l? +$f/ Af/'ﬁ):| ‘19:0 :EAf’ |:‘,I’.f”UA ;= ﬁAf/ = ;Uf/v - g Sf’*)’u'

Then

1
1 K
f}if = E : l‘f”ul'l/f,*}v and bf;:lf = § : <x3"v(u;’~>v)2 - (x?”’v - n> s;’%v) :

freov\f freov\f!

We compute

1
1 s
af)Jrf il E Wi oA | Ou + g ZfrolEr
freov\f freov\f

Because (zfy) pcov\ f are independent of ,u?c, and are mutually independent from each other, conditional on

s+1 s+1

T, ; the quantity 2o preoo\ s szv,uf,_w is distributed N(0, (7, 'uﬁf) ). By the inductive hypothesis, (Tfﬁv> 2

ds+1, SO that Zf’eav\f 2ol 4 N(O, gs+1). Further, z;/, and W, are independent of 6, and by the
inductive hypothesis, the coefficient of 6, converges in probability to gs11. By the Continuous Mapping
Theorem [188, Theorem 2.3], we conclude that (8,,v,,a’"}) 4 (0,V,qs+10 + q;flG) where G ~ N(0,1)

v—f
independent of O, as desired.

Now we show that b‘sﬁf 4 gs+1. We expand bf):lf = A— B where A =31y, w3, (1% ,,,)% and
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B = Zf/eav\f(xfuv —1/n)s},_,,. We have

1 s 2 s s
A= ﬁ Z )‘2’912)(/’[’f’—>v)2 + E Z )‘flevzf/v(ﬂf’—)v)Q + Z Z?’v(u’f’—w)Q'
v’ €D f\v fredv\f v’ €D f\v

Observe E[\},07 (15, _,,)*] < M, so that the expectation of the first term is bounded by M°(p —1)/n* — 0.
Thus, the first term converges to 0 in probability. Because zy/, is independent of p3,_, ., IE[|/\f/0vzf/U(u;,Hv)2 ] <
M*,/2/(mn), so that the absolute value of the expectation of the second term is bounded by 2M*./2/(mn) —

0. Thus, the second term converges to 0 in probability. Because p},_,, is independent of z/,, the expectation
of the last term is (n — 1)E[(itf/—v)?]/n — ¢s+1 (we have used here the assumption of inductive step 1). The
terms (Z?/U(M?IHU)Q)f'eav\f are mutually independent and E[zﬁ,v(u;,ﬁv)ﬂ < 3M*/n?, so that by the weak
law of large numbers we have that the last term converges to gs41 in probability. Thus, A RN Qs+1-

We have

Z )\292,5 v’ — f =+ ﬁ Z )\f@v/sv/_”t + Z Zf”U I/TL)Sf}/_}f
v’ €D f\v v'€df\v v’ €df\v

As in the analysis of the first two terms of A, we may use that s? < M? to argue that the first two terms

v'—f =

of B converge to 0 in probability. Further, because zs/, is independent of s the expectation of the last

v’ —f

term is 0. Further, E[(z},,, — 1/n)%(s},_, ;)*] < 2E[(2},, + 1/n*)|E[(s5,_, ;)?] < 8M*/n?, so that by the weak
law of large numbers, the final term converges to 0 in probability. Thus, B 2 0. Because, as we have shown,

p s+1 P

A = gs11, we conclude b;:f = Gst1-
s+1 ) d

v—f

[188, Theorem 2.3], we have (8,,,a’"}. b5T1) S RN (0,¢s+1© + qiﬁG,qu).

V) Py fr Yoo f

Combining with (6,,v,, a (6,V, q8+1@+qi_<_21G) and applying the Continuous Mapping Theorem

Inductive step 3: If(@v,vv,af)ﬁf,bf)ﬁf) 4 (e, V,qs®+q;/2G1,qs) then E[uv%fﬂ | = 6Gs and E[(us_, ;)% —

5ds.

v f

We will require the following lemma, whose proof is deferred to section B.4.2.

Lemma B.4.5. For any fived s, we have 9,¢ € [-M, M]

my_, (V) s 1oy _
logmsﬁif(o):ﬁavﬁf 2192b p+ Op(n 12,
v—=>f
mf_,,(0) s 1 _
log £*> (0) = ga’f%v 262 f—v + @) ( 1/2)

where Op(n~"/?) has no 9 (or £) dependence.
Define

my 5 (V)
log i (ﬂav 192 v >

By Lemma B.4.5, we have €;_, , = op(1). Moreover, using the same argument as in inductive step 4 of the

s
€f—>1) = sup
VEe[—M,M]

proof of Theorem B.4.1, we have that

6726;}_“77@7V(a2—>f(bqs)—>f)71/2a U bqu—>f) < :Lti—>f
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< 6262Hf097V<af;%f(bf;af)l/2’ Vv bfk*)f)7

where ne v (y,v;q) = Ee v.c[0]¢/?0 + 7G = y; V = v]. Because ne v takes values in the bounded interval
[-M, M] and €;,_, ; = 0,(1) by Lemma B.4.5, we conclude that

Mzﬁf = n@,V(az%f/bzﬁfv Uy; biaf) + Op(l)'
For a fixed v,,, the Bayes estimator in the observation and coefficient q. Thus, by the inductive hypothesis and
the fact that v, ~ py for all n, we have that IE[@r]@,V(af)ﬁf(bjﬂf)lﬂ7 Uy bf)ﬁf)] has limit E[@n@y(q;/?@ +
G.Viq,)] = 84, and Elne,v(¢:*6 + G, V3 q,)? has limit Ee,v.c[1e,v(a:/*0 + G,V3q,)?] = 8. Because

10, |15 415 Ine v (a5 1 /b5 gy 00505, )| < M, by bounded convergence, we conclude E[u;_, (0,] — 645 and
E[(13 )% = 64s.

The remaining inductive steps are completely analagous to those already shown. We list them here for
completeness.
Inductive step 4: If IE[,uf)_)va} — 04, and E[(uf)_”t)z] — 64s, then aj_,, B4, and (f;ilv)Q B g,

Inductive step 5: If a5 _,, 2 G and (f';_w)2 B g, then (Afsup,a_y,,0%,) 4 (A, U, GsA + qA;/ZGJjS).

.1/2

Inductive step 6: If()\f,uf,aiﬂv,bs ) <4 (AU, GsA+4s

oo G,4s), thenE[u}_,, As] = o1 and E[(p_,,)%] —
QS+1 .

The induction is complete, and we conclude (B.30).

< o a Po (V] To,26—1) o m,
To complete the proof of Lemma B.4.4, first observe that we may express log P (OIT 2 ) 88 log — ) +

log B, [exp(Y p, Ay — 92A%/(2n))]. Note that

[log Ex, lexp(d pu Ay — 92A3/(2n))]| < MJay| + M* /20 = 0,(1).

By Lemma B.4.5, we have that, up to a constant, log mf:;Ez; = —3((al_ ;0! )72 =bL_, ) 20)2 +0,(1).

m

The lemma follows from (B.30) and Slutsky’s theorem.
O
Lemma 3.5.3 in the low-rank matrix estimation model follows from Lemma B.4.4 by exactly the same

argument that derived Lemma 3.5.3 in the high-dimensional regression model from Lemma B.4.1.

Technical tools

Proof.[Lemma B.4.5] Fix any ¢ € [-M,M]. By Taylor’s theorem, there exist v, € [-M,M] (in fact,
between 0 and 9) such that

o my_, ¢ (9) Z o Ex,, [exp(=n(zpy — Apd/n)?/2)]
& me 0) & Ey,, [exp(—nz?, /2)]
v=f Fredv\f ! fro
. 1, 1 43
= ﬂavff - 5192171):1)( + 6193 Z FFE log Ep ,, [exp(—n(zfr — Ap9/n)?/2)] om0,

freov\f
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where it is understood that Ay ~ pzy(ug,-). Denote ¢(9,0,x) = —n(xp, — £9/n)?/2. By the same

argument that allowed us to derive (B.26) from R4 in the proof of Lemma 3.5.3(a), we conclude

3

d—g log EA [exp(t) (1, A, x))]‘

dd I=0 4

<C  sup  max{|0gv(0, €, )3, |09 (0, £, 2) 03 (9, £, )|, |O5(D, £, )|}

£,9€[—M,M)]

< CmaX{M3|M2/n+mf/U|3,(MQ/n)M|M2/n+xf/v\,O},

where C'is a universal constant. The expectaton of the right-hand side is O(n~3/2), whence we get

L s d? 2 _ —1/2
619 f/;\f EBE logEy lexp(—n(z sy — Apd/n) /2)]‘19:1% = Op(n ),

where because 9 € [~ M, M], we may take O,(n"'/2) to have no ¥-dependence.

mj’—)w (Z)
miﬁv (0)

The expansion of log is proved similarly.

B.5 Weakening the assumptions

Section 3.5 and the preceding appendices establish under the assumptions Al, A2 and either R3, R4 or M2
all claims in Theorems 3.3.1 and 3.3.2 except that the lower bound may be achieved. In this section we show
that if these claims hold under assumptions Al, A2, R3, R4, then they also hold under assumptions Al, A2,
R1, R2 in the high-dimensional regression model; and similarly for the low-rank matrix estimation model. In
the next section we prove we can achieve the lower bounds under the weaker assumptions Al, A2 and either
R1, R2 or M1.

B.5.1 From strong to weak assumptions in the high-dimensional regression

model

To prove the reduction from the stronger assumptions in the high-dimensional regression model, we need the

following lemma, whose proof is given at the end of this section.

Lemma B.5.1. Consider on a single probability space random variables A, B, (By)n>1, and Z ~ N(0,1)
independent of the A’s and B’s, all with finite second moment. Assume E[(B — B,)?| = 0. LetY = B+71Z
and Y, = B, +7Z for 7 > 0. Then

E[E[A]Y,]"] — E[E[A]Y]?].

We now establish the reduction.

Consider pw.r, pe,v, and h satisfying R1 and R2. For any € > 0, we construct Py 7> M6 7 and h
satisfying R3 and R4 for £ = 3 as well as data X € R"*P, 0.0,v,9 € R?, and Yy, ¥y, w,u,u € R™ and
w € R™ 3 such that the following all hold.
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1. (X,0,v,u,w,y) and (X, é, v, U, w,y) are generated according to their respective regression models:
iid . s .\ iid _ | iid
~ pw,u independent; (0;,7,) ~ 1. and (W;, @;) ~ i 7

independent; x;; B N(0,1/n) independent of everything else; and y = h(X8,w) and § = h(X8, ).

namely, (0;,v;) id po,v and (w;,u;)

Here ] is the i*" row of w. We emphasize that the data from the two models are not independent.

2. We have
1 iy 1 i 1 iy
P EHy—yH >e| =0, P ];Hv—'vH >e|] =0, P EHu—uH >e| —=0. (B.31)

Note that because in any GFOM the functions Ft(l),Ft(z),G,(gl),Ggm,G* are Lipschitz and || X ||op —
Cs < 00 as n,p — oo,n/p — 0 [191, Theorem 5.31], the previous display and the iteration (3.1) imply

P (1||ét o2 > c(e,t)) -0, (B.32)
p

for some ¢(¢,t) < co which goes to 0 as € — 0 for fixed t.

3. We have

Immsee v (72) — mmseé";(rs)2| <€, (B.33)

’E [E[Glm(a, W) +e/27, Goﬂ _E [E[Gl\ﬁ(a, W), GOP] ] < 72, (B.34)

for all s <t where Gy, Gy, 72 < N(0,1), W ~ uw, and W ~ tyi, independent, and G = 0,Go + 7,G1.

We now describe the construction described and prove it has the desired properties. Let pa4 be a
smoothed Laplace distribution with mean zero and variance 1; namely, u4 has a C, positive density pa(-)
with respect to Lebesgue measure which satisfies 9, logpa(a) = ¢ - sgn(a) when |x| > 1 for some positive
constant c. This implies that |0 logpa(a)| < g, for all k and some constants g, and that u4 has moments
of all orders.

First we construct h and W. For a ¢ > 0 to be chosen, let h be a Lipschitz function such that
E[(h(G, W) — h(G,W))?] < € for (G, W) as above, which is permitted by assumption R2. Let L > 0 be a
Lipschitz constant for h. Choose M > 0 such that E[W21{|W| > M}] < £/L2. Define W = W1{|W| < M}.
Note that E[(h(G, W)—h(G+EY2 A, W))2] < 2E[(h(G, W)—h(G, W))2|+2E[(h(G, W) —h(G+E/2A, W))?] <
4¢. By Lemma B.5.1, we may pick 0 < ¢ < min{e/4, ¢/L?} sufficiently small that

‘]E []E[Gﬂh(G, W)+ /22, GO]Q] —E [E[Glm(a FEV2AW) + €22, Go]ﬂ ‘ < Fle.

In fact, because t is finite, we may choose £ > 0 small enough that this holds for all s < ¢. Define
W = (W, A, Z) and h(z,w) = h(z 4+ £/2a,w) + €'/22 where w = (w, a, z). Then h is Lipschitz, Eq. (B.34)
holds for all s < ¢, and E[(h(G, W) — h(G, W))?] < € (the last because £ < €/4).

Now choose K > 0 large enough that

E[©%1{|0| > K}] < é¢/L?, E[U1{|U| > K}] <¢/2, E[VZ1{|V| > K}] < ¢/2. (B.35)

Define ©® = © = ©1{|0| < K}, V=V = VI{[V| < K}, U = U = UL{|U| < K}, and let pg o, piyy 7
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be the corresponding distributions; namely, ug y is the distribution of (01{|0| < K}, VI{|V] < K})
when (©,V) ~ pe,v, and iy, 5 is the distribution of (W1{|W| < M}, A, Z) when (W,U) ~ pw,v and
(A,Z) ~ pua ® N(0,1) independent. Because the Bayes risk converges as K — oo to the Bayes risk with
respect to the untruncated prior, we may choose K large enough that also (B.33) holds for these truncated
distributions.

The distributions ug v, iy, 7 satisfy assumption R3. We now show that h and W constructed in
this way satisfy assumption R4. The function h is Lipschitz because h is Lipschitz. The random variable
Y = iL(Z +¢1/24, W) + €'/2Z has density with respect to Lebesgue measure given by

p(ylz) = / / Persa (5 — ) Doy (y — h(s, )y (dm)ds,

where py(o,) is the density of N(0,¢) and pgij24 (s —x) the density of £Y/2 A with respect to Lebesgue
measure. We have p(y|z) < sup, pno,e)(y) = 1/v27e, so is bounded, as desired. Moreover

]')51/2,4(8)
p§1/2A(s)

< sup

S

[ [ Ouperrea (s — ) puo.e) (v — (s, @)y (dw)ds
p(ylx)

Because A has a smoothed Laplace distribution, the right-hand side is finite. Thus, by bounded convergence,
we may exchange differentiation and integration and the preceding display is equal to 9, logp(y|xz). We
conclude that |0, log p(y|z)| is bounded. The boundededness of all higher derivatives holds similarly. Thus,
R4 holds.

We now generate the appropriate joint distribution over (X, 0, v, u, w,y) and (X, 0,0, u,w, 9). First,
generate (X, 60,v,u,w,y) from original the high-dimensional regression model. Then generate a, z indepen-
dent and with entries a; id na and z; ig N(0,1). Define 0,9, @ by truncating 8, v, u at threshold K; define
w by truncating w at threshold M to form w and concatenating to it the vectors a, z to form a matrix in
R"*3; and define § = h(X0,w).

All that remains is to show (B.31) holds for the model generated in this way. The bounds on ||v — 9]|?
and |lu — @|? hold by the weak law of large numbers and (B.35). To control ||y — ||, we bound

ly — 9l = [|M(X8,w) — h(X0, )|
< |h(X0,w) — h(X0,w)| + ||L(X0,w) — h(X0,w)| + | 1(X0,w) — h(X8,w)
< |h(X8,w) — (X8, w)| + L| X (0 — 0)|| + L&/?|al| + L|w — w| + ¢/?||z| .

Because |h(x, w)| < C(1+4]|z|+|w]) by R2 and h is Lipschitz, there exist C > 0 such that |k(z, w)—h(z,w)| <
C(1+ |z| + [w]). Then, E[(h(7Z,w) — h(rZ,w))?] = [(h(z,w) — B(x,w)yﬁe*z%ﬂzdx < C(1+7%+w?)
and is continuous in 72 for 7 > 0 by dominated convergence convergence, and is uniformly continuous for 7
bounded away from 0 and infinity and w; restricted to a compact set. Because =] 8|0 ~ N(0,||0]|?/n) and

[0]12/n 2 73 /5, we have that
E[(h(]6.w;) — h(z]0,w;))*|0, w;] = E[(h(rex]6/||0]|, w;) — h(rez!0/]6], w:))*|0,w;] + 0,(1).

The right-hand side is a constant equal to E[(h(G, W) — h(G,W))?] and the left-hand side is uniformly
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integrable. Thus,

linisupIE[(h(asiTH,wi) — h(x]0,w;))*] < E[(h(G,w;) — h(G,w;))*] < €.

n—00

Markov’s inequality proves the the first convergence in (B.31) because £ < €. Further, by the weak law of
large numbers

%QIIX(G’ -0)|* < %HG —0|> % L2C56'E[0°1{|6] > M}] < Cje,

where Cs is the constant satisfying || X2, 2 C5 [191, Theorem 5.31]. Similarly, by the weak law of large
numbers

L2f 2 P 12 L? 2 P r2 2 € 2 P
THGH — L€ <€, ?Hw—ﬁ:H = L°EWAL{|W]| > M} <& <e, EHZ” €.

We conclude that .
P (n||y —g||* > 5(Cs + 4)6) — 0.

Becuse € was arbitrary, we can in fact achieve (B.31) by considering a smaller ¢ (without affecting the validity
of (B.33)).

This completes the construction. To summarize, we have two models: the first satisfying R1 and R2,
and the second satisfying R3 and R4.

With the construction now complete, we explain why it establishes the reduction. Let TS(E), 715(6) be the
state evolution parameters generated by (3.5) with K i7s Mo v and h in place of ww.u, pe,v, and h. First,
we claim that Egs. (B.33) and (B.34) imply, by induction, that as € — 0, we have

Tt(e) — T¢.

Indeed, to show this, we must only establish that E [E[G1|h(G, W) + €'/2Z, G¢]?] converges to E[E[G1|h(G, W), Go)?]
as € — 0. Without loss of generality, we may assume that on the same probability space there exists

a Brownian motion (B.)cso independent of everything else. We see that E[G1|h(G, W) + ¢'/2Z,Go)?] 4
E[G1|h(G, W)+ B, Go] = E[G1|(h(G, W) + Bs)s>e, Go|. By Lévy’s upward theorem [76, Theorem 5.5.7], we

have that E[G1|(h(G, W)+ Bs) s>, Go] converges to E[G1|(h(G, W)+Bs)s>0, Go] = E[G1]|h(G, W), Gy] almost

surely. By uniform integrability, we conclude that E[E[G1|(h(G, W)+Bs)s>e, Gol?] — E[E[G1|h(G, W), Go]?],

as claimed. Thus, we conclude the previous display.

We now show that as e — 0, we have
inf E[¢(6,0(6 + G, V))] — inf E[¢(©,6(O + .G, V)] .
6(-) ()

Because the truncation level K can be taken to co as € — 0, this holds by combining Lemma B.1.5(a) and
(c), and specifically, Egs. (B.5) and (B.7).

Because the lower bound of Theorem 3.3.1 holds under assumptions R3 and R4, which are satisfied by
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B i 16 7 and B, we conclude that

1< X C A (e
lim — > 0(0;,6%) = inf E[((©,0(6 + 796, V).
n—oo p — 9()

Jj=1
Taking € — 0 and applying (B.32), we conclude that (3.6) holds for 8°, as desired.
The reduction in the high-dimensional regression model is complete.

Proof.[Lemma B.5.1] It is enough to prove the result for 7 = 1. Note

B fae_(y_b)z,u(da,db)
~ [ew=*u(da,db) ’

B fae_(y_b)2un(da, db)
- e D%, (da,db)

E[A]Y = y] E[A[Y, =]

Because p, ¢ u, we have
[ae=@=2%p, (da,db) [ ae~ @Y p(da, db)
J e =02y, (da, db) Je=@=2%p(da,db) ’

for all y, and moreover, this convergence is uniform on compact sets. Moreover, one can check that the
stated functions are Lipschitz (with uniform Lipschitz constant) in y on compact sets. This implies that

E[A]Y,] — E[A|Y] almost surely. Because the E[A]Y,]? are uniformly integrable, the lemma follows.

O

B.5.2 From strong to weak assumptions in the low-rank matrix estimation

model

Consider pa v, po,v satistying M1. Fix M > 0. For (A,U) ~ pa v, define A by setting A; = A;1{|A;| < M}
for 1 <4 < k. Define U similarly, and let BA.& be the distribution of (A, Ij) so constructed. Define ug ¢
similarly. /
Consider {(A;, u;)}i<n id ua,u and {(05,v5)}i<p id we v and Z € R™*? independent with z;; id
N(0,1/n). Constructe A;,;, éj, ¥; by truncated each coordinate at level M as above. Define X, X e R™P

by x;; = %A;rGj + 2 and Z;; = %A;ré + 2;;j. As in the previous section, we have for any € > 0 that
- 1, 1 0
P(|X — X|lop >€) =0, P 2;||'u—v|| >e| =0, P ;H’u,—uH >e| —0.

As in the previous section, this implies that the iterates of the GFOMs before and after the truncation
become arbitrarily close with high probability at a fixed iterate ¢ as we take M — oo.

Further, as M — oo we have Vg (Q) = Ve, v(Q) for all Q, and likewise for A, U. Further, Vg (Q)
is jointly continuous in @ and M (where M is implicit in the truncation used to generate @, V) Thus,
as we take M — oo, the state evolution (3.7) after the truncation converges to the state evolution with no
truncation.

The reduction now occurs exactly as in the previous section.
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B.6 Achieving the bound

All that remains to prove Theorems 3.3.1 and 3.3.2 under assumptions Al, A2 and either R1, R2 or M1,
respectively, is to show that the lower bounds in Egs. (3.6) and (3.8) can be achieved. In both cases, we can

achieve the bound up to tolerance e using a certain AMP algorithm.

B.6.1 Achieving the bound in the high-dimensional regression model

We first derive certain monotonicity properies of the parameters 7y, 05,75 defined in the state evolution
recursion (3.5). As we saw in Appendix B.4.1 and in particular, in Lemma B.4.1, the posterior of 6, on the
computation tree given observations in the local neighborhood T, 25 behaves like that from an observation

under Gaussian noise with variance 72.

This is made precise in Lemma B.4.1. Moreover, we saw in the
same section that a consequence of Lemma B.4.1 is that the asymptotic limiting Bayes risk with respect
to loss ¢ for estimation 6, given observations in 7, 95 is given by the corresponding risk for estimating ©
given © + 7,G, V with (©,V) ~ pe,v and G ~ N(0,1) independent. In particular, this applies to the
minimum mean square error. On the computation tree, minimum mean square error can only decrease as
s grows because as s grows we receive strictly more information. If E[Var(©|V)] > 0, then mmseg v (72)
is strictly increasing in 7, so that we conclude that 7, is non-increasing in s. Thus, by (3.5), we have also
75 is non-increasing in s and oy is non-decreasing in s. In the complementary case that E[Var(0|V)] = 0,
we compute 02 = 73/ and 72 = 0 for all s > 0, and 72 = 0 for all s > 1. Thus, the same monotoncity
results hold in this case. These monotonicity results will imply the needed structural properties of the state
evolution matrices (T ), (Xs,s) used below.
For all s < t, define

1
as = —E[E[G1]Y,Go,U)?], Ts:=E[E[G1]|Y,Go,U%], s =07,

Ts
where YV = h(o;Go + 7:G1, W) and Gy, Gy id N(0,1) and W ~ puw independent. By the monotoncity
properties stated, (Ts.), (Xs) define positive definite arrays. Define

ft(bt;yau) = E[BO - Bt|h(B07 W) =Y, Bt = bta U= u]/%h
gi(a';v) =E[OV = v, 0,0 + Z' = a'],
where (0,V) ~ pev), W,U) ~ pw,u, (B°,...,B") ~N(0,X.), (Z',...,Z") ~ N(0,T[1.4), all indepen-

dent. With these definitions, (Bt, B — Bt) £ (0,Gy, %G1) where G, Gy » N(0,1). In particular, (Bt) form

a backwards Gaussian random walk. We thus compute

E[(B° — B") f(B"; h(B°, W), U)]/7} = E[(E[B° — B'|Y, B",U]/7:)*|/ 7 = au,
E[fs(B*; h(B°,W),U) f(B*; h(B®, W), U)]

= E[E[B? — B*|Y, B*,UJE[B® — B'|Y, B*,U]] /7

=E[(B® - B)?|Y, B",U]/7} = Ty,

1 1
EE[G)gt(at@ +Z45V)] = 5JE[JE[@|@ + Z'ay, V]?] = o2,
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1 1
SE[gs<as® + Zs; V)gt(atg + Zt; V)] = SE[E[®|@ + Zt/ata V}z]

If f;, g; are Lipschitz, then, because h is also Lipschitz, Stein’s lemma [184] implies that the first line is
equivalent to E[0po fi(B% h(B°, W),U)] = ay. (Here, we have used that BY — B! is independent of BY).
Thus, (o), (Ts,t), (Xs,¢) are exactly the state evolution parameters determined by (B.16), and Lemma 3.5.1
implies that AMP with these (fs), (gs) achieves the lower bound.

If the f;, g: are not Lipschitz, we proceed as follows. Fix ¢ > 0. First, pick Lipschitz fo such that
E[(fo(B°, W)—fo(B°, W))?] < ¢, which is possibly because Lipschitz functions are dense in Ly. Define @ and
Ty via (B.16) with fo in place of fo. Note that lim, o & = ag and lim. o Ty,; = T1.1. Next, pick Lipschitz
Jo such that ]E[(go(@0®+ff/f(;; V)—E[O|&o +@+T11,/12G; V)])?] < e, which is again possibly because Lipschitz
functions are dense in L. Define %o, = 1E[0g§. (60 + Tll’/fG; V)] and 3, = 1E[9:(a0 + Tll,/fG; V)3].
Because as a — ap and 7 — T017/02, we have E[O]|a® + 7G; V)] L E[©]apO + TO%ZG; V)], we conclude that as
€ — 0 that 20,1 — ¥1,1 and 21,1 — ¥1,1. Continuing in this way, we are able to by taking e sufficiently small
construct Lipschitz functions ( ft), (g¢) which track the state evolutoin of the previous paragraph arbitrarily
closely up to a fixed time t*. Thus, we may come arbitrarily close to achieving the lower bound of Theorem
3.3.1.

B.6.2 Achieving the bound in the low-rank matrix estimation model

Let v, = Q, for t > 0 and o, = Q,, Y= Q. T:+ =Q, for t > 1. Define

Fi(b'u) = E[A|y,A + 3G = b U],
gi(a';v) = E[@|a;© + T;/tQG =a';V].

We check that the parameters so defined satisfy the AMP state evolution (B.17). Note that by (3.7),

Tii1e01 = Qiy = E[EA|Q,A + GiUIEA|Q,*A + G U]
E[EA|QA + Q,°G; UIEA|IQ,A + Q;*G; U]
E[E[Aly;A + 37" G; UlE[A [y, A + 2°G; U],
E[E[A|Q;°A + G;UJE[A|Q,°A + G; U|"|
E[E[Aly,A +2,’G; UJA]

where (©,V) ~ ug v and (A,U) ~ ua . The state evolution equations (3.7) for ¥, ; and -, hold similarly.

If fi, 9. so defined are Lipschitz, then (o), (Ts,:), (Xs,:) are exactly the state evolution parameters
determined by (B.16), and Lemma 3.5.1 implies that AMP with these (fs), (¢s) achieves the lower bound.
If the fi, g+ so defined are not Lipschitz, then the same strategy used in the previous section allows us to

achieve the lower bound within tolerance ¢ > 0.
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B.7 Proofs for sparse phase retrieval and sparse PCA

B.7.1 Proof of Lemma 3.4.1

Note that |||z is tightly concentrated around p?e. As a consequence, we can replace the side information
T by v = a8y + g. We apply Theorem 3.3.2 with = 1, and loss £x(0,0) = (§ — 65/\)?, where A € Rxg
will be adjusted below. Setting Q, = ¢, Qt = §;, we obtain the iteration

.1
wn =z = 5B{ENVIO|(a) 260 + GV, (B.36)
t

where Qg ~ pg,and V = V/6a + G', G’ ~ N(0,1). Notice that the additional factors v/§ are due to the
different normalization of the vector 8y with respect to the statement in Theorem 3.3.2. Also note that the
second moment of the conditional expectation bove is equal to E{E[V300|(5(g: + &))/?6¢ + G]*} and a

simple calculation yields

. . G
=V +a), = — B.37
gi+1 i(Qt 0¢) qt 1+ 4, ( )

which is equivalent to Egs. (3.12), (3.13).
Let Y = /d(q: + &)O0 + G, G ~ N(0,1). Theorem 3.3.2 then yields

I8 —60/13 = inf E{(0(1) ~00/2)°} +0,(1) (B.38)
= %E{(E(@om —00)"} +0,(1). (B.39)

In order to prove the upper bound (3.14), it is sufficient to consider ||@'||3 < p. Then, for any A > 0,

L(0.00) < 2(0",00) — 2-(10'1 ~p) (5.10)
= 5+ o 160l = 516 — 60/ (3.41)
< 2+ 5 B(07) — S E{(E(O0]Y) — 80)°} + o(1) (B.42)
< % + %V:I:(Qt +a)+o(1). (B.43)

1/2

The claim follows by choosing A = V(g + &@)'/2, and noting that ||0||3/p — p?e, almost surely.

B.7.2 Proof of Corollary 3.4.2

Choose = R/\/z, and let i/ < p, e’ < e, R' = p//e'. Draw the coordinates of 8y = 6y,/p according to the
three points distribution with parameters z/,¢’. Then, with probability one, we have 8y € .7 (¢, R) for all n
large enough. Applying Lemma 3.4.1, we get

90,0' Lo
lim  inf E % < w (B.44)
29,7 (,R) | [|0o]l2]|0°|2 (u')2e
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ahere we used dominated convergence to pass from the limit in probability to limit in expectation, and ¢}, &
are computed with parameters u/, ¢/. By letting ¢’ — &, 4’ — p, and since &, g} are continuous in these

parameters by an induction argument, Eq. (B.44) also holds with p’, €, ¢; replaced by p, €, ¢

0y, 6" V. g
lim  inf E foif < M , (B.45)
n—=00g,c.7 (,R) 16012]16° |2 pe
Claims (a) and (b) follow by upper bounding the right-hand side of the last equation.
First notice that Vi (q) = u*e?6 ¢ + O(¢?) and hence Egs. (3.12), (3.13) imply that, for any 1 > 0 there
exists ¢, > 0 such that, if ¢; + & < ¢, then

@1 < (0 + ) (g + &) (B.46)

If u*e26 < 1, choosing n = (1 — p*e%5)/2, this inequality implies q; < 2&/(1 — u*e28), which proves claim
(a).

For the second claim, we use the bounds e~%4*/2 cosh(;4/3¢G) > 0 and z/(1 + z) < z in Eq. (3.13) to
get ¢; <7, for all ¢, where g, = 0 and

_ - 2e?
G = Fol@, +3),  Folq) == £—— sinh(u%dq). (B.47)
Further Eq. (B.45) implies
6,0' a7
hm _ imf E{ 000 L [T (B.48)
n—=0g,e7(s,R) H90H2||0 ||2 noe

Define z; := p26q,, a := p*e?5/(1 —¢), b:= p?sa = (§/¢)(a/(1 — )). Then z; obeys the recursion
xy41 = asinh(z, + b) . (B.49)

Since a = R*§/(1 —¢), we know that a < 1/4. Using the fact that sinh(u) < 2u for u < 1, this implies x; < b
for all ¢ provided b < 1/2. Subsitiuting this bound in Eq. (B.48), we obtain the desired claim.

B.7.3 Proof of Corollary 3.4.1

Consider first the case of a random vector 8y with i.i.d. entries 6y ; ~ 9. Define, for ©g ~ pg,

F.(q) == E{E[00|/qO0 + G]*} (B.50)
o sinh(u,/qG)?
= 1SR { 1 — e+ ee~a1*/2 cosh(u,/qG) } ’ (B-51)

Setting ¢; = 7, %, : = 07, and & = a/(1 — a), and referring to Lemma B.1.4, the state evolution recursion
(3.5) takes the form

G =F(qp + &), qy1=0H(q), (B.52)
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(Eclaxp(YI\/?JGo + mG1)>2 (B.53)

H(q) :=E
(@) = Ego.y Ec,p(Y]/qGo + T —qGh

Notice the change in factors § with respect to Eq. (3.5), which is due to the different normalization of the
design matrix.
By the same argument used in the proof of Lemma 3.4.1, Theorem 3.3.1 implies that, for any GFOM,

with output ét, we have

<§0a ét> ~
np=oc|8o]|2]|6"2
We next compute the first order Taylor-expansion of the iteration (B.52), and obtain F.(q) = ¢ + O(¢?),
H(q) = q/6., + O(¢?) (the first order Taylor expanson of H(q) was already computed in [146]). As a

consequence, for any n > 0, there exists o such that, if & < ag, ¢: < ag, then

1) -
41 < (5 +n)(g + @&).

sp

The claim follows by taking n = n(d) := (4., — 9)/(24.,), whence ¢ < &/n(9) for all ¢, provided & < a, =

agn(9). The deterministic argument follows in the same way as Corollary 3.4.2.

sp



Appendix C

A proof for GFOM via orthogonalization

C.1 Proof of Theorem 4.3.1 under Setting 1

In this section we prove Theorem 4.3.1 in the context of Setting 1. Therefore, F}, Gy, F*(t) are non-separable,
namely they do not necessarily act on vectors entrywise.

Before we proceed, we first generalize the definition of pseudo-Lipschitz functions given in the main
text. For any m, [,k € N-g, a function ¢ : R! — R™ is called a pseudo-Lipschitz function of order k if there

exists a constant L > 0, such that for any z,y € R/,

L oz) — Il (lyll Y 2 = ylls
= lo(a) ¢<y>||23L<1+<\ﬁ> +(ﬂ> ) ke, (1)

e 2]\
Tl <L <1+( o ) ) (C.2)

In what follows, we will often consider sequences of functions ¢, : Ri» — R™» indexed by n (even if we
often do not write explicitly that we are considering a sequence). We say that such a sequence {¢, }n>1 is

uniformly pseudo-Lipschitz of order k if Egs. (C.1), (C.2) hold with L a constant that is independent of n.

C.1.1 Approximate message passing algorithms

As before, the first step is to define the AMP algorithm for this setting. An AMP algorithm is defined
by Lipschitz non-linearities {f; : R*(¢+1) — R"};>0, and produces vectors {a’};>1 C R” via the following

iteration:
t
W = X a0 3 b s (a5 ). ©3)
s=1

For each t € N, f; stands for a sequence of functions which are uniformly Lipschitz continuous. As before, we

introduce the notation OCayp(aSt—1;u) := 22:1 besfs—1(a=*"1;u). Under Setting 1, the state evolution

173
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recursion to construct g = (p;)¢>1 and 3 = (X 1)s>1 is defined as follows:

) 1
tir1 = lim fE[OTft(ugtB +g<;u)],
n—,oo N

.1
Serrer = lim ~E[fi (1 8+ g<iw) filie, + 9w, (C4)
g<¢ ::(gla T 7gt) ~ N(07 Eﬁt ® ITL) )
where we adopted the notation p,0+g, := (110 +g;,--- , 1:0 +g,) and we assume the above limits exist.
Given p and X, we define
1 n
bi,s = n ZE[ai,sft,i(ﬂgte +9<iu)l, (C.5)

i=1

where f;; is the i-th coordinate of f;, and 0; s denotes the weak derivative with respect to the s-th variable
of the i-th row of the input matrix. To give an example, for variables x1,---,x; € R™ and a function
f(x1,- - ,x:) mapping from R™ to R, we have 0; s f (@1, - , 1) = O(a,), f(x1,- - ,x¢). Notice that here b ,
depends on n. Since f; is uniformly Lipschitz in terms of n, for all ¢, s € Ny, b; 5 is uniformly bounded as
a sequence in n.

After t iterations as in Eq. (C.3), the AMP algorithm estimates 6 by applying a uniformly Lipschitz
function f; : R***D & R” to (a=t, u):

0(X,u) = ff(a™";u).

The following theorem characterizes the asymptotic performance of the AMP algorithm (C.3).

Theorem C.1.1. Assume that {(6;,u;)}i<n i po,u, and W satisfies the same assumption as W under

Setting 1. For allt € N, assume f; is uniformly Lipschitz. Furthermore, we assume the limits

. 1
lim fE[HTft(ugtO +g<p;u)l,

n—o0o N,

o1
lim —E[f,(1<,0+g<s;u)" fi(tie,0 + g<i; )],

n—o00 N,

.1 "
lim *E[ant (Ngte +9<; u)],

n—o00 N,

lim —E[f(p<,0+g<s; u)' f; (<0 + g<y;u)]

n—o00 N,

exist for all n-independent (u, ) and t,s € N. Then, for anyt € Nug and {1, : R*TD — R},,>1 uniformly
pseudo-Lipschitz of order 2,

p-lim (¢, (a5 u) — E[¢on (1<,0 + g<;5u)]| = 0.

n— oo

Remark C.1.1. Theorem C.1.1 is a generalized version of [33, Theorem 1]. In [33] the non-linearity f; only

depends on (a',u), while here we allow it to depend on all previous iterates (a<!

,u).
This generalization can be conducted through the following steps: (1) Replace the vectors f;(a';u),al €
R™ by matrices f;(a';u),a’ € R"*% and replace the coefficients for the Onsager correction term b ; by q X g

matrices (see, e.g., [104]). Such generalization follows exactly by the same proof as in [33]. (2) Fix a time
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horizon ¢, and choose an n-independent ¢ such that ¢ > t. With initialization z§ = - - - = wg = 0, we set the

non-linearity corresponding to the (s + 1)-th iteration as
(.’Bi, T 7',13;7“’) = (fo(u)v T 7f$(miqv T 7x§;u)a07 e aO) € R™™4.

In this way, the vectors (z!)1<s<; coincides with (a®)1<s<;.

C.1.2 Any GFOM can be reduced to an AMP algorithm

In this section we show that, under Setting 1, any GFOM can be reduced to an AMP algorithm via a change

of variables.

Lemma C.1.1. Under the assumptions of Setting 1, for allt € Nsq, there exist uniformly Lipschitz functions
@t RPHD 5 R and f; 1 : R™ — R™ that are independent of (6,u, W), such that the following holds.
Let {a'}i>1 be the sequence of vectors produced by the AMP iteration (C.3) with non-linearities {fs}s>o,

then for any t € N5, we have
us = p(a~hu),  fi(@™ hu) = Foa(el@™ ) u).

Furthermore, {@i}1>1 satisfies the following conditions. Let (pu,X) be the state evolution of the AMP al-
gorithm defined in Eq. (C.4). For any t € Nsq, there exist uniformly bounded numbers (b;j)1<i j<¢ (which
depend on n), such that for y., defined in Eq. (4.7), we have Yy, = pi(pt<,0 + g<;;u).

Proof. We prove the lemma by induction over ¢. For the base case t = 1, we may simply take fo(u) = Fy(u)
and ¢;(a';u) = a' + Go(u). Then y* = 1 (110 + g;;u) by definition.

Suppose the claim holds for the first ¢ iterations, then we prove it holds for the (¢ + 1)-th iteration. By
the induction hypothesis,

u't = X Fi(pi(aShu);u) + Gy(p(aStu); ).
Let fi(x=tu) = Fy(pi(x=";u);u). The composite of uniformly Lipschitz functions is still uniformly Lips-
chitz, thus, we conclude that f; is uniformly Lipschitz. Based on the choice of {f,}o<s<¢, we compute the

coefficients for the Onsager correction term {b; s}1<s<: according to Eq. (C.5). Then we define a'*! via
Eq. (C.3), which gives

t
a™t = = Gi((pr(@Shu)iu) = Y b fooi(atT ).
s=1

Therefore, we define ;1 as

t
P (@S u) = (p(@™u);a ™ + G (@S u)u) + ) by fa1(a= T ).
s=1

By induction hypothesis and the fact that b, s is uniformly bounded with respect to n for all fixed ¢, s € N5,
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we have that ;7 is uniformly Lipschitz. Furthermore,

Pr+1(H<i 110 + g<i1: )
¢
=(pe(<i0+ gy ), 1410 + gy + Gie(pe(<, 0 + g<y;u);u) + Z bsfs—1(pes 10 +g<s_151))

s=1

=(y='y'"),

thus completes the proof of the lemma by induction.

The next lemma enables us to check the conditions of Theorem C.1.1.

Lemma C.1.2. Under the assumptions of Setting 1, let {fi—1, ¢t }ien+ be the functions defined in Lemma
C.1.1. For any p = (1i)i>1, X2 = (Xi5)i>1 = 0, let (g,)i>0 be a centered Gaussian process with covariance
E{g.9]} = YetIln. Then, for any t € N and any infinite subsequence S C Ny there exists a further
subsequence 8" C S along which the following limits exist for all 0 < s <r < t:

. 1
lim 7E[f”‘(/'l’§r0+g§r;u)Tf8(u’§50+g§s;u)]7

n—oo;n€S’' N

. L T
im0 g

(C.6)
. 1 r s
lim  —E[F (o (12,0 + g<piw); w) TF (0, (e 0 + g s u); ),

n—oo;n€S’' N

, LT a(s)
1 —E|0 F, s 0 su);u)l.
i B (5 (k<0 + g<iu)iw)]
Proof. We can assume that the subsequence S does coincide with the whole sequence, i.e. § = Ny, as the
general case follows by a simple change of notations.

Fix t € N. Since (b; j)1<i j<¢+ are uniformly bounded, there exists a subsequence {nj}r~o of N5, such
that for all 1 < s,r < ¢, bs, converges to limit b5 .. Suppose we replace (b; ;)i<ij<¢ With (b} ;)1<ij<¢ in
Eq. (4.7), and we denote the resulting vectors by (y;);>1. It follows by induction and using the uniform
Lipschitz property that for all 0 < s,r < ¢, along {ng}x>o,

1 * T * 1 T P
SE(you) F(yzau) = —Fry<iu) Fi(y<u) =0,
1 r * s % 1 T s P
SR () B i gw) - SR (yeiw) B (yogu) 50,
1 1
“OTFy(yL,iu) — ~0"Fu(yo;u) 50,
n = n =

1 1 .
SOTFS (yt ) — —0TF (yoiu) S 0.
n = n =
By the third assumption of Setting 1, the limits of Fr(y*gr;u)TFs(y*Ss; u)/n, F,S’“)(yg,_; u)TFAEs)(y*Ss; u)/n,

HTFLES)(y*SS; u)/n and BTFS(y*SS;u)/n exist in probability as n,d — o0o. Combining these results and the
results of Lemma C.1.1, we conclude that the limits of Egs. (C.6) exist along {nx}ren.,:
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The following corollary is an immediate consequence of Lemma C.1.1.

Corollary C.1.1. Under the assumptions of Setting 1, let Abponm(L) be the class of GFOM estimators
with t iterations and uniform Lipschitz constant L, and Al\p(L') be the class of AMP algorithms with t
iterations and uniform Lipschitz constant L'. Then for any L < oo there exist L' < oo (independent of n),

such that the following holds. For any z € R and any loss function L : R™ x R" = Rxg:

inf IE”(E(@(X,u),O) < z) <  inf P(ﬂ(é(Xﬂl,),e) < z) .
(€A oM (L) 0(-)eAy \p (L)

Notice that in this corollary 8(-) € Ahpoy (L) is (implicitly) a sequence of estimators indexed by n,
which is uniformly Lipschitz with constant L. The corollary also implies an asymptotic statement. Namely,

write Al pon = Un>1 A& pom (L) for the class of (sequences of) GFOM estimators with ¢ iterations and any

uniform Lipschitz constant L, and similarly for A%,;p. Then we have

inf  p-liminf £(0(X,u),0) = inf p-liminf £(0(X,u),0). (C.7)

é(-)GAtGFOM n—oo é(‘)EAtAMp n—oo

Here equality holds because Al \ip € ALpoy-

C.1.3 Any AMP algorithm can be reduced to an orthogonal AMP algorithm

By Corollary C.1.1, and in particular Eq. (C.7), we can limit ourselves to lower-bounding the error of AMP
algorithms. By Lemma C.1.2 we can assume —possibly taking subsequences— that such algorithm satisfies
the conditions of Theorem C.1.1. To simplify notations, we will assume hereafter that these conditions are
satisfied along n € N. There is no loss of generality in this.

Here we show that it is in fact sufficient to lower bound the error for OAMP algorithms.

Lemma C.1.3. Let {a'};>1 be a sequence generated by the AMP iteration (C.3) under the conditions
of Theorem C.1.1. Then for all t € N*t, there exist uniformly Lipschitz functions ¢, : R*HD — Rt
gi—1 : R™ — R™ such that the following holds. Let {v'};>1 be the sequence of vectors produced by AMP

iteration with non-linearities {gi }+>0 (and the same matriz X as for {a'};>1). Namely,

= Xg(v='u théga 10571 ) (C8)

with deterministic coefficients (b; ) determinied by the analogous of Eq. (C.5), with f; replaced by g;. Then

we have

(i) For allt € Nsg, aSt = ¢ (vSt;u). Further, there exists n-independent constants {cis to<s<t, such that

we can write vt = Zi:}] ci—1sa’tL.
(ii) For all t € N, there exist (zg, -+ ,z¢—1) € {0,1}' and (a1, -+ ,a¢) € R, such that for any {1, :
R™42) 5 RY,,>; uniformly pseudo-Lipschitz of order 2,
VY (v=",0,u) = E[tp,(v=",6,u)] + op(1),

where V' = x;_1(0,;0 + z;) and {z;}i>1 “d N(0, I,,) independent of (6,u).
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Proof. Recall that, as in the proof of Lemma 4.4.2, IIs denotes the orthogonal projection onto the closed
linear subspace S C L2(P), and 115 := I — Ils.

We denote by (p¢)i>1, (Zs.¢)st>1 the state evolution sequence corresponding to {a’};>1, defined via
Eq. (C.4). Let (g,)1>1 be a centered Gaussian process in R” such that Cov(g,, g,) = £s+I,,. We define the

following random vectors and subspaces:
hi = fi(n<,0 + g<4;u), Sy =span(hy : 0 < k <1t).
By assumption, for all s,t € N,
1 1
ﬁE<hs, ht> — Es+l,t+1a EE<0’ ht> — ti1- (Cg)

By linear algebra, there exist deterministic n-independent constants {cis ¢ sen, {2t }ten € {0, 1}V, such that
¢y # 0 and

t s
E E CtiCsjit1,j+1 = Ls=¢T¢-

i=0 j=0

If we let r; = ZZ:O cishs, then by the convergence of second moments given in Eq. (C.9), for all s,t € N

1
lm —E(ry,re) = Li—pmy.
n—,oo N

Then we prove the lemma by induction. For the base case t = 1, we let go(u) = coo fo(u), thus v = cpoa’
and claim (4) follows trivially. As for claim (ii), first notice that the limits exist for both E{go(u), go(u))/n
and E(go(u), 8)/n by the assumption on the original AMP iteration. Then we consider two cases. In the first
case zo = 0, thus X1 = 0, p? < o 2E[||0]|2/n]E[llgo(w)||3/n] — 0, and () holds with v' = 0 by Theorem
C.1.1. In the second case x¢g = 1, whence cgg = 21_11/ 2, and claim (i7) again follows from state evolution.

Furthermore,

o i Elto(w).0)
w233 VAB[{fo(w), fo(u)) /2

Suppose the lemma holds for the first ¢ iterations. We prove it also holds for the (¢ + 1)-th iteration. We let

(C.10)

t
g1 (=) = e fi(ds (0S5 u); ).
s=0

By induction hypothesis and assumptions, g; is uniformly Lipschitz. Given {gs}o<s<i, we can derive the
coefficients (b ;)1<j<s<t via Eq. (C.5), and we denote the Onsager correction term of this new AMP iteration

by OChHanp (0=t Lu) = 30, b; ogs—1(v=""";u). Then Eq. (C.8) can be rewritten as

t
it = thsts(qbs(vgs;u); u) — OCH A np (V=715 ).

s=0
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Plugging in the AMP iteration that defines {a’};>1, we have

thé "+ 0Chmp(a=* " 1)) — OCoanp (v=""1 ). (C.11)

s=0

Recall that c;; is non-vanishing, thus, we can solve for a’*! and express a<**! as a function of (v=*1;u). We
denote this function by ¢;41. By induction hypothesis, ¢, is uniformly Lipschitz. Plugging the definition
of OCyp and OCH s pp into Eq. (C.11) gives

t t t t
= Z csa*tt + Z (Z Cesbsi — Z béscs—l,i—l)fi—l(agi71§ u). (C.12)
s=0 i=1 s=1 s=1

By induction hypothesis, g;(coox?!, Zi éct 1 Thu) = Zi:o cisfs(x=%;u). Taking the gradient on
both sides with respect to x?, then compute the expected average of the coordinates of the gradient with
respect to the distribution =t < p<t@ + g=<t gives S cisbsi — S bico 11 = 0. Plugging this into
Eq. (C.12) finishes the proof of claim ().

One can verify that the non-linearities {gs }o<s<: defined in this way satisfy the conditions of Theorem
C.1.1, thus the asymptotics of OAMP can be characterized by state evolution. As for the proof of claim
(1), again we consider two cases. If z; = 0, then E(rs,r¢)/n — 0, and E(r,0)/n — 0. Using the state
evolution for OAMP (C.8), we obtain that (ii) holds with v'*1 = 0. If 2, = 1, then again by state evolution
for OAMP, claim (i7) holds with v'*! = a1 10 + 2,1 where

E(6,1T5, , (b))
a1 = lim

W0l JRE[IL (he) 1L (Re) 12" (C13)

thus completes the proof by induction.

C.1.4 Optimal orthogonal AMP

Following the same reasoning of Remark 4.4.3, in the following we will restrict to the cases in which x; =1
for all ¢t € N.
Combining Lemma C.1.1 and C.1.3, we conclude that it is sufficient to lower bound the error of OAMP

algorithms. The following corollary is a direct consequence of the proceeding results, and extends Eq. (C.7).

Corollary C.1.2. Under the assumptions of Setting 1, recall that Afpoy denotes the class of uniformly
Lipschitz GFOM estimators with t iterations, and denote by A% ,\p the class of OAMP estimators with t
iterations (i.e., AMP estimators whose state evolution yields Xs; = 15— ).

Then we have

inf p-liminf fHB (X, u) 0”; inf p-liminf Hé(X,'u,) - HHE . (C.14)
o(- JEAL oy N0 6(-)e Apamp N0
Notice that a sufficient statistics for 6 given a<,0 + z<; is Ty = |Ja<||s0 + z with z 4 N((_)'7 I,)

independent of 0. Therefore, in order to derive the minimum of the right hand side of Eq. (C.14), it is



APPENDIX C. A PROOF FOR GFOM VIA ORTHOGONALIZATION 180

sufficient to compute the maximum value of ||a<¢||2, which is provided by the following lemma. The proof

of Theorem 4.3.1 under Setting 1 directly follows.

Lemma C.1.4. Recall that (vs)s>o0 s defined in Eq. (4.8). Then, for all t € N and all choice of non-

linearities go,- - - , gt, we have ||[o<lla < ¢.

Proof. The proof is by induction over t. For the base case t = 1, notice that

sup EIU0, O _ ElLf(00, B | )
o WEfo(w), fo(w)] ~ nE[{fo(uw), fo(w)

2
<7i.

The last step above is via application of Cauchy-Schwarz inequality. Then the base case holds by taking the
limit n — oo in Eq. (C.10).
We assume that the claim holds for the first ¢ iterations, and we prove by induction that it also holds

for iteration ¢ + 1. We let 8, := E[@ | ry,--- 7, ul, then

E[(0, 115, , (hs))]® E[(6:, 115, _ l(ht)>]2

nE[(l5, , (he), g, (he))]  nE[(IT5, , (he), 15, (y,))]

1 R

—E[||IT5,_, (6:)]3]

®)
n

=3

~ 1 ~
E[[6:]3] - E]E[Hﬂst_l(Ot)llg],
where (a) follows from Cauchy-Schwartz inequality and (b) from Pythagora’s theorem. Notice that
{Is,_, (h) /B[ s, _, (Ry)|3]/2: 0 < s <t — 13

is an orthonormal basis for S;_1, thus,

B0 () 1 . CVE(O.II | (h)?
TEME_(ho T2 ()] = w008 = 2 Spme G

Taking the limits on both sides of the above inequality gives a7, ; < E[|6:]3]/n — 32\ _, a2. By induction,

, 1
~E[[|6: 3] =_E[|[E[6 | ry,--- 7, ul3]

(a)].
E[[E6 | [a<i]20 + =, u][3]

(® )
< *E[HE[O | 70 + 2, ]3]

(o)
- 'Yt2+l )

where (a) follows because Ty is a sufficient statistics for @, (b) is by induction hypothesis and Jensen’s

inequality, and (c) is by the definition of ~;41. This concludes the proof of the lemma.
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C.2 Proof of Theorem 4.5.1 under Setting 4

In this section we prove Theorem 4.5.1 under the assumptions of Setting 4. As in Section 4.4 in the main
text, we will additionally assume X has sub-Gaussian entries, and relax this assumption in Appendix C.4.
Namely, in this section we assume Elexp(AX;;)] < exp(CA?/n) for all i € [n], j € [d] and some n-independent

constant C.

C.2.1 AMP algorithm

As before, the first step of our proof is to define the class of AMP algorithms for the current setting. An
AMP algorithm for solving generalized linear models under Setting 4 is defined by a sequence of continuous
functions (also known as the non-linearities) {f; : R“*? — R};>0 and {g; : R™™* — R};>1, and produces

vectors {bt}t21 C R? and {a'};>1 C R™ via the following iteration:

t
bt = XTfi(a%ty,u) — ; &1,595(B=%;0),

¢ (C.15)
a' = Xg,(b550) = 3 misfo1 (@S iy, w).
s=1
As before, non-linearities are applied entrywise. We denote the Onsager terms by
t
OChmp(a="" Yy, u) = Znt,sfs—l(a§87l;y,u),
s=1
t
OCihp (6555 0) := > & 4g4(b%;v).
s=1
The coefficients (& s)1<s<¢ and (n:,s)1<s<+ are deterministic, defined via:
ft,s - E[asft(éﬁtaya U)]a Y = h(GOaW)
(C.16)

1
Ni,s = EE[asgt(:u'gt@ +G<; V)],

where we use the notations G<; := (G1,- -+ ,Gy), G<t := (G1,- -+, Gy), the joint distributions of (G<;,Y,U)

and of (G<¢,©,V) is defined via the following state evolution recursion

(Go, Gt) ~ N(0p41,E<4), G<i ~ N(0;,3<y),

. 1 .

2ij = 5El0i(p<i® + G<i;V)gi (g0 + G V), 4,721,

_ _ 1 . 1

Yio = Mo; = SE[Qi(HSi@ + Ggi; V)@], Yoo = SE[@ZL 1> 1, (017)

%ij = Elfi-1(G<i1; Y, U) fj-1(G<j-1; Y, U], i,j =1,
pe1 = E[0g, fi(G<s; Y, U)].
Here it is understood that (©,V) ~ pe v is independent of (G;);>1 and (W,U) ~ pw,y is independent of

(C_T'Z-)Z-ZO. Further, f)gt = (iij)ogi,jgh Yot = (Eij)icij<e and poy = (ti)1<i<t- Here, Oy refers to the partial

derivative with respect to the s-th variable, and Jg, refers to the partial derivative with respect to Gy. To
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be precise, Jg, fi(x<s; M(wo, w),u) = O, fe(T<s; h(xo, w),u). Note that fo depends only on (Y,U). Thus,
the above recursion does not need any specific initialization. After ¢ iterations as in Eq. (C.15), the AMP

algorithm estimates 6 by applying a Lipschitz function gf : Rt — R row-wise to (b=%,v):
0(X.y,u,v) = g{ (b=% ).

The following theorem characterizes the asymptotic performance of the AMP iteration (C.15):

Theorem C.2.1. Assume the matriz X and non-linearities (ft,g:) satisfy the same assumptions as X and
(Ft(l),Ggl)) under either Setting 4.(a) or Setting 4.(b). Then for any t € Nsg, and any 1 : R7*2 — R
pseudo-Lipschitz of order 2, the AMP iteration (C.15) satisfies

SH

p-lim Z =0,,0) =E(pe© + G<1,0,V)],  G<i ~N(0,Z<).

n,d~>oo —

C.2.2 Any GFOM can be reduced to an AMP algorithm

As for the case of low-rank matrix estimation, we first show that any GFOM (4.25) can be reduced to an
AMP algorithm via a change of variables. The proof of the next lemma is very similar to the one of Lemma

4.4.1 and we omit it.

Lemma C.2.1. Assume the matriz X and non-linearities (F(1 2) G(l G?),Gg)) satisfy the assump-
tions of either Setting 4.(a) or Setting 4.(b). Then there exist functzons {pt : R = R}ysq, {@r : RIF2 —
Ryi>1, {fi : R — Rl>o and {g: : R — R};>1 satisfying the same assumptions such that the fol-
lowing holds. Let {a'};>1 and {b'}i>1 be sequences of vectors produced by the AMP iteration (C.15) with

non-linearities { ft}1>0 and {gi}¢>1. Then for any t € N5, we have

ugt = @t(agt; yvu)7 ’USt = @t(bgt; 'I)).

Lemma C.2.1 implies that the class of AMP algorithms achieve the same minimum expected error as the
class of GFOM for the same number of iterations under any loss. This is formalized by the next corollary,

which is analogous to Corollary 4.4.1.

Corollary C.2.1. Let Al oy be the class of GFOM estimators with t iterations, and Al\p be the class
of AMP algorithms with t iterations (under the assumptions of either Setting 4.(a), or Setting 4.(b)). (In
particular (-) € Abpon s defined by a set of n-independent functions {Ft(l), Ft(Q), G’g)l, Ggi)l, Giﬂ_l)}teN,
and similarly for 6(-) € ALpon-)

Then for any loss function £ : R? x RY — Rq:

inf  p-liminf £(8(X,y,u,v),0) = inf  p-liminf £(0(X,y,u,v),0). (C.18)

0(-)EAL Loy N0 O(-)EAjp N

C.2.3 Orthogonalization

In this section we show that we can further restrict ourselves to lower bounding the error of orthogonal AMP
(OAMP) algorithms.
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Lemma C.2.2. Let {a'};>1, {b'}i>1 be sequences produced by the AMP iteration (C.15) under either Setting
4.(a) or Setting 4.(b). Then there exist functions {¢; : R™T1 — R'}151 satisfying the same assumptions as
the non-linearities in the AMP iteration, such that the following holds:

(i) For allt € Nso we have bSt = oe(q=tv).

(ii) For any v : R™2 — R pseudo-Lipschitz of order 2,

i 1
p-lim —
n,d— oo d

d
ZQZ}(QS7 ,qfvv’hgi) - ]E[w(le aQta‘/ﬂ@)}v
=1

where Q; = m;_1(;© + Z;) with (xg, -+ ,24-1) € {0,1} and (a1, -+, ;) € R deterministic vectors,
and (Z;)i>1 i N(0,1) independent of (©,V).

Proof. Given the state evolution of the AMP iteration defined via Eq. (C.17), we let
Y, == fi(G<y; Y, U), Si=span(Y, :0<k<t), Y =h(Gy;W).

Note that by state evolution, E[Y;Y,] = X411 s4+1. By linear algebra, for all ¢ € N, there exist deterministic
constants {c;s fo<s<¢ and x¢ € {0,1}, such that ¢, # 0 and

¢
Ry = cttnﬁt—1<n) = thsYs, B[R Rs] = L=y
s=0

Indeed, proceeding by induction, if Y; does not belong to S;_1, then we can take z; = 1 and ¢ =
HHfgt_l(Y})HZ; Otherwise we take Ry =0, ¢;y = 1 and z; = 0.

We prove the lemma by induction. For the base case t = 1, we let ¢! = coob”, thus, claim (i) fol-
lows. As for claim (ii), we consider two cases. If zg = 0, then E[fo(Y,U)?] = 0. By Stein’s lemma,
E[0g, fo(h(Go, W), U)] = E[Gofo(h(Go,W),U)]/ Var[Go] = 0. Thus, claim (ii) holds with @, = 0. If
zo = 1, then cop = E[fo(Y,U)?]'/2, and claim (ii) follows from state evolution (C.17) with

_ E[da, fo(h(Go, W), U)] @ E[Go fo(h(Go, W), U)]
E[fo(h(Go, W), U)?|Y/2  Var[Go]E[fo(h(Go, W), U)?]1/2’

(5] (Clg)
where (a) holds by Stein’s lemma.

Suppose the lemma holds for the first ¢ iterations, then we prove it also holds for the (¢ + 1)-th iteration.
We let g't! = Zi:o csb* L. Since ¢y = 0, we can solve for bt Thus, we obtain the transformation ¢;1
that satisfies the desired properties. As a consequence, claim (%) follows.

As for claim (i), first notice that the mapping

(b17 e abta v, 0) — d)(COObla R Zi;(l)ct—l,sbs-‘rla v, 9)

is pseudo-Lipschitz of order two. Then we consider two cases. In the first case 2; = 0, then R, = 0. By

state evolution (C.17) and an application of Stein’s lemma, we obtain that (ii) holds with Q1 =" 0. In the
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second case, x; = 1, then again by the state evolution (C.17), Q¢41 4 410 + Zyy1, where

_EeM (W] @ EGTE (%) a0
BN ()2 VarlGy BT, | (vi)2)12 ‘

Here, Gy' = Hét (Gy) with G; = span(G; : 1 < i < t) and (b) follows from Stein’s lemma. Thus, we complete
the proof by induction.

O
By similar arguments as discussed in Remark 4.4.3, in the following parts of the paper, we will set z; = 1

for all ¢ € N without loss of generality.

C.2.4 Optimal orthogonal AMP

Recall that a sufficient statistics for © given S<; := a</©® + Z<; is Ty := (a<t, S<t)/|la<t||2, and Tp can

be rewritten as:
Ty = ||OL§,5||2@+G, G~ N(O,l), G1lO. (021)

Further S<; and V are conditionally independent, given ©. Hence, the proof of Theorem 4.5.1 follows exactly
as for Theorem 4.3.1, once we upper bound the value of ||a<¢||2 achieved by any OAMP algorithm. Before

proving such a bound, we establish some useful identities.

Lemma C.2.3. Recall that (Go,G<;) ~ N(0y41,X<;), where

1
Lij = 5Elgi(0i(e<i® + Z<i;V); V)g;(9(e<;0 + Z<55 V)i V)] (C.22)
with (Z;)i>1 ~i.i.a. N(0,1). Further recall that Gé_’t = Hg{ (Go) with Gy = span(G; : 1 <i <t). Define

w? = Var[Gy'], (2= Z(B[O?] - w?). (C.23)
Then, the following holds for all s,t € N with s <t,

E[G[J)_)t | h(é()? W)’ U’ th] i E[thO ‘ h(thO + Cch W)7 Ua Zl]a

2
E[Gg" | h(Go, W), U, G<.] = “CEIGy* | h(Go, W), U, G<.),

where Zy, Z1 ud N(0,1),

Proof. We let ég’t = éo—éé’t, then we can write Gg’t as a deterministic function of ng and we denote this
function by G'(l)"t = ¢,(G<;). For s < t, we observe that (G, G(l)"t—é’(!’s, G(‘)l’s) ~ N(0, diag((w?, w?—w?, ¢2))).
In the following parts, with a slight abuse of notations, we use p to represent probability density functions

for various distributions. Then the following formula regarding the conditional probability density holds:

p(ééﬂt =z | h(éovw) = h7 U= u, Cﬁs = ZSS)
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P(Ges = 22 )p(Gy" = 2)L{A(z + cs(2<s) + y,w) = h}pwjv=u(dw)(y)dy

oc [ PGV = ey(25))p(Cy " = 2)1{h(z + c(2<) + y,w) = W pw jp—u(dw)d(y)dy

x / PG = 2) 1Rz + ca(22) + 4, w) = Wi ipr—u(dw)p(y)dy

xp(Get =2 | W(Go, W) = h, U = u, GI* = ¢4(2<)), (C.24)

where ¢ is the probability density function for N(0, w?—w?). Notice that (C_?(f’t, Gg’t, U W) 4 (Wi Zo, G Z1, U W),
therefore, we take s = ¢ in Eq. (C.24) and conclude that

E[GE! | W(Go, W), U, G<i] = B[GE | h(Go, W), U, GI) £ Blw, Zo | M(wi Zo + ¢ 20, W), U, Z4),

which completes the proof of the first claim.
As for the second claim, notice that there exists Z,, Z3, Z4 i N(0, 1), such that (GOL’t, C_?y)’t —C_?(l)"s, C_?(‘)l’s) =
(Wi Za, /w2 — w2 Z3,(sZ4). Therefore, using Eq. (C.24), we have

E[GE | W(Go, W), U, Gy =E[GT | h(Go, W), U, Gl
:E[(.UtZQ | h((JJtZQ + \/wg - wag + (s 24, W), U, Z4]

2
@%E[wtzg +\/w2 —wPZs | h(wiZs + \Jw? — wiZs + (24, W), U, Z4]
S

2
w ~1.s ~ ~ll,s
:wng[Gév | h(Go, W), U, G

S

WYL g1 G | h(Go, W, U, G
_wg 0 0 s Uy sy

where (a) is by Lemma C.2.6, and (b) is by Eq. (C.24). Thus, we complete the proof of the lemma.

The next lemma proves the desired upper bound on |ja<¢||2.

Lemma C.2.4. Recall the definition of {8:} in Eq. (4.26). Then for all t € Nsg and all AMP algorithms

we have ||a<¢|l2 < ;.

Proof. Recall the definition of wy, (¢ in Eq. (C.23), and of (0¢)ten., in Eq. (4.26). We will prove the
following claims by induction over ¢: ||a<¢|l2 < B, and wi—1 > 0.
For the base case t = 1, wg > o7 holds by definition. Using Eq. (C.19) we have

o? E[Go fo(h(Go, W), U))? sup E[GoX]?

= - - < —_ <
Var[Go|?E[fo(h(Go, W), U)?| ™ xcotn(Go,w),uy Var[Gol?E[X?]

E[E[Z | h(o1Zo, W), U],

1
2
07

where Zy ~ N(0, 1) and the last step follows from Cauchy-Schwarz inequality.
Next we assume the induction claim holds for the first ¢ iterations, and we prove it holds for the (¢+1)-th
iteration. Notice that the random variables {Yo/E[YZ]'/2, .- [ IIE _ (V2)/E[IIE_ (Y1)?]'/2} are orthonormal.
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Then we have:

, EE[Gy" | h(Go,W),Gx, U,  (Yy)

Qi1 = W?E[Hé_t_l()/t)2}
— ~L L 2
(a) 1 L ~ ~ 2w E[Gy I, (V)]
< —E[E[Gy" | h(Go, W), G<,U]"] — =
>~ UJ? [ [ 0 | ( 0 ) <t ] ] Sz::o ng[H§571 (Yg)g]

t—1 praLlsstrd 2
OF 2 E[Gy g, , (Ys)]
O EIE[Zo | hwiZo + 21, W), U, 242 = 3
wt2 [ [ 0 | (Wt o+ Ct 1 ) 1} ] ~ ng[Hg-;fl (}2)2]

© 1 3 i
<——E[E[Z | h(ot112Z0 + 614121, W), U, Z1)*] = Y _ a2,

gt+1 s=1

where (a) holds by Eq. (C.20) and Pythagora’s theorem, (b) by Lemma C.2.3, and (c¢) is by induction
hypothesis and Lemma C.2.5. The last inequality above gives Y171 a2 < 7 'y
For t € Ny we define

Y/ = gi(de(a<i® + Z<;V); V), S; :=span(Y/ : 1 <i<t).

By state evolution (C.17), wi,, = E[Héﬁ,ﬂ(@)ﬂ/é. Further we have

(@)1 1
Wt2+1 ZEE[@Z] - EE[HSQH(@)Q]

@1 9 1 2

ZSE[@ ] - SE[E[G | <1110 + Z<py1, V]
1 1

LIE07) — SEE® | [acei [0 + G, V]

W1 o 1 21 _ 2

Z 6E[6 ] 6E[]E[9 ‘ ﬂt+1@ + Gv V] } - 0t+2a

where (d) holds by Pythagora’s theorem, (e) by Jensen’s inequality, (f) by property of sufficient statistics
and (g) is by induction hypothesis and Jensen’s inequality.
This completes the proof of the lemma by induction.
O
Lemma C.2.5. Let Zy, Z; w N(0,1). For any fived w3 > 0, the following function is mnon-increasing in
a € (0,wd]):

1
a— —E[E[Z | h(aZo + (W2 —a®)Y2 2, W), U, Z,)%.

Proof. For § > 0, we introduce the decomposition Z; = §Z5 + V1 — 6273, with Zs, Z3 ud N(0,1) that are

independent of Zy. Then by Jensen’s inequality,

E[E[Zo | h(aZo + (w§ — a®)'/2 20, W), U, Z1)?]

- E[E[Zo | h(aZy + (w2 — a®)Y26Zy + (w2 — a®)(1 — 62))/2 23, W), U, Zo, Z3)?]

1
a?
1
-
1
za—QE[E[ZO | h(aZo + (Wi — a®)Y?62Zy + (w2 — a®)(1 — 62))/2 23, W), U, Zs)?]
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1
T a2+ 82 (wi — a?)

E[E[Zo | h((a® + 6%(wf — a®))"/?Zo + ((w§ — a®)(1 = 6%))/2 25, W), U, Z3]?].

The above inequality holds for all § € [0, 1], thus completes the proof of the lemma.

O

Lemma C.2.6. We let Z1, Zy be independent mean-zero Gaussian random variables with variance 0% and o3,
respectively. For o} > q > 0, we let G, be a mean-zero Gaussian random variable such that Cov(Gy, Z2) = 0
and Var(G,) = Cov(Gy, Z1) = q. Then for all h : R* — R, we have

Q) =E[Gq | h(Z1 + Z3, W), Z5] = %E[Zl | h(Zy + Z2, W), Zs).
1

Proof. For ¢i,q2 > 0 with ¢1 + ¢2 < o}, there exist G,, Gy, independent of each other, and satisfy the
above constraints. Then, we have Cov(Gy, + Gg,, Z2) = 0, Cov(Gy, + Gy,, Z1) = Var(Gy, + Gy,) = ¢1 + go.

Therefore,
fnler +a2) =E[Gy, + Go, | R(Z1 + Z2, W), Zo] = fu(ar) + fu(q2)-

For all fixed (h(Z1 + Z2, W), Z3), fr is continuous, thus the lemma follows from Cauchy’s equation.

C.3 Proof of Theorem 4.5.1 under Setting 3

In this section we prove Theorem 4.5.1 under the assumptions of Setting 3.

C.3.1 AMP algorithm

As in previous proofs, we start with the definition of AMP algorithms with non-separable non-linearities.
Under Setting 3, an AMP algorithm for solving generalized linear models is defined by a sequence of uniformly
Lipschitz functions {f; : R***2) — R"},5q and {g; : R¥**Y — R4}, and produces {b'};>; C R? and

{a'};>1 C R™ via the following iteration:

t
bt = XTfi(a%ty,u) — Z_:l &1,595(B=%;0),

¢ (C.25)
a' = Xgy(b~"v) = 3 msfee1(a=*"ly, w).
s=1
Here, (§1,5)1<s<t and (n;,s)1<s<¢ are deterministic coefficients defined via
bn= LS B i@y w)], g = h@ow)
,5 n | 1,8J 1,1 <t) Ix» 9 * * 0>
- (C.26)

d
1
Nt,s = n Z E [@‘,sgt,i(ﬂgto + G<ss ”)] .

=1
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Here we introduced the notations g, = (g, -+ ,g,) € R™**, g, := (g;,--- ,g;) € R¥', and the joint
distributions of (6,v,(g,)i>1) and of (y,,u,w,(g,)i>0) are determined by the following state evolution

recursions

(90:9<¢) ~N(0, 2,1 @ 1,,),  g<, ~N(0, 2 @ 1),

_ 1 .
Sij = lim —Elgi(pe0+g<iiv) 05 (<0 +9<550), 65 =1,
L 1 . 1, ,
e ;= — . . L = — > 1.
E10 EOZ n,ldlgloo nE[gz(nge + ng U) 0]a EOO 5E[@ L i>1 (027)

o1 _ _
Yij = lim *E[fi—l(ggi_ﬁy*vu)Tfj—l(ggj_ﬁy*au)],

n,d—oo N

li !
= m —
Ht+1 n,d—oo N

Z E [0, fti(G<i: Y )]
i=1

In the above equations X<; = (X;)1<i j<t. Yo = (iij)ogi,jgt and po; = (i)i1<i<t, and the limits are
assumed to exist. Here, 0; s refers to the partial derivative with respect to the s-th variable of the i-th row of
the input matrix, and Jg, , refers to the partial derivative with respect to go ;. Note that fy depends only on
(y,,u), thus, the state evolution does not need any specific initialization. After ¢ iterations as in Eq. (C.25),

the AMP algorithm estimates @ by applying a uniformly Lipschitz function g; : R4+ — R? to (bSt, v):
0(X,y,u,v) = g; (b5 ).

The following theorem describes the state evolution of the AMP iteration (C.25).

Theorem C.3.1. Assume X;; ¥y N(0,1/n) for alli € [n] and j € [d], (0;,v;)i<a wd po.v, (Wi, w)i<n i Bw,U,
and for allt € N, the non-linearities (fi, gi+1) are uniformly Lipschitz. Furthermore, we assume the following
limits exist for all (u, 2, %):

. 1 _ _
lim 7]E[ft(g§t; y*vu)Tfs(ggs;y*»u)]v

n,d—oo M

1 _ 5
lim —E[fi(g<i:y..w) gol.

n,d— oo

1
lim —Elg (12,0 + 9 v) g5 (H< 0 + g ;v)],

n,d—oo

1
lim —Elgi(1<,0 +9<iv)" 6],

n,d— oo

lim gE[Qt (H<t0 +g<; v)'g: (H<s0 +g<s;v)],

n,d— oo
. 1 ..
lim —E[g; (11,0 + g<4;v)"6)].

n,d—oo d

Then for {1, : R¥**2) — R}, uniformly pseudo-Lipschitz of order 2,

wn(bﬁt’ 0. ’U) = ]E[’L/)n(tu'gtg +9< 0. 'U)] + OP(l)'
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C.3.2 Any GFOM can be reduced to an AMP algorithm

Again we show that GFOM (4.25) can be reduced to an AMP algorithm (C.25) under Setting 3. To be

specific, we have the following lemma:

Lemma C.3.1. Under the assumptions of Setting 3, for allt € Nsq, there exist uniformly Lipschitz functions
@t RUHD LRI 5 RO+ S ReE £ RPYEED S R and gy : RAHD 5 RE that satisfy the following
conditions. We let {a'};>1 and {b'};>1 be sequences of vectors produced by the AMP iteration (C.25) with

non-linearities {fi}1>0 and {gi}+>1. Then for any t € N5, we have

ugt = @t(a’gt; Y, u)a ’Ugt = (pt(bgt; U)a

fia(@ Ly u) = FY (30 (@ Ly u)y,u),  gi(6550) = G (00 (058 0); v).

Furthermore, {¢i}i>1 and {p;}i>1 satisfy the following conditions. For any (u,X,X) and t € N+g, there

exist uniformly bounded (bij)1<j<i<t, (bij)lgjgigt; which are sequences with respect to n, such that for Y<is

Y, as defined in Setting 3, we have Yo, = @1(g<4; Y.rw) and Yy, = o1(p<,0 + g<4;v).

Remark C.3.1. For all ¢ € N, since (b;;)1<;<i<t and (b;j)1<;<i<¢ are uniformly bounded, there exists
a subsequence of N~g, which we denote by {ny}ren.,, such that for all s,r < ¢, bs; and by, converge to
n-independent limits along {ny}ren.,. As a consequence, the following limits exist in probability along the

subsequence {ny}ren., by the third assumption of Setting 3:

) 1, _ . 1, _
lim Eft(ggﬁy*aU)Tfs(ggs§y*au)7 lim Eft(ggt;y*au)TQm

n,d— oo n,d— oo

.1 o1
lim Egt(l'l’gte +9< ’U)Tgs(ﬂgse +9g<s;v), lim ggt(ﬂgta +9<4i v)'0,

n,d— oo n,d—oo
lm  —gf (ne® +9<4i0) g5 (1< 0 + g<5v),  lim —g; (8 +9g4;0)'0.
n,d— oo d n,d—oo d

As a consequence, the new AMP iteration satisfies all assumptions of Theorem C.3.1, thus, its asymptotics

can be characterized by the state evolution (C.27) along the subsequence.

Proof. We prove the lemma by induction over ¢. For the base case t = 1, we set fo(y,u) := Fo(l)(y,u),
p1(b5v) = b + FP (v), g1(b%0) = GV (01 (6% 0);0) and @y (alsy,u) == a' + G (y, ) +n1.1fo(y, w),
where 711 is defined via state evolution (C.27). Notice that 711 is a function of n. By the uniform
Lipschitzness assumption, 7 ; is uniformly bounded as a sequence in n. Thus, ¢1, ¢1 are uniformly Lipschitz.
By definition, y' = ¢1 (110 + g;;v) and ' = ¢1(gy; Y., w) with by; = 1.1, which completes the proof for
the base case.

Next, suppose the lemma holds for the first ¢ iterations, we then prove it holds for the (¢4 1)-th iteration.
By induction hypothesis,

v = XTEY (g0 g, u)iy u) + B (0655 0);0),
1 2 _
ut = XG0 (05 v);0) + G2 (@i (@S y,w)i g, ).

We let f(@<y,u) = FV (@@ y,u);y,u) and g (@<450) == G (g1 (@55 0);0). The com-

position of uniformly Lipschitz functions is still uniformly Lipschitz. As a consequence, we can conclude that
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ft, gt+1 are uniformly Lipschitz functions. Based on the choice of {fs}o<s<: and {gs}1<s<t+1, we can com-
pute the coefficients for the Onsager correction terms {&; s}1<s<¢ and {ni4+1,s 1<s<t+1, which are uniformly
bounded as sequences in n.

Then we define a**', b'*! via the AMP iteration (C.25), which gives

b = v = FP (0 (65w théa“ (b=%v);v),

t+1

2) - 1), _ .
ah — G (@l y w)y w) = D e P (Bac1 (@5 7Yy, w) ).

t+1

a =Uu

Solving for u!™! and v'*! leads to the definition of @41 and ;1. Furthermore, by setting b;s = & ¢ and

bit1,s = Mit1,s, We have

Pt+1 (Iv"gt+10 +G<it1; v)

t
=(0e (10 + 9< V) 410 + gy 1 + FLD (01(1ey0 + 9 0)i0) + Y &.GD (011 0 + g i v)i0))

s=1
:(y<t’ yt+1)
Gi+1(G<ii1Yur w)
t+1
=20 @ari Yo ). Gry1 + G (@ Tt Yo )i Y ) + D s P (Pact (30 < 5 — Ly, u)iy,, u))
s=1

=(y=". 9",

thus completes the proof of the lemma by induction.

As an immediate consequence of Lemma C.3.1, Corollary C.2.1 holds true under Setting 3 as well.

C.3.3 Orthogonalization

By linear algebra, {b'};>; derived via AMP iteration (C.25) can be further reduced to a set of vectors that

are approximately orthogonal after subtracting the component along @, which leads to the following lemma:

Lemma C.3.2. Let {a'};>1, {b'}i>1 be sequences produced by the AMP iteration (C.25) under Setting 3.
Then there exist functions {¢; : RAG+D Rdt}tzl which are uniformly Lipschitz, such that the following
holds:

(i) For all t € Nsq, there exist n-independent constants {cis}to<s<t such that ¢y # 0 and gt =

ZZ 0 csb® T We write ¢St = ¢ (bSY), and ¢y as a sequence in n is uniformly Lipschitz.

(ii) For all t € Nsq, there exist (xg, -+ ,x:_1) € {0,1}* and (a1, -+ ,a¢) € RY, such that for any {¢y, :
R™(4+2) — R™} uniformly pseudo-Lipschitz of order 2,

¢n(q§t; 0, ’U) = E[¢n(qgt; 0, U)] + OP(1)7
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where q¢' = x;—1 (0 + z;), with {z;}i>1 ud N(0, I,) independent of (8,v).

Proof. Recall that y, = h(g,y, w). Given the state evolution (C.27) of the AMP iteration, we define
h't = ft(ggt;y*vu)v St = Span(h’k ngét)

Note that by state evolution, lim,, 400 E(hy, hs)/n = Xs11 41 By linear algebra, for all ¢ € N, there exist

deterministic constants {cis}o<s<¢ and z; € {0, 1}, such that ¢y # 0 and

t s
E E CtiCoj2iit1,j+1 = Ls—tT¢.

i=0 j=0

We define r; := Zi:o ctshs, then lim, oo E{ry, 75)/n = Ls—sxy for all s,t € N. Next, we prove the lemma
by induction. For the base case t = 1, we let ¢' = coob’, thus, claim (i) follows. As for claim (ii), we

consider two cases. In the first case, g = 0, then E(hg, ho)/n — 0. By state evolution (C.27),

@ ;. 1 x=0E[go,fo,i(h(gg, w), u)]
lim — Z E[6?] ,
(b) 1 62

< limsup —

doo /N E[O2]1/2 Ell| fo(y,,w)|3]'/? — 0,

where (a) holds by Stein’s lemma, and (b) holds by Cauchy-Schwartz inequality. Thus, claim (i7) holds with
q' = 0. In the second case, g = 1, whence cgp = 2;11/2’ and claim (i¢) holds by the state evolution (C.27).

Moreover,

ago;fOz( (90,w>7u)]
ndﬁoofz E[ll fo(h(go, w), w)[3]"/*"

o = (C.28)

Suppose the lemma holds for the first ¢ iterations, then we prove it holds for the (¢ 4 1)-th iteration as well.
We let g+ = 320 10", and the definition of ¢;41 together with claim (i) follows immediately. As for

claim (¢4), first notice that the following mapping is uniformly Lipschitz of order 2:

(wlv"' 7mt+1707v) — ¢n(¢t+1(w17"' ,.’.Et+1);07’l}).

Again we consider two cases. In the first case, x; = 0, thus by state evolution (C.27), (ii) holds with g'** = 0.

In the second case, z; = 1, then again by state evolution recursion, we can set ¢'™ = a; 10 + 24,1, with

- VIE[(gy ' 115, , (k)]
md—oo B[|[114,_, (he)|13]Y/2E[llgg " |13)

Q1 = (029)

where gﬁ’t = Hé: (go) with G, := span(g, : 1 < i < t). Therefore, we complete the proof of the lemma by

induction.
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C.3.4 Optimality analysis

As before, we restrict to the case with z; =1 for all t € N. Given (v, <0 + gét), a sufficient statistics of
0 is (v, ||a<¢||20 + g) with g ~ N(0, I;) independent of . Therefore, by Lemma C.3.1 and C.3.2, in order
to derive the minimum estimation error achieved by any GFOM with ¢ iterations, it suffices to study the

maximum value of ||a<;||2, which leads to the following lemma:
Lemma C.3.3. For allt € N5 and all AMP iterations (C.25), we have ||a<||3 < 7.

Proof. Recall that gé’ = Hl (go) with G; :=span(g, : 1 <i <t). We define:

1
2 2 2 2
= i —IE ==E -
W= lm SElgitE, ¢ = SR - w
The above limit exists by the assumption of the AMP algorithm. Here, we will prove a stronger result. To be
precise, we will establish that the following two claims hold for all ¢t € N*: (1) w1 > 0y; (2) |la<]|3 < 7.
We prove the claims via induction. By definition, wg = ¢;. Furthermore, by Eq. (C.28),

ag ago szz gOa“’))“’)] i
b nd%oo{fz E[ll fo(h(go, w), u)l%]w}
(a) li 62E’[<f0( (90’ )a )7 gO>]2

 ndsroo nE[] fo(A(go, w), w) [ZIE[O7]2
li 62E[<f0(h(g07w)a u)’E[gO | h(§07w)a u]>]2

= 1m
n,d—o00 nE[|| fo(h(go, w), w)|3]E[©]2
© . O’E[|Elgy | h(ge, w), u]ll3] _
< =
- n,ggoo ’I’LE[@Q]Q 517

where (a) is by Stein’s lemma, and (b) is by Cauchy-Schwartz inequality. Then we assume the lemma holds
for the first ¢ iterations, and we prove by induction that it also holds for iteration (¢ 4 1). For ¢ € N5, we
let

ki = g:(n<,0 +g<4;v), S; :=span(k; : 1 <i<t).

By the state evolution of the AMP algorithm, w? = lim,, 4~ E[||HJ-; (0)||3]/n. Thus, we have

1 1
wp QB0 ~ lim ~E[|lls;(6)]3
) n,d—o00 1 ¢
©1
> <E[0% - lim LE(IE® | 0t + z<r0])2
n,d—oo N
1 .
LoE6?) — lim EE[IIE[H [ lae<t 126 + 2, ]3]
@1 1
ﬁgE[@Q] - sEEO] 50 +G V] =iy,

where (d) is by Pythagora’s theorem, (e) is by Jensen’s inequality, (f) is by property of sufficient statistics,
and (g) is by induction hypothesis. Thus, we have completed the proof of claim (1).
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Then we prove claim (2). By Eq. (C.29),

HEKE[?L’t | g<ta u, h(gm w)]’ Hétfl (ht)>]2

2 .
Qpyq = lim T
n,d—o0 E[|[TTg, 1(ht)IIQ]E[Ilgl'tHQ]2
@ . ElEG" | g<rw h(go, w3 Z (hs) Elgy " | 9<, u; h(go, w)))I?
T n,d—oo nwf n, d~> = TL(,{J?]E[HTIL ( ||%]
t—1 iR = e 2
(b) 2 . IEKHSS,l( ) [ | g§s7u7h(907w)]>]
= 1 —E Z Z Z Z -1
M G EE [ Zo + G2 WU AT = i D nt BT, (h)IE)
t—1 nE[(g HJ_ hs 2
= lim 7E[ [ZO | h(thO +CtZ17W)7Ua 21]2] — lim L[<go S 1( 2>5] 212
=00 WY md=oo T B[ g, (hs)[3E[llgo°[I3]
© 1 ¢
< 5 E[E[Zo | hot120 + 614121, W), U, 2% - Zai,
t+1 s=1

where (a) is by Pythagora’s theorem, (b) is by Lemma C.2.3, and (c) is by induction hypothesis and Lemma
C.2.5. The last inequality above gives ZHl a? < 32 1. Thus, we have completed the proof of the lemma
by induction.

C.4 Reduction to matrices with sub-Gaussian entries

In this section, we show that in order to prove Theorem 4.3.1 under Setting 2.(a) (or to prove Theorem
4.5.1 under Setting 4.(a)), it suffices to consider cases where the matrix W (or X) has sub-Gaussian entries.
Here, we prove this claim for Theorem 4.3.1 under Setting 2.(a). Proof of the claim for Theorem 4.5.1 under
Setting 4.(a) follows by the same argument, with notational adaptations.

By assumption, E[W;] < C/n?® and E[W;;] = 0. Thus, we claim that for all € > 0 and 4,5 € [n],
there exists decomposition W;; = W( )+ Wz(f), such that ]E[Wi(jl)] = ]E[Wi(f)] =0, ess sup,, \/H|Wi(j1)| < 00,

sup,, n2E[(Wi(]2))4] < oo and nVar[Wi(j)] < e. Furthermore, (Wi(jl))i<j§n are independent and identically
distributed random variables, and the same property holds for (W'(?))i<j§n. To prove this claim, we let

ij
& > 0 such that C/£2 < e. We define

1

Wz(j) WZJ]lf|WLJ|<$ _E[sz]lflwnge]
2

Wz(y) = Wi mw,; e — Wi 1 mw,; e -

Then f|W.(1)| < 2., EwM] = E[W( )] =0, sup, HZIE[(Wi(jl))‘L] < oo and sup, nQ]E[(Wi(f))‘l] < oo0.

ij
Furthermore, nVar[W(z)} < nE[W2 1 miw,,|>e] < C/€% < ¢, thus completes the proof of the claim.

With the above decomposition, we let W) = (Wl(j ))Z j<n and w® = (Wi(f))i,jgn be n x n matrices.
By the Bai-Yin law [192], we have |[W®)|., < 2/ +op(1). If we replace W with W) in model definition
(4.5), and denote the iterates obtained by GFOM (4.6) by {@'};>1, then we can prove by induction that for

all ¢t € N5, with probability 1 — o, (1),

1
—= ' —allla < F(e.t).

N
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Here, F(e,t) — 0 as ¢ — 0. The proof is via simple application of the Lipschitz assumption and the upper
bound of the spectral norm of W we have just derived. Since € is arbitrary, we conclude that if Theorem

4.3.1 holds for sub-Gaussian distributions, then it also holds for distributions with bounded fourth moments.



Appendix D

Sampling from the posterior via diffusion

processes

D.1 Technical preliminaries

This section summarize some technical facts that will be useful in the proof.

Remark D.1.1. Let 6, X be a couple of random variables (vectors) whose joint distribution is given by the
general Bayesian model (5.1). Let 8, ... 8% be i.i.d. samples from the posterior ux( - )z := P( - |X),
independent of 8. Then

x,00 ... 0™ Lx g0V . gk-D. (D.1)

(Here 4 denotes equality in distribution.)
This fact is immediate (just write the joint distribution) and is known in physics as the “Nishimori

identity.”

Lemma D.1.1 (Lemma 3.2 in [165]). If f and g are two differentiable convex functions, then for any b > 0,

7@~ g (@) < ga+b)~ga—b)+ 5,

where d = |f(a+b) —g(a+b)| +|f(a—b) —gla—b)[+[f(a) — g(a)].

Lemma D.1.2 (Lemma 4.15 in [4]). Suppose probability distributions p1,us on [—1,1]"™ are given. Sample
my ~ p and mao ~ po and let 01,05 € {—1,+1}" be standard randomized roundings, respectively of my
and mo. (Namely, the coordinates of 0; are conditionally independent given m;, with E[@; | m;] = m;.)
Then

Wan(£(61), £(62)) < 2y/Wa (i1, 2).

195
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Lemma D.1.3 (Proposition 2.1.2 in [192]). Let g ~ N(0,1). Then for all t > 0, it holds that

11\ 1 e I
- — =] - —e <Plg>t) < —-.——e .
(t t3> NeT sPlozt) =3 5=

D.2 Concentration of the stochastic localization process

The next lemma is a slight generalization of analogous results in [80, 4].

Lemma D.2.1. Let u € 25(R"™) be a probability measure with finite second moment, and y(t) = tHO+/tg
for (0,9) ~ pn®@N(0,1I,). Further, let u:(-) :=P(0 € -|y(t)), and m(y(t);t) := E[B|y(t)]. Finally, denote
by Pyer(H) the projector onto the null space of H.

Then the following inequalities hold for all t > 0:

1
E Cov(pt) = Prer(rry Cov(p) Pyer(ery + ¥H+(H+)Ta (D.2)
1 1
Wa.n(p, Law(m(y(t);1)))? < - Tr(Pyer(rry Cov(p)) + - Tr(H+(H+)T) . (D.3)

Proof. By rescaling H, we can assume without loss of generality ¢ = 1. We can also center p so that
E(0) = 0. We will write, for simplicity, y = y(1). Note that

E Cov(u) = E{ (6 — E(6]y)) (6 — E(0]y))" | (D.4)
<e{(6-H*y)(0-H"y)"} (D.5)
= Pker(H) COV(,UJ)Pker(H) + H+(H+)T ) (D6)

where the inequality follows by the optimality of posterior expectation under quadratic losses. This proves

the first claim (D.2).
In order to prove the second one, denote by B(n,t) the right-hand side of Eq. (D.3). By taking the

trace of the former inequality, we obtain
E{Wa,y, (pu, 5m(y(t)7t))2} = %]E Tr Cov(uy) < B(n,t). (D.7)
Since (u,v) — Wa(u,v)? is jointly convex in (u,v), Jensen’s inequality implies
E{Wa,n(ttt, Smiy(e).6)>} = Wan (Erie, Edpm(ye).0))” = Won (1, Law(m(y(t); 1)), (D.8)

which completes our proof.

D.3 Proof of Lemma 5.3.1

We will use the following lemma, which is a straightforward consequence of the fact that the characteristic

function uniquely identifies the corresponding probability measure.
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Lemma D.3.1. Let P be a probability measure on R. Then P is symmetric (i.e. P(A) = P(—A) for
every Borel set A) if and only if its characteristic function p is real values or, equivalently, if and only if

wp(t) = pp(—t) for every t € R.

Recall that v is a top eigenvector of X with norm |v||3 = nB?(8? — 1). We denote by \; the corre-
sponding eigenvalue, and note that this is almost surely non-degenerate (because the law of X is absolutely

continuous with respect to Lebesgue). Let
vy =sv, s:=sign(v,0). (D.9)

Note that we can assume s independent of 8, W (because we can define v to be taken uniformly at random
among the two eigenvectors with given norm.)

For any Q € O(n) satisfying Q20 = 6 and is independent of W, we have owo' L w. Moreover, if
we replace W by QWQT, then Ay is the top eigenvalue of QX QT = BBGT/n + QWQ" and Qu is the
corresponding eigenvector. As a result, we can conclude that the following two conditional distributions are

equal:
owa'. Quv, [6,QLW, v, |0,Q.

Let Py be the projector orthogonal to 8. The above invariance implies that, conditioning on 8, (8,v,) /||6]]2 =

p) and |[Pgvi|2 = pi, we have (on 8 # 0):

7]
Vi _pH H0||2 +pJ_u7

where w is a uniformly random unit vector orthogonal to 8. Equivalently,

4 Pyg
vy =p +pl )
el " 1Psglls

where g ~ N(0, I,) independent of 6.
By [28] pj/v/n = (B2 —1)+0,,p(1) and therefore, using the normalization of v, p1 /v/n = (82 —1)1/2+
on.p(1). Using the fact that |||z = v/n + on, P(1) and ||Pggl|l2 = v/n + on, P(1) (both hold by the law of

large numbers, since [ 6% o (df) = 1), we obtain

p—lim%”wr —(p*-1)0 — \/ﬁguz =0.

n— oo

By Lemma D.3.1 we can assume without loss of generality Spg, ((8% — 1)tg) > &y > 0 for some
deltag,tg > 0. We then define

A(v) :=signT,(v), T,(v):= % Z sin(tov;) . (D.10)

Note that T,,(v) = sT,,(v4) and therefore the proof is completed by showing that, with high probability
T.(vy) > 0. Indeed, let 6; := exp(—(8% — 1)t3/2)d. Then, letting v, = (82 — 1)0 — /3% — 1g, by
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Eq (D.10), we have, with high probability
_ 1
T, (y) — T (vy)| < 5 (D.11)

On the other hand, by the law of large numbers (for (0, G) ~ mo ® N(0,1))

EL-EOTTn(m) =Esin((6% - 1)0 — /52 - 1G) (D.12)
= oxp (= (82 = 1)£}/2) Spne (B> — Do) > 1. (D.13)

Together with the previous display, this completes the proof.

D.4 Proof of Lemma 5.6.1

The claim of Lemma 5.6.1 can be restated as follows. For all 8 > Sy and T > t > 0, there exists K(3,T,¢) €
N. ¢ depending only on (8,T, ¢, 7o), such that with probability 1 — 0,(1) as n — oo, it holds that

1 .
ﬁllm(y(t)yt) — SOOI (y(t), 1)) <e. (D.14)
We will consider separately the case of non-symmetric and symmetric prior mg. The latter case is more

challenging and requires new ideas with respect to earlier work, e.g. [4].

D.4.1 Proof for non-symmetric 7o

Recall the state evolution sequence (af)y>o is defined by Eq. (5.13). For k € N and t € Rxq, we define
(B, t) = aFf —t. Hence y4(B,t) is defined by the recursion:

Yit1(B,t) = BAH(1 — mmse(v(B,t) + 1)), 0(B,t) =B>—1—t.
mmse(y) := E[(© — E[© | v0 + \/7G])?]
= Inf E[(®-S(0+ VIG))?]

(Expectation is with respect to (0, G) ~ 1o ® N(0,1).)
By using f(y) = y/(y+ 1) in the expression for mmse, we get

B(1—mmse(y+1)) > 21— (v+t+1)71),

with the inequality strict unless mg is the Gaussian measure, and ¢+ = 0. This in turns implies 5%(1 —
mmse(y +t)) > v for v = v (5, t).
Recall that @ is defined in Eq. (5.15), and 7. (53, t) is the unique global maximizer of v — ®(v, 5,t) over
€ (0,00). Taking the partial derivative of ®(vy, 8,¢) with respect to -y, we obtain
0 Y

1 1
—& )= — — = 4= t
87 (’Yaﬁa ) 262 9 + 2mmse(7+ )a
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Therefore, v.(3,t) the first strictly positive solution of
Ve = (1 — mmse(y, +1)). (D.15)

Note that v, < oo because the right-hand side is bounded by 2. Since by definition 5%(1 — mmse (7. (3,t) +
t)) >~ for v € [0,7.(5,t)), we have

lim 7(8,1) = 7.(8, ). (D.16)
k—o0
Our next proposition provides a more quantitative estimate on this convergence.

Proposition D.4.1. Assume mg to have support in [—Meo, Mg| (not necessarily symmetric). Then there
exists Bo = Po(me) > 0 depending only on mg, such that for all B > Bo(we) and t > 0, v.(B,t) is the unique
positive solution of the fized point equation D.15.

Furthermore, for all k > 0,

_ o9—k Wk(ﬂ,t)
b2 g%(ﬁ,t) =t

Proof.[Proof of Proposition D.4.1] We define the non-decreasing function

H(y) = (1 = mmse()) (D.17)
= 82 (1-E[© - fa(vim)]). (D.18)

where Y =0 + ,/7G and

B(y;7) = E[OO + /G = y] = F(\%;v) :

We then have (here we repeatedly use the fact that E[(© — fg(Y;v)) h(Y)] = 0 for any function h such that

the expectation exists)

H'() = 26°E|(6 = Jn(V57))9, fa (Y1) + 28°E( (6 = f(Y37) )y fu(Yi7) (6 + (G217 /%)]
=~y V2E[(© — f5(Y;7)) Var(©]Y)G]
< B2y 2mmse(y)'/2E[ Var(0]Y)2G?] 12

1/4

< 2527_1/2mmse(7)1/2E[Var(®|Y)4]
< 203252 2mmse(7)/,

where the last inequalities follow from Cauchy-Schwartz. Recalling that mmse(y) < 1/, we obtain

52

(D.19)

And therefore, for v > (8, t), and all 8 > By(7we), we proved that 0 < H'(y+1t) <1/2
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This implies

908, 0) = 18, 0] = [H(E+72(8,0)) = Hlt+ (8, 0)] < 5 b (B,8) = (8,0

which concludes the proof of the proposition.

Proposition D.4.2. For any 8 > B, and t > 0, we have

lim LE[||6 — m(y(t), 2] = 1 — 250

n—oo N ﬁQ

Proof.[Proof of Proposition D.4.2] This is a direct consequence of discussions in Section 2.4 of [152]. In

particular, Proposition 2.2.
O

We finally notice that

£l mly(0),1) — (), 013} = ~E{16 w0, 013} - E{10 ~m(y(). 013} (D20)

Therefore taking the limit n — oo, using Proposition D.4.2, and noticing that all the expectations are of

bounded random variables, we get

1 ; S .
pelim | (y (¢), £) — " (y(1), D13 < : ifz - %(ﬂé .

(D.21)

The proof is completed by applying Proposition D.4.1.

D.4.2 Proof for symmetric 7o

We now consider the case of symmetric mg. In this case, the posterior px o(d@) is symmetric under flip

6 — —0, and the original vector 0 is identifiable only up to a global sign. We let v1 = v1(X) be a uniformly

random eigenvector of X, and denote by Py the joint distribution of 8, X ,v;. (Since the top eigenvalue is

almost surely non-degenerate, there are two possible choices for v; given X.) We denote by P, the same
distribution, conditioned to (vy,8) > 0:

P, (d6,dX, dv,) — mPO(dB,dX,dvl) 1{(v1,6) > 0} (D.22)

= 2Py(d6,dX,dvy) 1{{v1,0) > 0}. (D.23)

Note that under Py, v1, and 0 are conditionally independent given X, while they are not under P,. Also,
the marginal law of X, v; is the same under the two distributions.

Conditionally on X,v; ~ Py, we let 87,05 ,... be i.i.d. vectors with distribution P, (8 € - |X,v;)
and 69,05, ... be ii.d. vectors with distribution Po(@ € - |X,v;) (independent of the 8;’s). We will use
the fact that, by an application of Remark D.1.1, if X = 360" /n + W/,

(X,vl,o‘f,...,02,9?,...,0;) d (X,vl,e,o‘;...,02_1,01+,...,0;§) . (D.24)
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We first prove a concentration result (87,07 ).

Lemma D.4.1. Let 2(8) be the set of discontinuity points of t — ~v.(t,3). Then, for allt € R>o\ 2(08),

we have

Jim (6} .0F) ~ E[67.05)])7] =0, (D.25)
Jim 2o} 05)] = =20 (D.26)

Remark D.4.1. Note that Z(f) is countable by monotonicity of 7.(-, ), and further it is empty for all
B > B«(mo). Hence, in applying this lemma, we will disregard the set of exceptional points 2(/3).

Proof.[Proof of Lemma D.4.1] We divide the proof into two parts depending on the value of ¢.

Case I: t >0 . We begin with a useful concentration result.

Lemma D.4.2. For all 0 < t; < to, we have

i L [ E[((60,69) — Bl(62.65))) ] at —o. (D.27)
n—o0 TL2 th D72 12
We present the proof of this fact in Appendix D.7.1. A similar statement is proven in [125].

Let us next show that this implies the desired concentration result:

E[((61,05) — E[(67,65)))°] <E[((01,03) — E[(6Y,63)])°]

E
E[((69,68) - E[(67, 69))
B P((v1,6) > 0,(

*1(v,,00)>0,(v1,69)>0)
v1,05) > 0)

(@)
<4E[((67,65) — E[(67,65)])7], (D.28)
Here in (i) we made use of the fact that vy, 0(1), 9(2) are conditionally independent given X, implying
1
P((v1,6Y) > 0, (v1,03) > 0|X) = P((v1,6}) > 0] X)* = 1’ (D.29)

and therefore the same identity holds unconditionally.
Recall that, by [125], it holds that (for any t > 0)

lim = E[(6°,60)] = lim —IE{HE[OOWX]H?} _ 25,07 (D.30)

n—oo N2 n—oo N2 B4

Using this, together with the concentration property (D.27), we get, for all 0 < ¢ < to,

lim 12/tt (E[(@?,egﬂ - 7*(/3’”)2(115 = 0.

n—oo 1 32

Since t — E[(0Y,05)] = E[|E[8]X,y(t)]||?] is non-decreasing (by Jensen), the last limit holds pointwise.
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Namely, at all continuity points of ¢ — ~.(53,1),

1 «(B,t
Jim 2E(8%,08)) = 200 (D.31)
Using this and (D.30), we get, on ¢t € (0,00) \ Z(8)
lim —E[((69,69) — E[(6°, 03)])?] = 0, (D.32)

n—o0 TL2

and therefore, using (D.28), we obtain the claim (D.25).
Finally, notice that the following is a consequence of Eq. (D.28):

lim (1E[<e‘f,03>] - ;E[wlﬂo;n)Q 0,

n—oo \ N

Putting the last limit together with Eq. (D.31) implies Eq. (D.26).

Case II: t =0. We begin with establishing the following lemma.
Lemma D.4.3. Let B.(mo) be as in the statement of Theorem 5.3.1. Then for any B > Bi«(mo) and any

t >0, we have

lim iﬂz[(w?, 0%)2 — E[(6°, 03)2])2} =0. (D.33)

n—oo n4

Proof. Recall that ® is defined in Eq. (5.15). We let 7.(8,t) be the first stationary point of v +— ®(v, 8,t)

on (0,00). Following the notation of [125], we let
D;:={>0:v— ®(v,0,t) has a unique minimizer} .

By the assumptions of Theorem 5.3.1, we know that [5,,00) C D;. Then, the claim of the lemma is a direct

consequence of [125, Theorem 20].

O
By Lemma D.4.3, and repeating the argument of Eq. (D.28), we get
E[((67.65)* —E[(67,65)%)*] <E[((67.65)" —E[(6Y.65)%))°]
E [((69,63)2 ~ EL(62, 09)%))1(0, 030,001,090

a P(<0150?> > Oa <’Ul,0[2)> > 0)

<4E[((69.65)* — E[(67,65)7])]. (D.34)
Therefore, by the last lemma,
. 1 2

lim —E[((0].05) —E[(6/.,05)) | = 0. (D.35)

Let v := v/nv1(X)/||v1(X)]l2- By [28], we know that (8,v¢)?/n? 4 (6, v)? /n? £ 1- 572 Since
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P, is contiguous to Py, we obtain (07, vq)/n £ /1= B2, and therefore:

1
p-hmﬁnef—uong =2-2y/1- 372 (D.36)

n—oo

Recall that v.(8,t) is the first positive stationary point of v — ®(v, 5,t). From Egs. (D.34) and (D.35),
we see that |(07,05)|/n = E[(0,0%)2]'/2/n + op(1). Further by[125, Theorem 2|, we obtain |(0,8%)|/n =
5-24.(8,0) + op(1), whence [(87,65)|/n = 5-27,(,0) + op(1).

By Cauchy-Schwarz,

1 2 2
—ll6t — 0F 3 < ~ 167 — woll3 + ~ 165 — voll3 =4 - 4v/T— 52 +op(1),

hence (87,05)/n > 24/1 — =2 — 1+ op(1). Recall that |(8],05)|/n = 8727.(53,0) + op(1), then for Sy
large enough and all 3 > fy, it holds that (7,65 )/n = 872v,(B,0)4+0p(1). Applying bounded convergence
(since [(87,05)/n| < Meg), we see that E[((8],05)/n — B727.(3,0))?] = 0,(1), thus concluding the proof
of Lemma D.4.1 for t = 0.

O

Next, we will apply Lemma D.4.1 to prove Lemma 5.6.1. By the state evolution of the AMP algorithm,

cf. Proposition 5.6.1, we see that

(0F, m*(y(t), 1)) B EEO | afe + (af)/2G)?] = 1 — mmse(a}),

SIm3r

I (y (1), )|I3 = E[E[O | af© + (af)'/*GJ?] = 1 — mmse(af).

By Proposition D.4.1, we see that as k — 0o, af converges linearly to v.(,t) +t, which further implies that
1 —mmse(af) converges linearly to 1 — mmse(v.(83,t) +t) = 1 — 3727,(B,t). Furthermore, the convergence is
uniform in ¢ € [0,T]. Therefore, for all € > 0, there exists K(8,T,¢) € Nso depending only on (3, T, ¢, o),

such that for all kK > K(8,T,¢),

[BIEO | af6 + (f)CP) = B27.(8.0)] < 5.
and therefore, for all k > K(3,T,¢), with high probability,
O w(0,0) 5 (5| < <. 037)
Ll (o). 013 = 520 (5. < <. (D.39)

By Lemma D.4.1, it holds that p-lim,,_, (87,05 )/n = B=27.(B,t). Since 8 and 07 are conditionally
independent given (X, y(t),v1(X)) this in particular implies:

limy(0), 013 = 814(8,0) + op(1). (D.39)

Further 87 and m(y(t),t) are conditionally independent given (X, y(t), v1(X)). Hence, from Eq. (D.37), it
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follows that with high probability

E<m(y(t),t),ﬁ%K(B’T’E)(y(t)vt» — =B (B, 1) < 2. (D.40)

Putting together (D.38), (D.39), (D.40), we get

1 - £
—llm(y(®). ) - M) (y(1),1)||2 < 10¢,

with high probability, thus completing the proof of Lemma 5.6.1.

D.5 Proof of Lemma 5.6.2

The subsequent proof is analogous to the one of [4, Lemma 4.9]. Recall that ® is defined in Eq. (5.15), and
(for 8 > B.), 7«(B,1) is the unique global maximizer of v — ®(~, 5,t) over v € (0,00). Taking the partial
derivative of ®(v, 8, t) with respect to -y, we obtain

0 y 1 1
P T e el
N (v, B,1t) 557 3 + 2mmse(v-i—t),

where we recall that, for (©,G) ~ ¢ ® N(0, 1),
mmse(y) = E[(© — E[© | O + /7G])?].
Therefore, 7. (5, t) is a solution to the following fixed point equation.
v =B*E[E[O | (v +1)© + v + tG]?]. (D.41)
For any t; < t;, we have

lim LE[|m(y(t), t2) - — m(y(t), t2)|3] =

— lim L {E[)6 — m(y(tr).t2)[2] — E[II8 — m(y(t2). t2)]2]}

n—oo N
7’7*(ﬂ7t2) — IY*(Batl)
= 52

, (D.42)

By Lemma 5.6.1 we know that for all ¢+ > 0, with high probability |m(y(t),t) — mF(y(t),t)|3/n < e,
for some deterministic constants ¢j, satisfying e, — 07 as k — oco. Therefore, using the concentration of
[ (y(t2), t2) — m* (y(ta), t1)[13/n, we get

p;“m%\lm@(tz),m —m(y(ty), )3 = V*W’tﬂgg*wvtl)

. (D.43)

Note that ¢t — m(y(t),t) is a bounded martingale. Hence, for any fixed constant ¢, the process Y, :=
(M, + —c)+ is a positive bounded submartingale, where M,, ; = ||m(y(t),t) —m(y(t1),t1)]]2/+/n. By Doob’s



APPENDIX D. SAMPLING FROM THE POSTERIOR VIA DIFFUSION PROCESSES 205

maximal inequality, we then see that

1
P sup Yn,t >a| < 7E[Yn7t2] < 7E[Yn2t2]1/2
te(ty,ta] a '

for any a > 0. Setting ¢ = \/7.(B,t2) — 7.(53, t1)/B, we have p-lim,,_, . M?

n,ta

= ¢ by Eq. (D.43). Since
M, ; is bounded, then for any fixed a > 0, we obtain:

limsup P < sup M, >c+ a) <limsupP < sup Y, . > a)

n—00 te(ty,ta] n—00 te(ty,ta]

L imE [(My0, — 0)2]"? =

a n—oo

0.

A lower bound can be derived analogously. Thus,

* at I ,t
p-lim sup M2, = 7x(8,12) 2'7 (B 1)7
n—00 tE[t1,tz] ’ B

which yields

plim sup ~[my(),t) — m(y(tr), t1)]|2 = p-lim = [m(y(ta), t2) — m(y(t), 1)

n—00 t€[tq,ta] T n—oo 1

_’7*(ﬁat2) — ’Y*(ﬁ7t1)
= 72

Therefore, in order to prove the lemma, it suffices to show the existence of C.., > 1 depending uniquely on
(8,mo), such that

"Y*(ﬁah) - ’Y*(ﬂa tl)l
52

< Croglts — 2],

which follows from Proposition D.4.1. This concludes the proof of the lemma.

D.6 Proof of Lemma 5.6.3

Before proving Lemma 5.6.3, we establish a simple estimate on the conditional variance.

Lemma D.6.1. There exists a constant C.., > 0 depending only on mg, such that

E[Var(© | 8?0 + BG)] < C}, exp(—4C.,..5%)/2. (D.44)

conv

Without loss, we can and will assume that C.,,., < 1.

Proof. We denote by {x1,x2, - ,zs} the support of mg and assume without loss of generality x1 < xo <

-+ < z,. Define 6 : R — {x1,29, - ,25} by

0(y) := argmin (|lz —y|: = € supp(me)) .

In case of ties, we choose the smallest value. We immediately see that 6(y) = ; if and only if (z;_1 +;)/2 <
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y < (x; + xi11)/2 (with the convention that xp = —co and 74,1 = +00). Let Y = © + 871G, then
E[Var[© | %0 + BG]] <E[(© — 6(Y))?].
Let 0g = min{|z; — x;41|/2 : ¢ € [s — 1]}. We then have

E[(© - 6(Y))* | © = x,]
<0Ox P (Y € ((mi,l +2;)/2, (x; + xi+1)/2} |© = in)

+ 4Mé]P> (Y € ((561'_1 +x;)/2, (x; + $i+1)/2] |© = xz>
16M3 o028/,
T defV2T
where to arrive at the last inequality we make use of Lemma D.1.3. Combining the above bounds, we obtain
that E[(© — 6(Y))2] < ~Me_,—655"/8  Using this fact, we conclude that there exists a constant C,,,, > 0

— defBV2rm
that is a function of mg only, such that Eq. (D.44) holds.

Proof.[Proof of Lemma 5.6.3] By the state evolution of Bayes AMP, Proposition 5.6.1, we have
1
— I Da (mF(y(),1)) |} > E[Var[® | af© + (af)"/2G]]. (D.45)

Since af = 82 — 1 and af > of (this follows from instance by the fact that v — mmse(7y) is non-increasing,

see the discussion at the beginning of Section D.4.1), we conclude that for 5 > 2,
E[Var[® | a¥© + (a¥)Y/2G]] < E[Var[® | 520/4 + BG/2]]. (D.46)

By Lemma D.6.1 below, we obtain that there exists a constant C.,,, > 0 depending uniquely on 7g, such
that

E[Var[® | 820/4 + BG/2]] < CL exp(—C..n3?)/2. (D.47)
Equation (5.46) follow from Eqs. (D.45) to (D.47).

By definition bf = B?E[Var[® | af© + (af)'/2G]], which by Egs. (D.46) and (D.47) is no larger than
CL exp(—C....3%)/2, thus completing the proof of Eq. (5.47).

As for Egs. (5.48) and (5.49), we will in fact show a stronger result and prove that these two inequalities
hold for all k& < k() + 1, via induction over k. We already observed that, with probability 1 — o0,(1) we
have || X ||, < B+ [[Wlop < B+ 2 [7], and will work on this high-probability event.

For the base case k = 0, the claim directly follows as 1 (y,,t) = m°(y,,t) = E[O | a?0+(a?)/2G = v]
and hence p°(y,,t) = p°(yy,t). Now suppose for all k < k; and all y,, y,, we have

1. . Lipy (8, k
Tl 0 it )l < P2y, g

1. . Lip, (8, k)
%IIP’“(yl,t) — P (ya, t)|l2 < OTHyl — Y52,
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where Lipy(3,k) > 0 is a function of (3,k) only. We then prove that the above statement also holds for
k=Fk +1.

Recalling the definition F(z;a) := E[© | a® + o'/2G = z], a computation of the derivatives shows that
the mappings

2z F(z;af ™), 20 <I>;k1+1 (F(z;af ™),

are M3-Lipschitz and Me-Lipschitz, respectively, where supp(rg) C [—Meg, Mg]. As a result, on the event
1X1op < B+ 2, we have

1. ,
ﬁ”mkﬁl(yptl) —mF  (yy, 1) |2
M(%) k k k k1—1 ki—1
anIIBX(m Yy, t) =M (Yo, 1) +yg — Yo — b (M7 (Y, 1) — M (Y, 1) |2
CL M3Lipy(B, k1 — 1)

M (8% + B + 1)Lipy (8, k1) 3
<—© Jn 0 Y, —y2||2+72||y1 — Yoll2 + NG Y1 — yall2-

Similarly, under the p-parameterization we have
I

%HP
§M72||ﬁx(mkl (Y1,t) — M (Y2, 1) + Y1 — Yo — bfl (mkl_l(ylvt) - mkl_l(y2at))||2
C.1 MgLipy(B,k1 — 1)

Me(B* + B+ 1)Lipy (53, k1) Mo conv
< N 0 Y, —y2||2+%||y1 —Ysll2 + /n lyr — yall2-

k1+1(y17t) - ﬁk1+1(y27t)||2

As a result, we see that setting Lip,(8, k1 +1) = M3 ((8? + 8 + 1)Lipy(B, k1) + 1 + C L Lipy(8, k1 — 1))

concludes the proof of the induction step. This further completes the proof of Eq. (5.48) and Eq. (5.49),
thus finishing the proof of the lemma.

D.7 Proof of Lemma 5.6.5

We first state a simplified version of Lemma 5.6.4. More precisely, for ¢ € (0, 1), note that 1/qlog(e/q) <
3¢'/*. If we substitute this result into Eq. (5.51), normalize t,to, and set £ = A6, ¢ = A?/3, then we

obtain the next corollary.

Corollary D.7.1. Under the conditions of Lemma 5.6.4, for all A >0 and M > 0, we have

P sup || diag(t1)W diag(t2)|]., > 40" MPBAYS | < Ce*C”AQBM_Ms. (D.48)
tl,tze[O,M]n,

t1ll5/n<A llE2]15/n<A

lop
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We denote by 6"542 the event depicted by Eq. (D.48), with A = A(8). More precisely, let

S ::{ sup | diag(t)W diag(ts)l,, > 4C"MZ/>A </3>”6}' (D.49)
t1,t2€[0,Mo]™,|It1[13/n<A(B),|It213/n<A(B)

Throughout the proof, we will make use of the following functions:

A(ﬁ) — C_l C_CCOHVBZ + Mé (252 + 2B + 4 _|_ 2C convﬁ2)e_c'conv62/47

conv LOHV

p(B) = BZMEA(B) +4BC' M, 5/3A</3>1/6, (D.50)
F(B) := p(B) + M3 - O} e~ Coom”,

conv

We can and will choose §y large enough such that F(5) < 1/2 holds for all 8 > 5. To simplify notations,

we define

m* :mk(ylat)7
m" :mk(y27t)7
P =W i (mh),
pr =W (m").

We will choose r(3) (depending uniquely on e, 3) small enough so that 2r(3) - (Lipy(3) + 1) - (M3 + 1) <
2e~CeonvB’/4 Notice that indeed the choice of r(8) can only depend on (8,7g). By Lemma 5.6.3, for all
Y1, Y2 € B"(y(t),7(B)), we know that

i K. Llpo()
\/ﬁHp < 7\F

for k. € {ko(B), ko(B) £ 1}. Without loss, we can and will assume that Lip,(8) > 2Me.
We define é3,1,5,c,n = gL( gs n 6",6()22 s e?é?’L) 5.em- Lhe subsequent proof will be based on the following

~ k.

1
ly1 — yall2 < 2exp (—4Cmﬂ2> (D.51)

lemma:

Lemma D.7.1. On the set 83.1.5..n, if in addition we have

~ k., , < Llpo( )

o

vn T on
holds for all ky € {k,k + 1,k + 2} with ko(8) — 1 < k < K(B8,T,¢) — 3, then it also holds for k. = k + 3.
Furthermore, the following inequality holds for all ko(8) — 1 < k < K(B,T,¢) — 3:

1
ly1 — yall2 < 2exp (—4Ow62> (D.52)

1 k+3 _ ~k+3 p(B) k2 _ et ( )ikl okt
— — < =2 — D.53
TP B < P o 22 =B o =l (D53)
where we recall that p is defined in Eq. (D.50).
Lemma D.7.1 and Eq. (D.51) imply the following upper bound via induction argument:
_ 1+ 2Lipy(5) 1
K(B,T,e) _ ~K(B,T,) < 0 o D.54
p b 2SS — 7 X —7—=IY Yall2- .
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Define

L3 = Mo i)

(D.55)

The claim of the lemma follows from Eq. (D.54) using the fact that W _xs,r has Lipschitz constant Me.
The remainder of this section is dedicated to proving Lemma D.7.1.
Proof.[Proof of Lemma D.7.1] The condition of Lemma D.7.1 assumes that for all k. € {k,k + 1,k + 2},

1

i 1
\/T—ll\p’“* — P2 < 2exp (—4060,,&2) : (D.56)

Next, we will make use of the Jacobian matrices given in Eq. (5.45) to provide a preliminary upper bound
fbr”pk+34*ﬁk+3nz

On the set &3 1,5e.n, for all m,m’ € [ag,bo]™ and ko(8) < k < K(8,T,¢) — 3, it holds that

18D (m) X D(m)|l,, < M& - (8 +2B),  [[bf D(m)D(m/)|l., < M& - CL,, exp(~Coon %),
ID(m)]., < Me,

llop

where we used Eq. (5.47). Combining these upper bounds and Eq. (5.44), we obtain a crude upper bound
ﬂnT”pk+3__ﬁk+3”$

1 ~k+3 k43
Tl
ME-(B*2+B+1), . ME - CL exp(—C.on3?) .
< © ( )Hpk+2—-Pk+2H24- €] ( )Hpk+1__pk+1”2

- vn

M3
+ Tn lyr — yall2

NG

(@) 1
<M - (26° +28+4+42C ) exp(—C..n. %)) exp <—4Cm,w52> ,
where to obtain (i), we use the following facts: (1) [|p*+e — p*ti|ly/\/n < 2e=CeoneB*/4 for all i € {1,2};
(2) llyr — ysll2/v/n < 2r(B) < 2~ CeonvB*/4  Gince y(t) € B"(y(t),r(B)), we can also control the difference

k+3
)

between p pF3 and pF*+3(y(t),t) following exactly the same manner, and produce exactly the same

upper bound.

Before completing the proof, it is useful to establish the following lemma.

Lemma D.7.2. For any we such that supp(me) C [—Me, Me] and any v > 0, the mapping

Q(p) == Var[® | v0 + 4G =T (p)]

is 3ME-Lipschitz continuous.
Proof.|Proof of Lemma D.7.2] Let h = I';!(p). Taking the derivative of Q(-), we obtain via chain rule
4Q _dQ dn
dp  dh dp
— (E[0%(6 — E[© | 10 + G = hl) [ 10 + V3G = h]
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2E[© | 7O + /7G = h] Var[® | vO + \/7G = h]) - Var[® | v© + \/7G = h]~ /2.
Applying Cauchy—Schwarz inequality and the bounded support assumption,

|E[62(6 —E[© |10 + \AG = h]) | 0 + 4G = h]| < M3 - Var[® | v© + /4G = h]'/?,
|E[© | v© + \/7G = h] Var[© | 4O + /G = h]| < M2 - Var[© | v© + /7G = h]'/2,

Putting together the above analysis, we conclude that ||%||OO < 3M3, thus completing the proof of the

lemma.

O

conv

By Eq. (5.50), on the set s 1,5, it holds that [ D (m*(y(t),t))[|%/n < CZL exp(—=C....3%). Invoking

this result, triangle inequality, Lemma D.7.2, and Cauchy-Schwartz inequality, we can conclude that for all

Ck+3 that lies on the line segment connecting p**3 and p**3, it holds that

1
D s (W00 (6 )

1 . 3MG
<D (W s (B (w (1), ) 7 + =S D" (1), 1) = ¢

conv

1
<O exp(=Clon %) + ME - (282 + 28+ 4+ 20" exp(—C.,..%)) exp (—4Cwm52>

=A(B),

where we recall that A(f) is defined in Eq. (D.50). Similarly, we can derive that for all ¢*2 that is on the

line segment connecting pFt2 and pFt?,

1
D gz (Y2 (C2NIE < AB).
In addition, note that for all ¢**2, ¢**3 as above, it holds that
max D s (9 02 (€42)) ooy 1D s (¥ o2 (¢H2) o | < M.

Therefore, if we view the diagonal elements of matrices D _r+2(¥ k42 (¢F2)) and D k+s (\Ijak+3(ck+2)) as
vectors, then they belong to the set {z € [0, Mgo]" : ||z||3/n < A(B)}. Hence, recalling the definition of event
@@5(42 in Eq. Eq. (D.49), we see that for all ¢ and ¢**3, the following inequalities hold on EB,1.5,em N é"ﬁ(ﬂ

2
IBD(¢M) X D)., < %HD(C’“”’)%TD(C’“”)IIUP + B D YW D),
< B2MBA(B) + 48C' MY A(B)V/S,

||b§D(Ck+3)D(Ck+1)Hop S M(g) : C_l eXp(_CcoanQ)'

conv

Putting together the above inequalities and Eq. (5.45), we obtain that

1

\/ﬁllp

k+3 _ f’k+3H2
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_BPMEA(B) +4BC" M A(B) /S

< NG "2 — B2 o+

Mg - CL exp(—C....?) . Mo

© T [pFH! fp’““l\ﬁﬁllyl — Yall2

PB) ki k2 M3 - CL exp(—ConB) | ki1 ~ii1 Mo
< - — 2Oy, - D.57
VA A s NG P =B e 2 s wall (D.57)
@ Lipy(8) - p(B) + Lipg(8) - M3 - CzLe=Cone” 4 Mo
= NG Nyy = vall2

Lipy(B) - F(B) + Me
< . NG ) ||?J1 - y2H2
(&) Lipy(8)
< # Nyy = a2

where in step (d) we used Eq. (D.52) with k. € {k+ 1,k + 2}, and in step (e) we make use of the following
facts: (1) Lipy(B) > 2Me; (2) F(B) < 1/2 for all 8 > py.

Recall that 2r(8) - (Lipy(8) + 1) - (M3 +1) < 2¢~CeonvB*/4 Therefore, we can conclude that Eq. (D.52)
holds for k, = k+ 3. In addition, for By large enough clearly we have M3 - C_! exp(—C.,..%) < p(B) holds
for all 8 > By. As a result, we can deduce from Eq. (D.57) that Eq. (D.53) holds for all desired k, thus
completing the proof of Lemma D.7.1.

D.7.1 Proof of Lemma D.4.2

Throughout this proof, we work with X, 0?, 93 with distribution Py defined in Section D.4.2. We will lighten
notations by writing 6; := 0?.

We write the posterior distribution as

1e(d0) = mem(e) o' (d6) (D.58)
2
Hy(0) := §<9,X‘9> - @Heﬂé +(y(t),6) — §||9H2~ (D.59)

In this proof, we will never consider the joint distribution of these objects at two distinct values of . Hence,

we can carry out derivations with
y(t) =10, +Vtz, (D.60)
for a fixed z ~ N(0,I,). Further, we will write p;(F(601,02)) := [ F(01,802) u*(d6). Finally, we define
20

UA(8) = =5 Hi(6) (D.61)

1 1
= —{2(6.6.) + —-(2.0) — |03} D.62
1200.0.) + - (z.0) 0] (D.62)
Using Gaussian integration by parts and Remark D.1.1, we have

E [ (U4(6))] = -E [1((61,62)] (D.63)
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1
E {ut (Ut(el)wl,eg))} = ~E [11((61.62)?)] (D.64)
Recall that supp(me) C [—~Me, Me], and therefore (01, 2)/n| < M3, which further yields

\E[Utwl)iwl,e»] - E[UA@)}E[iwl,az@‘ < M3 -E|[|Ui(6) ~E[U(0)]]] - (D.65)

Combining Egs. (D.63) to (D.65) gives

SSE[((61,6:) ~ E[(6:,62))?] < M3 -E [[U(6) ~ E[U(0)]] - (D.66)

Next, we will prove that the right hand side of Eq. (D.66) is 0,(1) for all ¢ > 0, thus completing the proof
of the lemma.

We define the free energy density:

o(t) == %log { /th(e) Wg”(dB)}.

We can compute the first and second derivatives of ¢:

0

ST = Vi (U:(6). (D67)
T 1) - ! 62

sz D = 1t Ve, (Ui(0)) + L (2(6..0) — 013).

Therefore, defining 1(r) := ¢(r?), we obtain that r — 1(r) := ¥(r) + 3M3r?/2 is convex for r € (0, 0).
Applying Lemma D.1.1 to the functions 1 (r) and Et(r), for 0 < ¢ < r/2 we have

E [[4/(r) — B[/ ()] <EW/(r+2) — w/(r = )] + > sup E[lu(r') — ER )]l + 6MEe. (D.68)

€ Jp'—r|<e

The next lemma proves that sup,._, <. E [[¢(r) — E[(r')]]] is small.

Lemma D.7.3. There exists a constant C(t, 3,mo) > 0 which is a function of (¢, 5, 7o) only, and is bounded

compact intervals [t1,t2] C (0,00) such that

E[lo(t) — E[p(t)]]] < C(t, B, me)n~ /2.

Proof. Letting X = BO*HT/n + W, consider the mapping

[ (W, z) = ¢(t).

We denote by W;; the (4, j)-th entry of W. The following upper bounds on the partial derivatives are

straightforward:

(W, 2)| < BMEn~3/%,

0
| NG
0

azi

(D.69)
< 2rMen~!.

fW,2)
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Hence by Gaussian concentration, we obtain

Ew = [(6(t) — Ew 2[6()])] < Cin ™" (D.70)

Here and below, we denote by C; constants that depend only on 3, Mg, r and and are bounded over compacts.
Finally, we show that Ew . [¢(¢)], as a function of 6, concentrates around its expectation. This follows

from the estimate:

0
’%Ew,z[qﬁ(t)]‘ S an_l.
Using Efron Stein’s inequality, we get
Eo[(Ew = [¢(t)] — Ew z,0[6(t)])%] < Can™". (D.71)

The proof of Lemma D.7.3 follows from Eq. (D.70) and Eq. (D.71).

O
We now conclude the proof of Lemma D.4.2. We have
v = 22w = Vimwe)| . (D.72)
ENU .
Therefore letting t1 := /7 £ ¢, Eq. (D.63) and Eq. (D.68) imply
E |1 (U2(0)) — Elue (U:(6))]]] S%E[Ht+(<91,92>) — pe_((01,02))] + %n_l/z +6M3e. (D.73)

Proposition D.4.1 implies that the mapping ¢ — ~.(8,t) is locally Lipschitz continuous on (0,00). Since
lim,, 00 E [1:((01,02) /n)] = v.(B, ), this yields

lim “Efu, ((61,602)) — e ((61,02))] < 6(e). (D.74)

n—oo N

for some d(¢) L 0 as € — 0.

Since € is arbitrary, we obtain
lim E [ (U,(8)) — Elpue (U4(6))]] = 0. (D.75)

The proof is completed by showing that, for all 0 < t; < ¢y

ta

lim E[Varm(Ut(e))} dt=0. (D.76)
n—oo th
We notice that
d n 1
&Mt(Ut(a)) = §Vafut(Ut(9)) - Wﬂt«sz) ) (D.77)
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and therefore

1

ty

On the other hand, using Eq. (D.63) and [|0]|o < Mg, we get

ECACHIESTS

[Epe((2,60))| < MoviE|=]l; < 2Mon.

Substituting above, we get

to — 1ty

to
/ E{Varm(Ut(H))}dt< ~ME+ - 2 Me2 o

t1

which implies the claim (D.76).

| B[ Van, wio)] at = 2{5uUr, (6)) - BV 00} + 5 [ Bz ) ar.
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(D.78)

(D.79)

(D.80)

(D.81)
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